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Abstract

This paper develops the notion of a Large Type Limit (LTL) describing the dynamical behavior
of heterogeneous markets with many trader types. It is shown that generic and persistent features
of adaptive evolutionary systems with many trader types are well described by the large type
limit. Stability and bifurcation routes to instability and strange attractorsin a simple evolutionary
financial market model are studied. Anincrease in the “intensity of adaption” or in the diversity of
beliefs may lead to deviations from an unstable RE fundamental benchmark and excess volatility.
A large evolutionary system may thus become unstable and complicated dynamics may arise

when agents become sensitive to small differencesin fitness.
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1 Introduction

Do expectations matter or do asset prices fully reflect economic fundamentals? Do heterogeneous
beliefs of millions of different investors cancel out on average due to aggregation, or can optimistic
or pessimistic views cluster together and cause prices to deviate from underlying economic funda-
mental s? These questions have been a matter of heavy debate among economists as well as financial
practitioners for many decades already. Keynes, for example, argued that investment based on long
term expectations of market fundamentals is risky and that it might be more reasonable “to guess
better than the crowd how the crowd will behave’ (Keynes, 1936, p.157). In contrast, new classi-
cal economists have viewed “market psychology” and “investors sentiment” as being irrational and
therefore inconsistent with the rational expectations hypothesis (REH) and the efficient market hy-
pothesis (EMH). Friedman (1953), for example, argued that irrational speculative traders would be
driven out of the market by rational traders, who would trade against them by taking long opposite

positions, thus driving prices back to fundamentals.

In empirical work much attention has been paid to the closely related question whether asset prices
exhibit excessvolatility, that is, whether volatility of asset pricesislarger than volatility of underlying
economic fundamentals. In particular the work by Shiller (1989, 2000) has emphasized the possibil-
ity of excess volatility and persistent deviations of asset prices from a fundamental RE benchmark.
In behavioral finance, for example, Thaler (1994) has argued that quasi-rationality may be a key
source of deviations from the RE fundamental benchmark and excess volatility. Quasi rationality
means less than fully rational behavior, for example, due to investors sentiment, overconfidence or
overreaction. However work by Boldrin and Levine (2001) argues that patterns of returns behavior
that look like evidence of “irrationality” or “bounded rationality” may be ssimply rational reaction
of stock markets to earnings profiles generated by technological change. Our paper is focused more
on higher frequency fluctuations than Boldrin and Levine (2001), but related arguments must always
make onewary of concluding that patterns of boomsand crashesin stock market values are evidence

of any kind of irrational pricing.

Experimental work has also addressed the question of possible deviations from the benchmark
RE fundamental in speculative asset markets. For example, Smith, Suchanek and Williams (1988)
showed that speculative bubbles and deviations from a benchmark RE fundamental are frequently
observed in experimental asset markets. These temporary bubblestend to disappear however towards
the end of the experimental asset market and also tend to become smaller as traders become more
experienced. Kleidon (1994) has written a recent review paper about market “pathologies’ such as

crashes, blow offs, excess volatility, anomalies, etc.; see also Plott and Sunder (1988) and Camerer



(1989). In particular he points out how the experimental literature in an asymmetric information
setting has shown that REE is not achieved immediately but tends to be achieved by experienced
traders.

The debate whether expectations affect asset prices and may lead to excess volatility should be
viewed in the light of two important developmentsin the recent literature: bounded rationality and
heterogeneous agents systems. Bounded rationality and heterogeneous agents may be viewed as
building blocks in behavioral finance, where traders are viewed as boundedly rational agents using
simple, habitual rule of thumb rules, see e.g. Shleifer (2000) and Hirshleifer (2001) for recent surveys
of behaviora finance. Although rational expectations remains an important benchmark, work on
bounded rationality in the past decade may be viewed as an attempt to explore deviations from this
benchmark. General surveys on bounded rationality in expectations and learning are e.g. Sargent
(1993), Grandmont (1998) and Evans and Honkapohja (2001); see aso Kurz's book (1997) which
develops the theory of rational beliefs (RBE). In particular, Sargent (1999) argues that many of
the bounded rational expectations equilibria may be viewed as ‘ approximate’ rational expectations
equilibria.

In the last decade, a rapidly increasing interest in multi-agent systems can be observed. Markets
viewed as evolutionary adaptive systems with boundedly rational interacting agents have e.g. been
studied in Arthur et al. (1997), Brock and Hommes (1997ab,1998), Chiarella and He (2000,2002),
Farmer (1998), Gaunersdorfer and Hommes (2000), Kirman (1991), LeBaron et al. (1999), Lux
(1995) and Lux and Marchesi (1999,2000). These developments in multi-agent systems are closely
related to recent work in finance on ‘smart money’ and noise traders e.g. by Frankel and Froot
(1988), De Long, Shleifer, Summers and Waldmann (1990), and Wang (1994). A common feature
of these contributions is that there are two different classes of investors that can also be observed
in financia practice: fundamentalist and technical analysts. Fundamentalists base their forecasts
of future prices and returns upon economic fundamentals, such as dividends, interest rates, price-
earning ratio’s, etc. In contrast, technical analysts are looking for patterns in past prices and base
their forecasts upon extrapolation of these patterns. An interesting outcome of these evolutionary
heterogeneous agent systemsisthat the model s mimic anumber of stylized facts frequently observed
in financial series, such as unpredictability of returns, fat tails, volatility clustering and long memory.
Price deviations from the RE fundamental and excess volatility are triggered by uncertainty about
economic fundamentals but may be amplified by evolutionary interaction of competing, boundedly
rationa trading strategies. Most of this work is computationally oriented and based upon computer

simulations of complex adaptive systems.

The present paper provides a theoretical framework for evolutionary markets with many different



trader types. We introduce the notion of a so-called Large Type Limit (LTL), which is a simple,
low dimensional system describing the evolutionary dynamics in a market with many trader types.
The concept of LTL was sketched in Brock (1997), Brock and Hommes (1999) and Brock and de
Fontnouvelle (2000) but is actually rigorously developed in this paper 1. The LTL concept will be
developed within a general heterogeneous markets framework, and we will apply it to asimple evo-
lutionary asset pricing model with heterogeneous beliefs and study its dynamical behaviour in some
detail. The LTL isatype of ensemble limit rather like thermodynamic limitsin statistical mechanics.
It is motivated by observing that market equilibrium equations tend to have aform which is afunc-
tion of expressions that look like sample moments. The LTL is then simply obtained by replacing
sample moments by population moments. For particular distributions of characteristics, one may ob-
tain closed form solutions for these popul ation moments and thus obtain closed form expressionsfor
objects that appeared intractable. The LTL can also be viewed as a device that effectively reduces a
large number of parametersinherent in modelswith alarge number of different trader types by intro-
ducing an underlying characteristics distribution which itself can be characterized by a small number
of parameters. Thus empirical work can be assisted by this type of parameter reduction technique.
We think thisis a new method of analysis which is of independent interest. The LTL theory devel-
oped here can be used to form a bridge between analytical results and the literature on evolutionary
simulation of asset trading, which has become very popular in the last few years (see e.g. Arthur et
al. (1997), LeBaron (2000) and Hommes (2001) for reviews). In fact, one of the main results of the
present paper is that the LTL well approximates the evolutionary dynamics in a market with many
trader types in the sense that all generic and persistent features of an evolutionary adaptive system
with many trader types are preserved inthe LTL. Hence, the LTL can be used to study local stability
of the benchmark RE fundamental steady state aswell as possible deviationsfrom the RE benchmark
and bifurcations routes to instability and complicated periodic or even chaotic dynamicsin adaptive

evolutionary systems with many trader types.

Let us now discuss some closely related recent work. Brock and Hommes (1997a) introduced a
tractable form of evolutionary dynamics in the cobweb demand-supply model with a costly, so-
phisticated forecasting rule such as rational expectations competing against a cheap habitual rule of
thumb forecasting rule such as adaptive expectations. Brock and Hommes (1998), henceforth BH,
called this evolutionary dynamics an Adaptive Belief System (ABS) and applied the framework to

IThenotion of LTL isrelated to the well known measure space approach in general equilibrium theory (See Kirman (1981)
and Hildenbrand (1982) for reviews). The main difference liesin locating intertemporal dynamical equilibrium relationships
that resemble sample moment conditions to suggest the form of the appropriate limit and establishing which dynamical
phenomena are “ persistent'” under “finite” economy limits, so that the limit itself can be directly used to construct bifurcation

diagrams and predict the dynamical bifurcation behavior for large enough “samples.” Details will follow.



asset pricing theory in a model with one risky asset and one risk free asset. Tractability is achieved
by the use of random utility modelsto model ‘fitness' and ‘ natural selection.’ Predictor choice across
the set of predictorsis evolutionarily rational in the sense that agents choose the predictors according
to highest fitness, such as past profits. In the ABS studied by BH there were only few trader types,
typically only two, three or four. The present paper generalizes the ABS to an evolutionary system
with many different trader types and proposes to approximate the evolutionary dynamicswith many
trader typesby aLTL.

An important feature of the BH framework is that the RE benchmark is nested within the evolution-
ary model asa special case. The benchmark fundamental representsthetraders’ responseto common
knowledge exogenous news, such as interest rate movements, growth of the firms profits, earnings
or dividends, arepeal of the capital gainstax, etc. Traders' beliefs about future prices are formulated
in terms of deviations from a benchmark RE fundamental. These deviations can be viewed as each
RE trader’s belief about how the deviations from RE by the rest of the trading community might
show up in equilibrium prices. In this sense our theory is fully rational in the sense that truly ratio-
nal traders must take into account the behavior of other traders in the trading community. The BH
framework is motivated by the kinds of evidence reviewed above and starts the task of building a
theory that “backs off” from RE in the manner of Sargent (1993), but nests RE in such a way that
RE-econometric technology such as methods based upon orthogonality conditions can be readily
adapted to test the “significance” of the extra“free parameters’ that our theory adds to RE theory.
Pro-RE economists loosely argue that the situations in which these extra free parameters are signif-
icant may not be frequent. Anti-RE types argue that such departures may be frequent for anti-RE
types. We think atheory is needed that nests both viewsin away such that econometric methods are
suggested to test the null of RE against the alternative. We wish to contribute to the task of building
atheory in which the data can speak to the controversy on RE and excess volatility. It is worthwhile
noting that Baak (1999) and Chavas (2000) have run empirical tests for heterogeneity in expectations
in agricultural data and indeed find evidencefor the presence of boundedly rational tradersin the hog
and cattle markets. Recently Manzan (2003) estimated an evolutionary heterogeneous agent model
on the S& P 500 index, and found empirical evidence of the presence of trend followers, especially

in the late nineties when trend following trading rules reenforced the rise in asset price.

The plan of the paper is as follows. Section 2 introduces the notion of large type limit (LTL) in
a genera heterogeneous market equilibrium framework and proves the LTL convergence theorem
stating that when the number of trader types goes to infinity the heterogeneous market converges
amost surely to its LTL. Section 3 discusses the dynamical consequences of the LTL convergence

theorem. It is shown that the dynamical behaviour of heterogeneous markets with many trader types



iswell described by itslargetypelimit, in the sensethat all generic and persistent dynamical features
(e.g. stahility, bifurcations, strange attractors) of the LTL system occur with high probability in
dynamic market systems with many trader types. In section 4 the LTL concept is applied to asimple
evolutionary asset pricing model with heterogeneous beliefs and local stability of the fundamental
steady state as well as bifurcation routes to instability and chaos in the evolutionary dynamics are
studied.

2 LargeTypelLimit

The notion of Large Type Limit (LTL) will be developed within a general heterogeneous market
equilibrium framework. Our starting point is the equilibrium equation at time ¢ for a market with
heterogeneous sellers and buyers:

I J
> di(g)Di(p,q) =Y 55(0)S;(p,q)- D
i=1 j=1
Here D;(p, q) isthe demand function of buyer type; it depends on the current market pricep = p,
and another variable ¢, describing the generally available system information, like past prices and

system parameters. To be specific, it can be assumed that for some L > 1, M > 1.

q= Pt—1," " Pt—Ls A1y, AM)-

Therelative weight or fraction of buyer typei in the market is given by d ;(¢) and depends upon past
systeminformation; al d; sumupto 1. Likewise, S;(p, ¢) isthe supply function of seller type 5, and
s; isthe relative weight or fraction of that type.

2.1 Assumptions
We make the following assumptions about demand and supply functions and fractions:

A1l. Thereare vector valued stochastic variables © ¢ and ©#, with probability measures v and v?,
such that

D;i(p,q) = D(p,q,97), di(q) = d(q,9?)
with ¢ arealisation of ©¢, and

with 193? arealisation of ©2.



A2.

A3.

A4.

There are functionsw?(q, 9¢) > 0, such that

w(g,97)
(g, 00) = BT
Ek wd(q, ‘9%)
The value of wd(g,¥¢) is the weight of buyer type i at time ¢. Similarly, there are func-
tionsw?(g,¥7) > 0, such that
w®(q,9%)
Y w(q,9%)

The value of w?® (g, ¥$) isthe weight of seller type j at timet.

s(g,93) =

Let F'(p, q,9) = F(p,q,9?,19%) denote the function
F(p,q,9) = D(p,q,9") = S(p,q,9°).
It is assumed that, for any ¥ = (97, 9%),
F(0,q,9) >0,

F(_'_m? q’ 19) < 07

and that there exists some ¢ < 0, such that

oF
ll < .
6,p(p,q,ﬁ) <c<0

In economic terms, thisimplies that if a buyer of any type meets a seller of any type, thereis

aunique equilibrium price.

All functions are assumed to be infinitely continuously differentiable (or smooth) in p and g,

and continuousin ¥¢ and 9¥*.

Let w(g,9) = wi(q,9)w*(q,9*), and let for any multi-index o = (g, ---,arar) the

expression D, F' denote the following derivative of F' with respect to p and g¢:

6040 6041 aaL+M

= e F(p,q,9).
ops o gy 20

D.,F

It is assumed that for every « there exists arandom variable X ,, independent of p and ¢, such
that
|lw(q,®)DoF(p,q,0)| < Xo, adE X, < oco.

Assumption A1l states that heterogeneous demand and supply functions can be parameterized by

stochastic parameter vectors¢ and v} drawn from probability distributions 4 and v*. For example,

in the financial market application in section 4 the demand type will be determined completely by



the forecasting function of the future price of arisky asset, and the vector «J ¢ contains the stochastic
coefficients of a (linear) forecasting function. According to assumption A2, the fractions are deter-
mined by positive weights w? (¢, 9¢) and w*(g,¥$). In an evolutionary setting, one may think of
these weights as being derived from an evolutionary fitness measure based upon, for example, past
realized trading profits. Assumption A3 implies that, for any combination of buyer and seller types,
the corresponding excess demand function is strictly (and uniformly) decreasing and has a unique
equilibrium price. This assumption is sufficient to ensure that the heterogeneous market equilibrium
eguation (1) aways has a unique market clearing price. Assumption A4 is a technical assumption
stating that all relevant functions are smooth and that w(q, ©)D o F(p, q, ©) is uniformly Lebesgue

dominated by a positive random variable X ,, with finite unconditional mean.

2.2 Theevolution law

We will now derive the evolution law of the heterogeneous agents market and the corresponding
Large Type Limit evolution law. From assumptions A1 and A2 above, it follows that equation (1)

can be rewritten as
4 d d J s s
w ,192' w (q719)
Yoo (qd ) —D(p,q.0{) = ) —g———
= 2k w(g, YY) j=1 > k=1 Wi (g, 97)
Thisis easily seen to be equivalent to

ZZw q,9 193 (p,q,9 Zzw q,9 198)5(17,(];19}9'),

i=1 j=1 i=1 j=1

S(p,q,93).

and using the definition of F'(p, ¢,9) and w(q, ) in assumptions A3 and A4, we obtain finally that

the market clearing equation can be written as:

I J
D> w(g, 9, 95)F (p,q,07,95) = @)
i=1 j=1
Introduce G (p, q) by
1 1
GIJ p, :I_Jzzwq’ﬂl’ J p7q’192719§) (3)

i=1 j=1

and note that G'15(p, q) = 0 is equivalent with market equilibrium. The Large Type Limit G(p, q)

of G'1s isdefined by
g = / / w(g, ) F(p, ,9) dv(0), @

where dv(¥9) = dv?(94) dv® (9*).



Theorem (Existence of evolution law). Under the above assumptions, the equation G ;;(p, q) =

0 determines a well defined heterogeneous market evolution law

p=r1s(9), 5

where ¢ ; depends smoothly on . Likewise, the equation G(p, ¢) = 0 determines the Large Type

Limit evolution
P =p(q), (6)

where, again,  depends smoothly on q.

Proof. Thisisasimple consequence of theimplicit function theorem. Note that sincew(q, ¥) > 0,

it follows that

8G1J _1IJ dSaF ds CI ds
8}7 D, q ﬁzzw 191719] (paqaﬁzaﬁj Sﬁzzwqaﬁzaﬁj

i=1 j=1 i=1 j=1

Hence G ; is strictly monotonically decreasing in p, and the equation G ;5 (p, ¢) = 0 can be solved

globally for p. Note that the smoothness of o ;5 also follows from the implicit function theorem.

The argument for GG is entirely analogous, except for the fact that we have to differentiate under the

integral sign. But thisis allowed as a consequence of assumption A4 of the previous subsection.

2.3 Statement of thetheorem

We are now ready to state the main theorem:

Theorem (Convergencealmost surelytotheLTL) Under assumptions Al-A4, the heterogeneous
market evolution law ;s in (5) and its derivatives tend to their Large Type Limit evolution ¢ in (6)

and its derivatives almost surely as I — oo, J — oo, uniformly on compact sets.

Notice that the large type limit G(p, q) in (4) is simply obtained from the corresponding hetero-
geneous market function G 1 (p, ¢) in (3), by replacing sample averages by expected values. This
suggests application of a uniform law of large numbers. The following theorem is quoted from Jen-

nrich (1969, p. 636, theorem 2). It enables us to replace sums by integralsin the above expressions.

Theorem. Let g(s,9) be defined on S x &, where £ is an Euclidean space, and where S is a
compact subset of an Euclidean space. Let g be continuous in s for each ¢, and measurable in

for each s. Assume that |g(s, )| < h(¥) for all s and ¥, where h(¥) is integrable with respect to a



probability distribution v on £. If ¥4, 95, ..., iIsarandom sample of realisations of ©, then for almost

every sequence {¢, },
1 H
23 9h,5) - / g0, 5)dv(9)  almost surely,
h=1
uniformlyin s.

Proof of the LTL-convergencetheorem. Thisisnow adouble application of the uniform law of

large numbers. First, convergence of G ;5 in (3) to G in (4) is considered.

Choose § > 0, ¢ > 0 arbitrarily, and let K be afixed compact set in (p, ¢)—space. Then, by the
uniform law of large numbers, there exists I, > 0 such that

I

P( sup iZ / (¢,9%,9°)F (p, g, 0%, 9°) dv* (9°)
(p.9)EK 1

15 1)

> — —.

// w(gq,V p,q,ﬁ)dl/(ﬁ)‘_2> <3

0
Applying the uniform law of large numbers again, wefinda J, > 0, such that

P
(pqu
><

Combining these, it follows that with probability larger than 1 — § the following inequality holds:

Iy Jo
IoJoZZw q,9¢,95)F(p, q,9},5)

i=1 j=1

N

__Z/ q,ﬁd 198 p,q,ﬁ“'ﬂs) dv® (198)

wlm

Io A ZZ q,ﬁf,ﬁj p,q,ﬁf,ﬁj //w(q,ﬁ)F(p,q,ﬁ) dv(9)| <e.

i=1 j=1

sup
(p9)EK

This showsthat G;; — G amost surely as I, J — oo, uniformly on compact sets. Note that the
same argument shows that D ,G1; — DG amost surely, uniformly on compact sets. Thisin turn
implies the almost sure convergence of the heterogeneous market evolution law ¢ ;5 in (5) and its
derivatives to the LTL-evolution law ¢ in (6) and its derivatives, uniformly on compact sets. This

compl etes the proof.

3 Dynamical consequences

In what senseisthe largetype limit evolution a‘good’ approximation of the dynamical behaviour of

a heterogeneous market with finitely many, but a large number of trader types? This question leads



to two key concepts in the theory of dynamical systems, structural stability and persistence. These
arediscussed in ageneral setting in subsection 3.1, and applied to our heterogeneous market system
in subsection 3.2. With probability arbitrarily closeto 1, al generic and persistent properties of the
LTL dynamical system also occur for the heterogeneous agent dynamical system if the number of

buyer and seller typesis sufficiently large.

3.1 Structural stability and persistence

In this subsection ¥ and & denote general dynamical systems. A dynamical system ¥ is called
Ck-gtructurally stable, if every system & sufficiently close to ¥ in the C'*-norm ||.|| is conjugated

to ; that is, by a suitable change of variables and parameters, ® can be transformed into .

Structural stability of a system is usually hard to prove. However, if the concept is restricted to
certain properties of the system W - like having an attracting fixed point, or undergoing a saddle-node
bifurcation - sometimes it can be shown that all systems & sufficiently C *-closeto ¥ also have the
same property, whichisthen called a C'*-persistent property. Usually the degree of differentiability &
is not explicitly mentioned: ‘ persistent’ means C'*-persistent with & large enough for the purpose at
hand. See e.g. Guckenheimer and Holmes (1986) for a general discussion of structural stability and

persistence.

Examples of persistent properties

The simplest example of a persistent property is a hyperbolic fixed point. That is, if ¥ has a fixed
point 2o, and al eigenvaluesof D, ¥ (z,) areoff theunit circlein the complex plane, then z o iscalled
ahyperbolic fixed point. Every @ sufficiently closeto ¥ inthe||.|| ; -norm also has a hyperbolic fixed

point: hence hyperbolic fixed points are C' 1 -persistent.

An important class of examplesis furnished by so-called generic bifurcations, like the saddle-node,
Hopf, and period-doubling bifurcations of fixed points. Every generic bifurcation has a positive
integer ¢ associated to it, the co-dimension of the bifurcation; see e.g. Kuznetsov (1998) for an intro-
duction to bifurcation theory and a detailed mathematical treatment of bifurcations of co-dimension
1 and 2. If ¥ depends on an M-dimensional parameter A and ¥ has for A\ = A\, a generic co-
dimension—¢ bifurcationwith £ < M, then any M —parameter system & sufficiently closeto ¥ inthe
C*-norm (the required degree & is determined by the specific bifurcation) has the same bifurcation,
possibly for a different value of the parameter A = A ;. In short: for adynamical system depending

on M parameters, al generic bifurcations with co-dimension up to and including M are persistent.

10



In particular, generic saddle-node, Hopf, and period doubling bifurcations are persistent for 1-
parameter families of dynamical systems. In 2-parameter systems, cusp and Bogdanov-Takens bi-

furcations (to name afew) persist.

These are all examples of persistent local properties. An important example of a persistent global
property is aso—called transversal homoclinic point, that is, atransversal intersection p of stable and
unstable manifolds of a (saddle) fixed point. Homoclinic points are characterized by the fact that its
iterates ™ (p) approach the fixed point for n — oo aswell asfor n — —oo. Transversal homoclinic
points are persistent under small perturbations. Note that the existence of a transversal homoclinic

point implies the occurrence of horseshoe dynamicsin the system.

The genesis of transversal homoclinic intersections by a homoclinic tangency bifurcation in one-
parameter families is another global example of a persistent property. In systems with two—
dimensiona phase space, such a bifurcation implies (under some mild conditions) the existence of
strange attractorsfor a set of parametersof positive measure. See Palis and Takens (1993) for arecent
mathematical treatment of homoclinic bifurcation theory. De Vilder (1996) containsa stimulatingin-
troduction of phenomenaassociated to homoclinic bifurcationsand application to atwo-dimensional

version of the overlapping generations model.

Another exampleis furnished by the Newhouse—Ruelle-Takens phenomenon: they showed that for
afamily of mappings, having an invariant quasi—periodic circle bifurcating to an invariant 2—torus
(aso—called quasi—periodic Hopf bifurcation), by a C 2—small perturbation, a system with a strange
attractor instead of a quasi—periodic 2—torus can be obtained (Ruelle and Takens (1971) and New-
house, Ruelle and Takens (1978)). Hence every system displaying a quasi—periodic Hopf bifurcation
is C?—near to a system with a strange attractor. Note that quasi—periodic Hopf bifurcations occur
generically in two—parameter families (though only on parameter sets of positive measure, but empty
interior, see Broer et al. (1990)).

Examples of non-persistent properties

A non-persisting example is furnished by the pitchfork bifurcation. It will be useful to discuss this
example here, since it will play some role in the simple LTL studied in section 4. A simple ex-
ample exhibiting a pitchfork bifurcation is the 1-parameter family of 1-dimensional dynamical sys-
temsz; = ¥(x;—1,A) for A = 0, where ¥ is given by:

2
3
For A > 0 there are two stable fixed points z = ++/A and one unstable fixed point z = 0, which

1
U(z,\) =2+ I\ —2°, |x|<§,|)\|< @)

coalesceat A = 0. For A < 0 thereis only one stable fixed point z = 0.

11



[Figure 1 about here.]

By adding a small constant € > 0 to ¥, the picture disintegrates. The system ¥ ., with:
U (z,\) =z + I —2° +¢, (8)

has a generic saddle node bifurcation of a stable and an unstable fixed point, together with a stable
(hyperbolic) fixed point which exists for all . Hence the pitchfork bifurcation is not generic. In
fact, the pitchfork bifurcation only occurs generically in systems with a reflectional symmetry. For
example, the system (7) is symmetric w.rt. to z = 0, since ¥(—z,\) = —¥(z, ). Adding a
perturbation parameter ¢ in (8) means a breaking of the symmetry in the system and the pitchfork
bifurcation disappears. It should be noted however that for small ¢ the bifurcation diagram of the
perturbed pitchfork in figure 2 is close to the bifurcation diagram of the pitchfork in figure 1

3.2 Application to largetype limits

The above considerations can be applied to heterogeneous market systems with many trader types

and their corresponding large type limit (LTL).

Heterogeneousmarket and LTL dynamical systems

First we have to be more precise about the dynamical systems corresponding to the heterogeneous
market with I buyersand J sellers and the dynamical system correspondingtoits LTL. Recall that
the heterogeneous market evolution map determining the market equilibrium pricep = p; at date ¢
isof theform

p=orr(z,\;0%,...9%,95,...9%), 9)

where we have extended the notation as follows. We split the vector ¢ into z and \, with 2 denoting
the vector of past state variables (in applications typicaly avector (p¢—1,- -+, p:—y1) Of past prices,
or their deviations from a fundamental price p*) and A denoting a vector of structural parameters.
Moreover, we included the parameters ¥¢, ¥$ of al I individual buyers and J individual sellers,
which were drawn independently from the probability distributions ¢ and »*. In order to write
down the corresponding dynamical system for this heterogeneous agents market, we have to be
precise about the future states of all state variables contained in the vector x. Although this can be
done more generaly, in order to keep the notation simple we restrict our attention here to the case
where z is afinite dimensional vector of past prices only. This will be sufficient for our purposes,

and our heterogeneous asset market application in section 4 will be of thisform.
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If thestate x; = (z14, zat, . . ., zre) @ timet isknown, thestatex,;; attimet+1isgivenby x;11 =
Dr(x¢, A\; ), where

(I)IJ(X,)‘;'&) = (QOIJ(X,)‘;'&):'TM' . '7'1’1/*1) K (10)

with 9 = (9¢,...94,95,...9%). The map &, defines the dynamical system associated to the
evolution map ¢ describing the dynamics of a heterogeneous market with I buyersand J sellers.
This dynamical systemis very complicated, because ¢ contains I + .J individual parameter vectors
¥4 and v} drawn randomly from probability measures v 4 and v*. Theseindividual parameter vectors
¥4 and ] are drawn once, in the beginning of the market, and thereafter compete against each other

according to the heterogeneous market dynamics described by (10).

Let usnow discussthe LTL dynamical system. Recall that the LTL evolution map ( determining the
market equilibrium price p = p; a date t is given by

p =z, \v), (11)

where ¢ has been split into a vector of past state variables z and a vector of structural parameters
A, as before, and where we have also included the probability measure v, from which all individual
parameter vectors (9¢, %) have been drawn, in the notation. In applications, one can work with
parameterized distribution functionsv = v, such asamultivariate normal distribution, and the LTL
evolution map ¢(x, A; ) will then depend upon the parameter vector «. The LTL dynamical system
reads as

D(x,\;a) = (p(x, \;a),x1,. .., TL—1) - (12

We will refer to A asthe structural parameter and to « as the heterogeneity parameter.

Per sistence of bifurcations‘in probability’

According to the LTL-theorem the heterogeneous market evolution map ¢ ;;, together with its
derivatives up to order &, converge aimost surely to the LTL evolution map ¢ and its derivatives,

asI and J tend to infinity. From thisit followsimmediately that the heterogeneous market dynamics
map ®;; (10), together with the derivatives up to order k, also converge amost surely to the LTL

dynamics map ¢ (12) and its derivatives, as I and J tend to infinity.

Let e € (0,1) and let the heterogeneity parameter « be fixed. Since generic co-dimension-¢ bi-
furcations persist as long as ¢ does not exceed the number of structural parameters, it follows that
any generic co-dimension /¢ bifurcation with respect to the structural parameter A for ¥ (o isfixed)

occurs with probability at least 1 — ¢ for @54, for I and J large.
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Theroleof heterogeneity parameters

Note the distinction between structural parameters \ and heterogeneity parameters . Thisisroughly
dueto thefact that for @ ;; and ¥, only bifurcationsin A can be compared with each other, since @ ; ;
does not depend in a direct way on «. The following example may illustrate this point further.

Suppose @ (z; ) denotesthe following dynamical system:
1 H
Dp(z; ) = E};ﬁh +z—2?,

with 9, 11D, E, ¥, = u and Var 9, = 0. The parameters a = (u, o) are heterogeneity parameters.

Thelargetypelimit ¥ of ®;; isgiven by:

U(z;0) =p+z—2°.

For 1 > 0, this system has two hyperbolic fixed points; for u < 0, there are none. At u = 0, there
is one non-hyperbolic fixed point. Hence, the large type limit exhibits a saddle-node bifurcation of

steady states at the heterogeneity parameter 1 = 0.

Now, let againe € (0,1) and i« > 0 befixed. Set § = 4. Then from the LTL convergence theorem
and the discussion above it followsthat thereare Iy, J, > 0, such that for all I > Iy and J > Jp:

H

Zﬁh—ﬂ

h=1

¥ — @7k = <4,

with probability at least 1 — . (Of course, the same result can be found directly by Chebyshev's
inequality). Hence, with this probability:

and the system & (z; ) hastwo fixed points.

On the other hand, if 1 is set to 0, then asymptotically:

% > 9 ~ N(0,0°/H),

where N (0,02 / H) denotes the normal distribution around 0. Hence the probabilitiesof % > ), >
0 and 4 >~ ), < 0 are both approximately 3. This simple example shows that, at the saddle-node
bifurcation value of the heterogeneity parameter i = 0, thelargetype limit furnishes no information
about the number of steady states of the finite belief systems.

We summarize this as follows: bifurcations in the large type limit system may be found using het-

erogeneity parameters, which may yield useful information e.g. concerning number and/or stability
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of steady states. However, only bifurcations of the LTL w.r.t. structural parameters, with the het-
erogeneity parameters fixed at non-bifurcation values, can be directly compared to corresponding

bifurcationsin the heterogeneous market with many trader types.

Corollary of largetype limit conver gence theorem

The discussion in the present section is summarized in the following corollary, listing some impor-
tant persistent properties which, if they occur for the LTL, with high probability also occur for the

heterogeneous market system when I and .J arelarge.

Coroallary of LTL convergencetheorem

Let ®;; in (10) be the dynamical systemwith I buyer and J seller typesand M structural param-
eters, and let ¥ in (12) be its Large Type Limit as I and J tend to infinity. Then for every &£ and
every C* persistent property of ¥ and for every e, there exist numbers Iy, .J, of buyer and seller
types, such that for every I > Iy and J > Jy, with probability > 1 — ¢ the dynamical system ®;;

generically has the same property.
In particular, thismeansthat if ¥ has
1. hyperbolic fixed or hyperbolic periodic points,

2. transversal homoclinic intersections of stable and unstable manifolds of a fixed or periodic

(saddle) point,
3. horseshoes,
4. local or global bifurcations up to co-dimension M,

5. open neighborhoodsin function space with strange attractors (Newhouse—Ruelle-Takens phe-

nomenon),

then ®;; will have these too with probability > 1 — e if I > Iy and J > J.

4 A financial market with heterogeneous beliefs

This section presents a simple application of the notion of LTL, namely a standard asset pricing
model with heterogeneous beliefs as introduced in Brock and Hommes (1998). Subsection 4.1 re-
calls the asset pricing model, whereas in subsection 4.2 we derive its LTL and study the dynamical
behaviour of the LTL.
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4.1 Theasset pricing model with heterogeneous beliefs

This subsection briefly recalls the notion of Adaptive Belief System (ABS), as introduced by Brock
and Hommes (1998), applying the evol utionary framework devel opedin Brock and Hommes (1997a)

to a standard asset pricing model; see also Brock (1997) and Hommes (2001) for more extensive
discussions. An ABSisin fact a standard discounted value asset pricing model derived from mean-

variance maximization, extended to the case of heterogeneous beliefs. Agents can either invest in
arisk free asset or in arisky asset. The risk free asset is perfectly elastically supplied and pays a
fixed rate of return r; the risky asset, for example alarge stock or a market index, pays an uncertain

dividend. Let p; be the price per share (ex-dividend) of the risky asset at time ¢, and let y; be the
stochastic dividend process of the risky asset. Wealth dynamicsis given by

Wis1 = RWi + (Pes1 + Ge1 — Bpe) 2, (13)

where R = 1 + r is the gross rate of risk free return, variables with a tilde such as §;1 denote
random variables at date ¢t + 1 and z; denotes the number of shares of the risky asset purchased
a date t. Let E; and V; denote the conditional expectation and conditional variance based on a
publically available information set such as past prices and past dividends. Let E,; and V},; denote
the ‘beliefs’ or forecasts of trader type h about conditional expectation and conditional variance.
Agents are assumed to be myopic mean-variance maximizers so that the demand z ; of type h for
the risky asset solves

Max., { Ene[Wii1] - tht[Wt+1]}a (14)

where a isthe risk aversion parameter. The demand z 5, for risky assets by trader type h is then

_ Enepri1 +Jer — Bpe]  Epe[Pe1 + Ge1 — B
Zht = p = — D) ) (15)
aVit[Pr1 + Ji+1 — Rpi] ao
where the conditional variance V;,; = o is assumed to be equal for all types and constant.? Let z*
denote the supply of outsiderisky shares per investor, assumed to be constant, and let n ,; denotethe

fraction of type h at date t. Equilibrium of demand and supply yields

H ~ ~
E - R
Z -~ nt[Pre1 + y2t+1 P _ 20 (16)
et ao

where H isthe number of different trader types. The forecasts E ¢ [pr.+1 + §¢+1] Of tomorrows prices
and dividends are made before the equilibrium price p . has been reveal ed by the market and therefore
will depend upon a publically availableinformationset I+ = {pt—1,pt—2,---; Yt—1,Yt—2,...} Of

2Gaunersdorfer (2000) investigates the case with time varying beliefs about variances and shows that the results are quite
similar to those for constant variance.
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past prices and dividends. Market equilibrium (16) then impliesthat the realized market price p ; will

be the unique price for which demand equals supply.

Notice that in the heterogeneous market equilibrium equation (16) the outside supply of sharesis
constant, and in this application heterogeneity thus only appears on the demand side, with H dif-
ferent types of traders. Solving the heterogeneous market equilibrium equation for the equilibrium

price gives
H

Rp; = ZnhtEht[ﬁH—l + 1] — ao?25. (17)
h=1

The quantity ao?2* may be interpreted as arisk premium for tradersto hold all risky assets.

The EMH benchmark with rational agents

Let usfirst discuss the EMH-benchmark with rational expectations. In aworld where al traders are
identical and expectations are homogeneous the arbitrage market equilibrium equation (17) reduces
to

Rp; = Ey[Pri1 + fis1] — ao” 2%, (18)

where E; denotes the common conditional expectation of all traders at the beginning of period ¢,
based on apublically availableinformation set I;. It iswell known that, using the market equilibrium
equation (18) repeatedly and assuming that the transversality condition

E;[Diar
lim Pris]

t—o0 Rk

=0 (19)

holds, the price of the risky asset is uniquely determined by

o0

* E [g k] —ao’2*
P = Z A = . (20)
k=1

The price p; in (20) is called the EMH fundamental rational expectations (RE) price, or the funda-

mental price for short. The fundamental price is completely determined by economic fundamentals
and given by the discounted sum of expected future dividends minus the risk premium. In general,
the properties of the fundamental price p; depend upon the stochastic dividend process y .. We will
mainly focus on the case of an 1D dividend process y., with constant mean E[y;] = y. We note
however that any other random dividend process y; may be substituted in what follows®. For an |1D
dividend process y; with constant mean, the fundamental priceis constant and given by

2

- 2,8 = s
. J—aoc’z J—aoc’z
= = . 21
b kz_l Rk T @

3Brock and Hommes (1997b) for example discuss a non-stationary example, where the dividend process is a geometric

random walk .
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Heter ogeneous beliefs

It will be convenient to work with the deviation from the fundamental price, that is, with
Tt = pr — p;- (22)

We make the following assumptions about the beliefs of trader type h:

BL Vie[Pe1 + Je1 — Bpe] = VilPes1 + Jes1 — Bpe] = o°, forall b, t.
B2 Eni[ji+1] = E¢[§i41] =y, foral h,t.
B3 All beliefs Ej; [py+1] are of the form

Eni[pes1] = Ee[pip1] + Ene[Tegr] = 0" + fr(we1, ., x—1), foral h,t. (23

According to assumption B1 beliefs about conditional variance are equal and constant for all types,
as discussed above aready. Assumption B2 states that expectations about future dividends ¢ ;11 are
the same for all trader types and equal to the conditional expectation, which is 7 in the case of 11D
dividends. According to assumption B3, beliefs about future prices consist of two parts: a common
belief about the fundamental plus a heterogeneous part for each type h. According to assumption B3,
all traders know the fundamental price p* but traders nevertheless believe that in a heterogeneous
world prices may deviate from their fundamental value p* by some function f; depending upon
past deviations from the fundamental. A frequently heard (theoretical) argument is why would some
traders behave differently, given the same information? One may as well turn this argument on its
head: why would all traders behave the same, given the same information? It is awell known fact
in behavioural economics by now that economic agents may decide differently even when given
the same information. In our framework, given the same information about economic fundamentals,
we allow for differencesin beliefs about future asset prices. Realized market prices and beliefs will

co-evolve over time and evolution will decide who is right, as discussed below.

Each forecasting rule f in (23) represents the model of the market according to which type h be-
lievesthat priceswill deviate from the commonly shared fundamental price. For example, aforecast-
ing strategy f;, may correspond to atechnical trading rule, based upon short run or long run moving
averages, of the type used in real markets. The function f,, expressing the belief of type h on the
price of therisky asset at time ¢ + 1, is assumed to have the following general form:

fht = f(lb’t—h ~-~7xt—d7>‘a19h) . (24)

Thexz,_;, j =1, ..., d, are the past price deviations up to the maximal time delay d, asabove A isa

multidimensional structural parameter (containing all economic parameters, such astheinterest rate
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r or the mean dividend g, that may be used in the forecasting functions), and the belief variable 9
is a multidimensional stochastic variable which characterizes the belief . In this application, het-
erogeneity isthus parameterized by the stochastic belief variable ;. At the beginning of the market,
the beliefs 1, are sampled from a genera distribution of beliefs; thereafter these beliefs compete

against each other according to some evolutionary dynamicsto be discussed below.

An important and convenient consequence of the assumptions B1-B3 concerning traders’ beliefsis
that the heterogeneous agent market equilibrium equation (17) can be reformulated in deviations
from the benchmark fundamental. In particular substituting the price forecast (23) in the market
equilibrium equation (17) and using the fact that the fundamental pricep ; satisfies Rp; = E;[pf, | +
yi+1] — ac?2® yields the equilibrium equation in deviations from the fundamental :

H H
Rz = ZnhtEht[fftH] = Z"htfht’ (25)
h=1

h=1
with fre = fa(@i—1,...,2+—1). An important reason for our model formulation in terms of devi-
ations from a benchmark fundamenta is that in this general setup, it isimmediately apparant how
the benchmark rational expectations asset pricing model is nested in our model as the specia case
having all forecasting strategies f;, = 0. In this way, the adaptive belief systems can be used easily
in empirical and experimental testing of whether asset prices deviate significantly from anyone's

favorite benchmark fundamental.

Evolutionary dynamics

The evolutionary part of the model describes how beliefs are updated over time, that is, how the
fractions ny; of trader types in the market equilibrium equation (25) evolve over time. Fractions
are updated according to an evolutionary fitness or performance measure. The fitness measures of
all trading strategies are publically available, but subject to noise. Fitness is derived from a random
utility model and given by

Unt = Unt + €nt, (26)
where Uy, is the deterministic part of the fithess measure and €, represents |1D noise across h =
1,...H. Inorder to obtain analytical expressionsfor the probabilities or fractions, it will be assumed

that the noise ey is drawn from a double exponential distribution. In that case, in the limit as the

number of agents goes to infinity, the probability that an agent chooses strategy h is given by the
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well known discrete choice model or * Gibbs' probabilities*
eBUnt—1

= —H U ~ .
Eh:l eBUn,t—1

Note that the fractions ny; add up to 1. The crucia feature of (27) is that the higher the fitness

Npt (27)

of trading strategy h, the more traders will select strategy h. The parameter 3 in (27) is caled the
intensity of choice; it controlsthe sensitivity of the mass of tradersto selecting the optimal prediction
strategy. The intensity of choice  is inversely related to the variance of the noise terms e ;. The
extreme case 3 = 0 corresponds to the case of infinite variance noise, so that differences in fitness
cannot be observed and all fractions (27) will befixed over timeand equal to 1/ H . The other extreme
case f = oo correspondsto the case without noise, so that the deterministic part of the fitness can
be observed perfectly and in each period, all traders choose the optimal forecast. Anincreasein the
intensity of choice 3 represents an increase in the degree of rationality with respect to evolutionary
selection of trading strategies. The timing of the coupling between the market equilibrium equation
(17) or (25) and the evolutionary selection of strategies (27) is crucial. The market equilibrium price
p¢ in (17) depends upon the fractions n ;. The notation in (27) stresses the fact that these fractions
np: depend upon most recently observed past fitnesses Uy, :—1, which in turn depend upon past
prices p;—; and dividends y:—1 in periodst¢ — 1 and further in the past, as will be seen below. After
the equilibrium price p; has been revealed by the market, it will be used in evolutionary updating
of beliefs and determining the new fractionsn p, 1. These new fractions will then determine a new
equilibrium price p:+1, etc. In the Adaptive Belief System, market equilibrium prices and fractions

of different trading strategies thus co-evolve over time.

A natural candidate for evolutionary fitness is accumulated realized profits, as given by °

Ent1[pt + 9t — Rpe—1]
ao?

Unt = (Pt + ¢ — Rpe—1) +wUp -1, (28)

where R = 1 + r is the gross risk free rate of return, and 0 < w < 1 is a memory parameter

measuring how fast past realized fitness is discounted for strategy selection. The first term in (28)

4See Manski and M cFadden (1981) and Anderson, de Palma and Thisse (1993) for extensive discussion of discrete choice

models and their applications in economics.
5Given that investors are risk averse mean-variance maximizers, maximizing their expected utility from wealth another

natural candidate for fitness are the risk adjusted profits. In fact, the fitness measure (28) based upon realized profits does
not take into account the variance term in (14) capturing the investors' risk taken before obtaining that profit. On the other
hand, in real markets realized net profits or accumulated wealth may be what investors care about most, and the non-risk
adjusted fitness measure (28) may thus be practically important. See BH 1998 and Hommes (2001) for a discussion of this
point. Gaunersdorfer, Hommes and Wagener (2000) investigate an evolutionary model with fitness given by risk adjusted
profits. In any event the methodology of LTL developed in this paper can be developed for dternative fitness functions to
(28). The genera point that taking the LTL drastically reduces the number of “parameters’ in heterogeneous belief models
with large numbers of such beliefs to the small set of parameters that determine “underlying characteristics” of underlying

“belief distributions’” remains independently of what choice is made for the fitness function.
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represents the profit that type h realised in the last period, which is given by the realized excess
return of the risky asset over the risk free asset, times the demand for the risky asset by traders of
type h. In the extreme case with no memory, that iswith w = 0, fithess U ;,; equal s net realized profit
in the previous period, whereas in the other extreme case with infinite memory, that is withw = 1,
fitness Uy equals total wealth as given by accumulated realized profits over the entire past. In the

intermediate case, the weight given to past realized profits decreases exponentially with time.

Fitness can now be rewritten in terms of deviations from the fundamental as

—1— Rzy_1 +a0”2*
i xtzl A >+"UUh,t—1a (29)

Une = (#; — Ray_1 + ac?2® + 6;) (
ao

whered; = p; + §: — F:—1[p; + 9] isamartingale difference sequence.

4.2 Thelarge TypeLimit of the asset pricing model

In this subsection we derive the Large Type Limit (LTL) of the asset pricing model with heteroge-
neous beliefs. Recall that the heterogeneous asset market equilibrium equation is given by

A Ewlpees + i1 — Rpi]
Z fong ht|Pt+1 T Yt+1 D] 55 (30)

ao?

h=1
This is a special case of the general heterogeneous market equilibrium equation (1). In the het-
erogeneous asset market, the supply of outside shares is fixed and heterogeneity only appears on
the demand side. The reader may check that assumptions A1-A3 are satisfied: heterogeneity is
parametrized by the stochastic vector 4, of the forecasting rule or belief of type h (A1); the discrete
choice fractions nj; satisfy the general assumptions on the weight of each type (A2); the demand
function Ei[prr1 + 9141 — Rpi]/(ac?) of type h is a decreasing function of the market price p+,
so that a unique market equilibrium price p; always exists, as derived in (17) (A3). Furthermore, we
shall assume assumption (A4) to hold, which demands that all relevant functions are smooth and
L ebesgue dominated by a positive random variable with finite expected value. In the examples be-
low, typically al systems are smooth and all random variables normal, so that the conditionis easily

seen to hold.

Consequently, the LTL can be derived using the general framework in section 2. It will be instructive
however to see how the LTL can be derived directly from the heterogeneousasset market equilibrium
eguation. The starting point is the expression for the market equilibrium price (17), rewritten in

deviations from the fundamental in (25):

H
Ray = nnfur- (31)
h=1
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As before, x; is the deviation from the fundamental price, np; are the fractions of type h traders
and f,; isthe function representing the belief of type h on the price of the risky asset at time ¢ + 1,

assumed to have the general form

fht = f(xt—la ~"7xt—d7>‘719h) )

where the belief variable 9, is amultidimensional stochastic variable which characterizes the be-
lief h. This belief is sampled from a general distribution of beliefs.

Recall that the fractionsnj; are given by the discrete choice model probabilities
eBUn.t—1

e 2
Zle eBUn -1 (32)

Npt

Since the fitness function U}, ;—; of type h dependsupon z:_1, z:—» and upon the forecasting func-

tion fy, ¢+, their general formis:
Unht—1 = U(@t—1,Tt—2, -, Tt—d—2, A\, Up) ,

where as before A is a structural parameter.

The equilibrium equation (31) can be rewritten to:

H
_ thzl eBUn,t—1 frt
R Zle eBUnt—1

The equilibrium equation (33) determines the evolution of the system with H trader types - this
information is coded in the evolution map ¢ 7 (x, A, 9):8

13, VA f(x X 9))
R EZIZI eBU(x,\,95)

e (x,A,0) = . (34
The structural parameter A = (8, R, A3, ..., Ay) takes values in a bounded open subset A of RY,
and contains all structural parameters of the evolutionary, heterogeneous agents economy, such as
the intensity of choice 3, the interest rate r (or gross rate of return R = 1 + r), the risk aversion

coefficient a, etc.

The evolution map givesrise to adynamical systemin the following way. The state variablesx ; =
(@1, ..., Tg+2,) areintroduced by setting z;; = #,—;, 1 < j < d + 2, where d is the (maximum)

number of lagsin the forecasting function. The state space X istaken to be the open subset of R 912

61n the discussion below the evolution map ¢z plays the role of the general heterogeneous agents evolution map ¢y 7 in
(9) and the dynamical system &5 in (34) with H belief types plays the role of the genera dynamica system & ; in (35)
with I buyer and J seller types. The corresponding LTL evolution map and the LTL dynamical systems are denoted by ¢ and
d asbefore.
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formed by {z € R%*2|z; > —p*}. If the tate x; at time ¢ isknown, the state x; 1 attimet + 1is

givenby x; 11 = ®g(x¢, \,9), where:
(}H(X,)‘aﬂ) = ((,OH(X,)\,ﬁ),.Z’l,...,I'd+1) . (35)

Themap @ defines the dynamical system associated to the evolution map ¢ i corresponding to an
asset market with H different belief types. When the number of trader types H islarge, the dynamical
system (35) contains a large number of stochastic variables ¥ = (¢4, ..., %), where the 9; are
independently and identically distributed (henceforth: 11D), with distribution v . The distribution
function of the stochastic belief variable ¥, depends on a multi-dimensional parameter «, caled
the belief parameter, which takes values in a bounded open subset M of R.". This setup allows to
vary the population out of which the individual beliefs are sampled. The explicit dependence of a
probability on o isdenoted by P = P,,.

Thelimit evolution

Observe that both the denominator and the numerator of the evolution map ¢ g in (34) may be
divided by the number of trader types H and thus may be seen as sample means. The evolution
map v of thelargetypelimit isthen simply obtained by replacing the sample meansin the evolution

map ¢ g by population means, to obtain:

Bt ) = lE“ [eﬁU(x,A,ﬁo) f(x,/\,z%)] [PV f(xx N )
N )= R E, I:eBU(x,A,ﬁo):I N feBU(x,)\,ﬂo)dVa

(36)

Here 19, is a stochastic variable which is distributed in the same way as the ¥, with distribution
function v,,. The structural parameter vectors \ of the evolution map ¢ i and of the LTL evolution
map «» coincide. However, whereas the evolution map ¢ g in (34) of the heterogeneous agent system
contains H randomly drawn multi-dimensional stochastic variables ,,, the LTL evolutionmap ¢ in
(36) only containsthe belief parameter vector « describing the joint probability distribution. Taking
a large type limit thus leads to a huge reduction in stochastic belief variables. In section 4.3 we
will consider an example where the randomly drawn beliefs are linear, with multi-variate normally
distributed belief variables, and the LTL contains as belief parameters the means and the variances

of the corresponding multi-variate distribution.

The dynamical system corresponding to the LTL evolution map 1 is denoted by ¥(x, A, «) and
given by:
lII(Xa)\aa) = (1/J(X,)\,Oé),$1,...,$d+1) . (37)
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According to the LTL theorem, the LTL dynamical system (37) is a good approximation of the
dynamica behaviour in a heterogeneous asset market (35) when the number of belief types H is
large, in the sense that all ‘generic’ and ‘persistent’ dynamic properties will be preserved with high
probability.

4.3 Example

In this section we investigate the dynamical behavior of a ssmple but typical example of an LTL,
focusing on generic and persistent properties. Traders' forecasting rules are linear functions of past

price deviations, that is
fne = fi(On) = Ono + Izt 1 + - + Ina®i—a, (38)

with stochastic belief variables 9 ;;, distributed multivariate normal. We calculate LTL's for the sim-
ple and tractable case wherefitnessis last period’s realized profits, that is,

foip—1— Rxy 1 + CWZZS)

(39)

Unt = (2 — Ray_1 + ac?2® + 6;) ( 5
ao
Including more memory in the fitness measure is straightforward, but leads to a high dimensional

system’. Recall that {§;} isamartingale difference sequence. On setting §; = 0, fitness simplifiesto

fri—1 — Rxe_1 + a02zs>
b

. (40)

Unt = (2 — Rai_1 + ao?2°) (
ao

and we obtain what will be called “the deterministic skeleton” of the stochastic dynamical system.
We wish to analyze stabilizing and destabilizing economic forces by studying this skeleton. It corre-

sponds to the case where the fitness measure equal s the conditional expectation of profits.

Thefractionsn,; of trader type h, as given by the discrete choice probabilities (27), can be simplified
by noting that they are not affected if aterm that is independent of A is subtracted from all fitnesses
Up,t—1. Therefore, we canignoretheterm (— Rz ;1 +ao?2°) (z; — Rxy—1 +ac?2*) inthe numerator

of the second part of (40) to obtain the equivalent fitness
Unges = (arms = Ros s L2, (41)
ao

Using (36), the LTL for linear forecasting rules (38) is then given by

1 E I:ft(ﬁo)en(mt—l7R$t72+a0'2zs)ft72(190)j|

Tt 5 (42)

o E E [en(m_l—Rm_z—i—aazzs)ﬁ_z(ﬁo)]

In particular, with fitness asin (28) given by aweighted average of all past profits with exponentially decreasing weights,
the LTL becomes infinite dimensiona with infinitely many terms with exponentially decreasing weights added. When fitness
is given by aweighted average of I past profits, the dimension of the LTL becomes L. + d + 1.
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wheren = 3/(ac?) and
ft(Po) =Yoo + Vo12¢—1 + -+ - + YoaTi—a, (43)

with 99 = (J00, o1, - - -, Yoa) Multivariate normal. Introduce s = n(x; 1 — Ry o + ao?z®),

s;j =n(xt—1 — Rri—o + a0’2%)m4—0_j, 1 < j < d and put

In order to calculate a closed form expression for the LTL (42) we use moment generating function

formulae from normal distribution theory. Note that

E{eN} =exp <E{N} + %Var{N}) ,

for anormal random varigble N = " s;4;. Note also that
d
EWor exp(D_ s;90;)] = EE[GXD(Z sj905)]-

Assume for simplicity that the ; are uncorrelated (equivalent to independence for this multivari-
ate normal case). It is straightforward to extend the method to correlated + ;. Using the moment

generating function formulae the following closed form expression for the LTL (42) is obtained:

Rxy = po+mzi—1+ ... + pai—q (44)

+ n(xt—1 — Rxy—o + 00223)(03 + U%xtfll't73 + -+ Ugﬂftfdl“tfdfz),
where py, = E[dox), 02 = Var[dor], 0 < k < dandn = 3/(ac?).

Note that the fitness measure determines the actual distribution of the traders over the types, which
is time—dependent; this distribution is given by
eBU(x,)\,ﬁg)

dw(x,k,a) = 7

dva,

where Z is a normalizing factor, Z = [ di)(x,,a), @d v, is the initial distribution of beliefs
at date 0, as before. See aso Diks and van der Weide (2002) for a recent extension of the LTL-
framework, where the measure di is taken as the fundament of their Continuous Belief Systems.
Since ¥ is multivariate normally distributed, and since U is linear in ¥, the measure dv will be
multivariate normal as well, with the same variances as dv,, but with different means: if E,h()
denotes Eh()e’V /EeSY, then

Eydoo = po + 10 (we—1 — Ray—2),  Bydoj = pj +nojai—j—2(xi-1 — Rry—2).  (45)

These expressions show how the means of the forecasting coefficients o; of the population change

over time.
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Thesimplest special case of (44) that till leadsto interesting dynamicsis obtainedwhenal ¢ o5, = 0,
1 < k < d, that is, when the forecasting function (43) is purely biased: f:(¢) = Yo. In this case,
the LTL reducesto the linear system

Rxy = po +noj (iﬂt—1 — Rz + a02z3) . (46)

This simplest case aready providesimportant economic intuition about the (in)stability of the (fun-
damental) steady state in an evolutionary system with many trader types. When there is no intrinsic
mean bias (that is o = 0), and the risk premium is zero (z° = 0), the steady state of the LTL
(46) coincides with the fundamental: z* = 0. When the mean bias and risk premium are both pos-
itive (negative) the steady state deviation z* will be positive (negative) so that the steady state will
be above (below) the fundamental. The natural bifurcation parameter tuning the (in)stability of the
system isno? = Bo?/ac?. We see that instability occurs if and only if 7 increases beyond the bi-
furcation point n. = 1/02. Hence this simple case already suggests forces that may destabilize the
evolutionary system: an increase in choice intensity 5 for evolutionary selection, a decrease in risk
aversion“a”, adecrease in conditional variance of excess returns ¢ 2, or an increase in the diversity
of purely biased beliefs 2. All of these can push x beyond .., thereby triggering instability of the
(fundamental) steady state.

The LTL (46), obtained for the simplest case where all trader types are purely biased, is a linear
system, which is either globally stable or globally unstable. Except for the hairline case at the border
of stability, n = 7., bounded solutions not converging to the steady state do not exist in this simplest
case. When lags are included in the linear forecasting rules, the LTL (44) becomes a nonlinear
system exhibiting much richer dynamical behavior. We consider asimple but typical example, where

the forecasting rules are taken again linear, but now with three lags:
ft(Yo) = Yoo + Vo1t 1 + V2wt 2 + Vo32¢ 3. (47)
The corresponding LTL is a5-D nonlinear system:

Rxy = po + p1wi—1 + poTi— + (33 (48)

2_s\/ -2 2 2 2
+ n(zi—1 — Rxt—o + ac°2°)(0f + 07 Tt—10t—3 + 05Tt _2%t—a + O5T4_3T¢—5),

wheren = (3/(ac?) as before. We will discuss the most important generic and persistent features
of the dynamical behavior of this5-D LTL; higher dimensional versions of the LTL exhibit similar
dynamical behavior.

[Figure 2 about here.]
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First we investigate steady states and their stability. Figure 2 shows a 2-D bifurcation diagram in
the (n, u1) parameter plane, where pi; representsthe mean of thefirst order stochastic trend variable
Yo1 in the forecasting rule (47). Recall that 1 is the mean of the x;—independent term (o in the
forecasting rule (47); it models the ‘mean bias' of the trader type. When p1o = 0 and ao®z, = 0
(expressing that therisk premiumisalso zero), the LTL is symmetric with respect to the fundamental
steady state and the LTL is therefore non-generic with respect to the universe of ‘al’ differentiable
dynamical systems. The bifurcation curves in the symmetric case (figure 2a) have been computed
analytically, whereas the bifurcation curvesin the asymmetric case (figure 2b) have been computed
numerically, using the software package AUTO97; see e.g. Kuznetsov (1998) for an extensive math-
ematical treatment of bifurcation theory. In the symmetric case (figure 2a), for parameters taking
values in the region enclosed by the Hopf, period doubling (PD) and pitchfork (PF) bifurcation
curves, the fundamental steady state is unique and stable. As the parameters cross the PF curve, two
additional non-fundamental steady states are created, one above and one below the fundamental.
Other routes to instability occur when crossing the PD curve, where the fundamental steady state
becomes unstable and a (stable) 2-cycleis created, or when crossing the Hopf curve, where the fun-
damental steady state becomes unstable and a (stable) invariant circlewith periodic or quasi-periodic
dynamicsis created. The pitchfork bifurcation curveis non-generic (that is, non-typical) in the non-
symmetric case, and it only occurs generically in the symmetric case. When the symmetry is broken
by a non-zero mean bias po # 0, asillustrated in figure 2b for uo = —0.1, the PF curve conse-
quently disappears; in its place, there are two generic co-dimension one bifurcation curves, a Hopf
and a saddle-node (SN) bifurcation curve. When crossing the SN curve from below, two additional
steady states are created, one stable and one unstable. Noticethat, asillustrated in figure 2c, when the
perturbation is small (in the figure 1o = —0.1), the SN and the Hopf curves are close to the PF and
the Hopf curves in the symmetric case. In this sense the bifurcation diagram depends continuously
on the parameters, and it is useful to consider the symmetric LTL as an “organizing” center to study

bifurcation phenomenain the generic, non-symmetric LTL.

Most relevant from an economic point of view seems to be the situation that the mean 1 of the
first order coefficient 199, in the forecasting rule (47) satisfies0 < p; < 1. In that case, the (fun-
damental) steady state loses stability in a Hopf bifurcation as the structural parameter n increases.
Figure 3 illustrates the dynamical behavior of the LTL as the parameter n further increases. After
the Hopf bifurcation, for 1.1 < n < 1.5 (figures 3a-c), periodic and quasi-periodic dynamics on a
stable invariant circle occur. The stable invariant circle loses stability in asecondary (quasi-periodic)
Hopf bifurcation, and for n = 1.51 and n = 1.52, (quasi-)periodic dynamics on a stable invari-

ant torus occur. Recall the Newhouse-Ruelle-Takens phenomenon that €' 2-close to a system with
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a quasi-periodic Hopf bifurcation systems with strange attractors exist. The numerical observation
that a quasi-periodic Hopf bifurcation arises in our LTL, together with the LTL convergence the-
orem therefore suggests that our evolutionary systems with many trader types can exhibit strange
attractors. Advanced textbook treatments describing many of these complicated dynamical phenom-
enaare e.g. Guckenheimer and Holmes (1986), Palis and Takens (1993) and Arrowsmith and Place
(1991). Figures 3f-g show the unstable manifold of a periodic saddle point; the curling shape of the
unstable manifold suggest near homoclinic bifurcations and breaking up of the invariant torus into
a strange attractor. Figures 3h-m show that increasing » further leads to a bifurcation route to chaos
and strange attractors culminating into a ‘large’ strange attractor for n = 1.6. In particular, figure 3
presents numerical evidence of the occurrence of what Brock and Hommes (1997) called a ratio-
nal route to randomness, that is, a bifurcation route to strange attractors as the intensity of choice
to switch forecasting strategies increases. If such rational routes to randomness occur for the LTL,
the LTL convergence theorem implies that in evolutionary systems with many trader types rational

routes to randomness occur with high probability.

Figure 4 shows the corresponding evolution of the means of the forecasting coefficients ¥ ; of the
population, as desribed in (45). As the parameter 7 increases (e.g. because the intensity of choice
B increases) the amplitude of the fluctuations of the mean forecasting coefficients increases and the

fluctuations become more irregular.
[Figure 3 about here.]
[Figure 4 about here.]

[Figure 5 about here.]

5 Concluding Remarksand Future Research

We have presented a general theoretical framework for heterogneous market dynamics with many
different trader types. Our notion of Large Type Limit (LTL) describes the dynamical behavior in
a heterogeneous market with many competing trader types. All generic and persistent dynamical
features, such as steady state, local bifurcations, (quasi-)periodic dynamics as well as homaclinic
bifurcation routes to strange attractors occurring in an LTL, aso occur with probability arbitrarily

closeto 1 in the corresponding heterogeneous market when the number of trader typesis large.

We have applied the LTL framework to an evolutionary asset pricing model with heterogeneous

beliefs belonging to any class of forecasting rules indexed by afinite dimensional vector designating
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the type. Within this theoretical framework, conditions can be obtained for which asset prices will
reflect economic fundamentals as well as conditions leading to deviations from a RE benchmark
fundamental and excess volatility. In particular, an increasein the “intensity of adaptation” to switch
prediction strategies and an increase in the dispersion of potential belief types can |ead to emergence
of complicated dynamics for the trgjectory of deviation from RE for asset returns. These dynamics
are suggestive of complicated dynamics for volatility, and volume. The LTL convergence theorem

shows that these phenomenaare likely to arise in evolutionary systems with many trader types.

Our theoretical framework may be useful to address these questions also empirically. The RE funda-
mental benchmark is nested as a special case within the general model, and the present framework
may thus be used to test whether the extra parameters are empiricaly relevant. See Baak (1999)
and Chavas (2000) for empirical evidence of heterogeneity and the presence of non-rational traders
in the hog and beef markets, see Manzan (2003) for empirical evidence that the rapid increase in
stock prices in the late nineties has been reenforced by trend following trading rules. Our theoreti-
cal framework is also useful for experimental laboratory testing of the expectations hypothesis. By
controlling the RE benchmark fundamental in the laboratory, it can be tested whether experimental
markets will or will not deviate from the RE benchmark fundamental; see van de Vel den (2001) and

Hommes et al. (2002ab) for recent experimental resultsin this direction.

At thispoint it is useful to compare our results to some related literature in evolutionary finance. Re-
cent work by Egenter, Lux, and Stauffer (1999), Yeh and Chen (2001), Challet and Marsili (2002),
and Lux and Schornstein (2002) have shown in their model s that the ability to mimic stylized factsin
financial markets becomes difficult as the large system limit is taken (either numerically or theoret-
ically). To put it another way, their work suggests that the ability of their models to mimic stylized
facts of financial markets is a finite size effect: a finite number of agents appears to be necessary
for the models to do a good job of mimicing the stylized facts. To put it yet another way, the large
system limit dynamical system produced by their models generates time series behavior that does
not look like behavior of financia time series (it istoo “flat” or too “periodic”). The dynamics of
the deterministic skeleton of an LTL system, as shown by the example LTL in subsection 4.3, may
be quite complicated. A convenient feature of the LTL framework is that it has been written in de-
viations from a benchmark fundamental. In future work, it would be interesting to study the time
series propertiesof LTL sysems buffeted with stochastic shocks (e.g. stochastic shocksin the supply
of the risky asset) around a stochastic benchmark fundamental, and investigate whether the stylized
facts of financial time series can be reproduced. Such an investigation is beyond the scope of this
paper, but we briefly discuss how our work t relatesto other modelsin the literature. There are major
differencesin the way the modelsare set up. Let usdiscussfirst Challet and Marsili (2002), hereafter
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“CM”, then Lux and Schornstein (2002), and finally Egenter, Lux, and Stauffer (1999).

CM work in a generalized Minority Game (MG) context which is somewhat distant from the fi-
nancial context of our model, but we can draw parallels with our work. Each of their NV agentsis
assigned a strategy at random from a strategy space which scales like S = 2, where P is a posi-
tive integer, and then agent i is not alowed to switch her strategy. She is allowed to stay out of the
game or enter the game and “trade” (i.e. do “+1” or do “-1" according to her strategy rule) using her
randomly endowed strategy according to a discrete choice model. She scores if she makes an op-
posite choice to the mgjority (hence the name “minority game”). CM show that they get “realistic”
volatility clustering for their measure of “returns’, for games with a finite number of agents (not too
large) but when they take atype of large system limit, where the size of the strategy space is scaled
up aswell asthe number of agents, this property vanishes. It would require much more investigation
outside the scope of this paper to explore the difference in behavior between our model and CM's
adequately.

Lux and Schornstein (2002) work a genetic algorithm approach to agent-based modelling in the
context of an exchange rate model with a continuum of equilibria due to Kareken and Wallace
(1982). They give an explanation for the dependence of their results on the realism of their simulated
exchange rates upon the number of agents. That is, the realism vanishes as the number of agents
becomes very large. However, their exchange rate model has no “fundamental” to “anchor” the
exchange rate whereas our model is strongly “anchored” by the fundamental when thereis no trader
heterogeneity. That is, our model has only one equilibrium when there is no trader heterogeneity, not

acontinuum. This difference makesit hard to compare the two models.

Egenter, Lux, and Stauffer (1999) simulate two stock market models and show that realism of the
simulated returns series vanishes as the number of agents becomes very large. They remark upon
similar or related phenomena showing up in some other market models and conclude that a model
capable of generating realistic time series behavior must have a modest number of agent types.
Their two models are closer in structure to ours. They conclude, “Thus, if these models are good
description of markets, then real markets with their “chaotic” strong fluctuations are dominated by
a rather limited number of large players” As we discuss further below, our “effective number” of
traders may be rather modest due to the rather small dimensionality of our “characteristics space”

from which sampling is donein our LTL limiting process.

Diks and van der Weide (2002) recently proposed an interesting extension of the LTL framework
by introducing so-called Continuous Belief Systems (CBS). Recall that the starting point of the LTL
approachisacontinuum of traders, choosing their strategiesfrom alarge but finite number of strategy

types; in the large type limit this number tends to infinity. Diks and van der Weide however consider
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a finite number of traders choosing their strategies from a continuum of types, whose distribution
co-evolves with prices over time. When they take the number of agents to infinity, the CBS tends
then to a deterministic system, which isin most cases identical to an LTL system. However, when
the number of tradersisfinite, the CBS is a stochastic system, as the traders make stochastic errors
in evaluating the performance of the different strategies. The CBS concept may therefore be useful
to study therole of a“finite size” effect in heterogeneous agents modeling; Diks and van der Weide

give an explicit discussion of the “effective number of traders’ that is being felt by the market.

Aoki (2002) presents a model stimulated by statistical work on the “sampling of species problem”
that leadsto strong clustering on afew types. He model s entry, exit, and strategy switching by traders
and presents aresult that suggests convergenceto a rather small number of “clusters’ which relates
to the conclusion of Egenter, Lux, and Stauffer (1999) above on the necessity of a modest number of
types to generate realistic time series behavior. The findings in Aoki’s work suggests that it would
be interesting to extend our work to allow entry and exit of traders. As we said above, one way to
do it would be to add areservation strategy to the logistic model where an agent just stays out of the
market unless the best performanceindex of the available strategies exceeds a fixed number, U o, say.
This“strategy zero” could be added to our list H of strategies and we could proceed much asin the

present paper. This extension is beyond the scope of the current paper.

Our LTL method appears on the surface to generate opposite results for very large H, but a closer
look at the finite diminsional character of characteristic space suggeststhat the “ effective number” of
our agents may be quite modest in size after al. Thiswould certaintly bethe caseif the characteristic
space from which we sampled was compact. Perhaps if we increased the dimensionality of our
characteristics space as we increased H we would obtain results like those of the authors discussed

above. This fascinating question must be |eft to future research.

The concept of LTL developed in this paper isageneral tool that can be used to enhance the tractabil -
ity of modelswith large numbers of heterogeneous|earning agentsin many different contexts. While
we have developed LTL theory in this paper in an illustrative financial model where beliefs differ
only across conditional means of returns, the same idea can be applied to other modeling contexts.
For example, consider modelswith heterogeneity in other dimensions besides beliefs on conditional
means. An example of such work is Chiarella and He (2002). Their assumptions place a structure
of beliefs on both conditional mean and conditional variance heterogeneity which is expressed in
deviations form from the fundamental baseline. Hence their model appears especially amenable to

LTL type anaysis.

Another source of examples, is models with a hierarchy of dynamics from fast to slow where the

heterogeneity of beliefs and learning is placed upon the slow dynamics. For an example of fast/slow
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dynamics, consider the paper of de Fontnouvelle (2000). Here the context is astandard noisy rational
expectations asset pricing framework at the fast dynamical level. But agents in the model have a
choice of purchasing an expensive more accurate signal (predictor) on the future earnings of the
asset or using publically available information that costs nothing. Belief heterogeneity is placed
upon the “slow hyperdynamics.” Here agents must predict what fraction of their rivals purchase the
expensive signal. LTL modeling as in this paper could be adapted to do that and help produce a
model that is analytically tractable as we have shown here.

Another important issue in evolutionary market systems is whether some type, e.g. arationa funda-
mental trader, can drive out all other types. Evstigneev, Hens, and Schenk-Hoppé (2001), hereafter,
“EHS’ (2001), and Hens, Schenk-Hoppé, and Stalder (2002), hereafter, “HSS’, have generalized the
well-known results of Blume and Easley (1992) to any complete or incompl ete asset market. These
authors show that investors who divide income proportionally to the expected rel ative returns of the
assets will asymptotically accumulate the most wealth. Their main result is the discovery (actua the
discovery of the rule was in an earlier paper by Hens and Schenk-Hoppé (2001)) of a simple and
attractive rule that eventually garnersall the wealth via market selection. To put it another way these
authors show that strategy heterogeneity vanishes in the limit in their contexts. It is hard to relate

thiswork to ours directly, because the model setups are different.

One way to compareis to conjecture following Brock and Hommes (1997, p. 11), that if memory w
in Equation (28) were set equal to one, and realized profits were replaced by “risk adjusted profits’,
an objective closely tied to the original objective (14) upon which the demands were based, then
rational expectationswould eventually drive out all the other strategies because relative losses would
gotoinfinity for al strategiesthat deviated from rational expectations. If such aconjectureweretrue
it would give us a comparison in the sense that one strategy drove out all the rest whereas in our

current formulation, strategy heterogeneity persists forever.

Another potential way to compare would be to observe that our equation (13) gives the wealth
dynamics if we use a given investment rule for z; of the form of HSS and EHS. Of course we
would need more assets than just a risky asset and a bond with exogenous payout rate R in order
to make a direct comparison. But we could speculate that if multiple risky assets were introduced
and the fithess measure of a strategy was accumulated wealth we could develop an LTL for a space
of “rule types’ of the proportional form of HSS. Notice that Blume and Easley (1992, p. 23) recall
Samuelson’s result that “simple” rules are “right” only for those investors who have logarithmic
utility functions. This suggests that we might be able to develop an LTL theory that parallels HSS
and EHS and even deliver aresult like theirs that heterogeneity vanishesin thelimit if the memory w

isone for appropriate “fitness’ functions. All this is beyond the scope of the current paper.
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A trader’s strategy may very much depend upon the objectives and time scales of investment deci-
sions. These time scales in turn are shaped by different effective discount rates, temporal patterns
of revenue inflows and outflows, different beliefs about possible nonstationarities at different time
scales (e.g. Kurz (1997)), the different natures of the assets being traded, etc. Our LTL methodology
should extend quite readily to any coevolutionary system provided that variables can be defined that
enable one to write the resulting system in recursive dynamica system form on afinite dimensional
state space. One can think of the stability results of EHS and HSS, that one strategy accumlates all
wealth, as a result on long time scales. However, LeBaron (2002) has recently shown in the con-
text of computationally-based evolutionary financial markets how difficult it may be for the more
long term rational investor strategies to drive out “less rational” shorter term strategies if there are
enough short term strategies present that are “moving” the market in a particular directions. Our
LTL-framework may be useful to address this important issue. One could add strategies based upon
EHR (2001), BE (1992), BH (1998), to apool of other strategiesincluding those based on LeBaron’s
(2002) simulations and let them compete against each other in an LTL setting. An important ques-
tion then is whether, as the memory parameter w in the fithess measure approached unity, rational
expectations or fundamentalists would drive out all other belief systems. The memory parameters
themselves could be drawn from an appropriate distribution as well as the predictor parameters and
the same type of LTL analysis we did above could be used to formulate and prove theorems about
the impact of time scal e heterogeneity (captured in the dispersion of the distribution of memory pa-
rameters) upon the evolutionary stability of any particular strategy including one based upon EHS
(2001). Theinteraction of time scale heterogeneity with the predictor heterogeneity that we studied
above on overall evolutionary stability is likely to be very subtle indeed. Unfortunately these issues
are beyond the scope of the current paper and we must leave all such extensions of the evolutionary

LTL framework, as well asits experimental and empirical testing for future work.
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PF
SN

Figure 1: Bifurcation diagramfor the pitchfork bifurcation (left panel) of ¥ in (7) and the perturbed
pitchfork bifurcation (right panel) in (8). In this (A, z)-plot, the phase space is plotted vertically for
every parameter A. Drawn lines indicate the position of stable fixed points; dotted lines correspond
to an unstable fixed point. The dot (PF) indicates the pitchfork bifurcation point. The pitchfork bifur-
cation does not persist. Note the occurrence of a saddle-node bifurcation (SN) in the perturbed map.
The saddle-node bifurcation isin contrast to the pitchfork a generic co-dimension-1 bifurcation.
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Figure 2: Bifurcation diagramsin the (n, 1) parameter plane for LTL (48), where u; representsthe
mean of the first order stochastic trend variableJ; in the forecasting rule (47). For jip = ac? = 0,
with po the mean of the constant 94 in the forecasting rule (47), the LTL is symmetric and thus
non-generic; when o # 0 the LTL is non-symmetric and generic. The diagrams show Hopf (H),
period doubling (PD), pitchfork (PF) and saddle-node (SN) bifurcation curvesin (1, u 1) parameter
plane, with other parametersfixedat R = 1.01,z° = 0, u2 = u3 = 0,00 = 01 = 0o = 1 and
o3 = 0. Between the Hopf and PD curves (and the PF curve when .y = 0) thereisa unique, stable
steady state. This steady state becomes unstable when crossing the Hopf or the PD curve. Above the
PF curve or the SN curve the system has three steady states. The PF curve is non-generic and only
arisesin the symmetric case with mean bias 11 = 0. When the symmetry is broken by perturbing the

mean biasto ug = —0.1, the PF curve ‘breaks' into generic Hopf and SN curves.
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Figure 3: Attractors in the phase space for the 5-D LTL with parameters R = 1.01, z° = 0, g = 0,
wr = 0, us = u3 = 0,009 = 01 = 02 = o3 = 1. (a-c) immediately after the Hopf bifurcation
periodic or quasi-periodic dynamics on a stable invariant circle occurs; (d-€) after a quasi-periodic
Hopf bifurcation (quasi-)periodic dynamics on a stable invariant torus occurs; (f-g) the unstable
manifold of a periodic saddle point; the curling shape of the unstable manifold suggest near homo-
clinic bifurcations and breaking up of the invariant torus into a strange attractor; (h-m) bifurcation
route to chaos and strange attractors culminating into a ‘large’ strange attractor for n = 1.6; note
that in (k) the transient dynamics are plotted for n = 1.59, which look for a long time like the dy-
namics of a chaotic attractor, before they settle down to the quasi—periodic long term behaviour seen

in ().
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