
Rq Ohduqlqj Htxloleuld�

Mdq Wxlqvwud|dqg Ioruldq Zdjhqhu|

Xqlyhuvlw| ri Dpvwhugdp

Devwudfw

Lq wklv qrwh zh fulwlfdoo| h{dplqh wkh uhvxowv rq ohduqlqj htxloleuld/ rewdlqhg
e| Exoodug +4<<7, dqg Vfkùqkrihu +4<<<,1 Lq wkrvh sdshuv lw lv vkrzq wkdw/ lq
dq ryhuodsslqj jhqhudwlrqv prgho zlwk �dw prqh|/ dq lqfuhdvh lq wkh prqh|
jurzwk udwh pd| ohdg wr hqgrjhqrxv  xfwxdwlrqv1 Zh vxjjhvw dq dowhuqdwlyh
ohduqlqj surfhgxuh/ wkdw prghov wkh vdph shufhlyhg odz ri prwlrq/ exw zklfk
kdv pruh ghvludeoh vwdelolw| surshuwlhv1

4 Lqwurgxfwlrq

Lq uhfhqw |hduv wkh olplwdwlrqv ri wkh udwlrqdo h{shfwdwlrqv k|srwkhvlv kdyh ehfrph
lqfuhdvlqjo| reylrxv1 Lq sduwlfxodu/ lw kdv ehhq shufhlyhg dv xqvdwlvidfwru| wkdw wklv
k|srwkhvlv hqgrzv hfrqrplf djhqwv zlwk suhflvh lqirupdwlrq derxw wkh vwuxfwxuh ri
wkh hfrqrp| dqg wkh eholhiv ri rwkhu djhqwv dv zhoo dv xqerxqghg uhdvrqlqj delolwlhv
wr ghdo zlwk wklv lqirupdwlrq1 D qxpehu ri dxwkruv kdyh vxjjhvwhg wkdw wkh udwlrqdo
h{shfwdwlrqv k|srwkhvlv vwloo lv ydolg dv d ghvfulswlrq ri orqj uxq ehkdylrxu/ vlqfh hfr0
qrplf djhqwv ohduq ryhu wlph dqg hyhqwxdoo| duulyh dw d udwlrqdo h{shfwdwlrqv vwhdg|
vwdwh1 Wkh udwlrqdo h{shfwdwlrqv k|srwkhvlv fdq wkhuhiruh eh vxssruwhg e| d ohduqlqj
vwru| +vhh Oxfdv/ 4<:9/ Pdufhw dqg Vdujhqw/ 4<;< dqg Hydqv dqg Krqndsrkmd/ 4<<<,1
Lq vxfk d ohduqlqj prgho wkh erxqghg udwlrqdo djhqwv duh jhqhudoo| dvvxphg wr kdyh
qr vwuxfwxudo lqirupdwlrq derxw wkhlu hfrqrplf hqylurqphqw rwkhu wkdq wlph vhulhv
revhuydwlrqv rq fhuwdlq hfrqrplf yduldeohv1 Wkh| xvh wkhvh wlph vhulhv revhuydwlrqv
wr pdnh lqihuhqfhv derxw wkh hfrqrplf hqylurqphqw1 Lq klv errn rq erxqghg udwlr0
qdolw| Vdujhqw +4<<6/ s155, zulwhv= �Zh fdq lqwhusuhw wkh lghd ri erxqghg udwlrqdolw|

�Wklv sdshu ehqh�wwhg pxfk iurp glvfxvvlrqv zlwk Pdxulfh Exq/ Fhhv Glnv/ Fduv Krpphv dqg
Fodxv Zhgghsrko1 Wklv uhvhdufk kdv ehhq vxssruwhg e| wkh Qhwkhuodqgv Rujdqlvdwlrq iru Vflhqwl�f
Uhvhdufk +QZR, xqghu d Pdj0Slrqlhu judqw1

|Ghsduwphqw ri Txdqwlwdwlyh Hfrqrplfv dqg FhQGHI/ Idfxow| ri Hfrqrplfv dqg Hfrqrphw0
ulfv/ Xqlyhuvlw| ri Dpvwhugdp/ QO 434; ZE/ Wkh Qhwkhuodqgv1 H0pdlo= wxlqvwudCihh1xyd1qo/ zd0
jhqhuCihh1xyd1qo
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eurdgo| dv d uhvhdufk surjudp wr exlog prghov srsxodwhg e| djhqwv zkr ehkdyh olnh
zrunlqj hfrqrplvwv ru hfrqrphwulfldqv1� Vlqfh wkh shufhswlrqv ri djhqwv lq xhqfh
wkhlu ehkdylrxu/ wkh ohduqlqj ihhgv edfn lqwr wkh dfwxdo uhdol}dwlrqv ri hfrqrplf ydul0
deohv1 Khqfh/ wkh ohduqlqj surfhgxuh lwvhoi lv rqh ri wkh ghwhuplqdqwv ri wkh hyroxwlrq
ri wkh hfrqrplf yduldeohv1 Zlwk uhvshfw wr wklv ohduqlqj surfhgxuh Exoodug +4<<7/
s179;, vwdwhv=

�D frpprq uhvhdufk txhvwlrq/ dvnhg lqfuhdvlqjo| riwhq lq wkh uhfhqw olwhudwxuh/ lv
krz wklv ohduqlqj wdnhv sodfh/ dqg pruh lpsruwdqwo|/ li lw pdnhv dq| gl�huhqfh iru
lqihuhqfhv iurp g|qdplf jhqhudo htxloleulxp prghov zkhwkhu wkh ohduqlqj lv h{solflwo|
prghohg1�

Lq klv lqwhuhvwlqj sdshu Exoodug vkrzv wkdw h{solflwo| prghoolqj djhqwv dv hfrqrph0
wulfldqv pljkw fuhdwh htxloleuld gl�huhqw iurp wkh udwlrqdo h{shfwdwlrqv vwhdg| vwdwh1
Vrph ri wkhvh ohduqlqj htxloleuld fdq eh fkdudfwhul}hg e| hqgrjhqrxv  xfwxdwlrqv lq
lq dwlrq udwhv dqg djhqwv eholhiv1 Pruhryhu/ Vfkùqkrihu +4<<<, vkrzv wkdw fkdrwlf
ohduqlqj htxloleuld h{lvw1 Lq wklv sdshu zh vkrz wkdw wkh pdlq uhvxowv iurp wkhvh wzr
sdshuv dulvh iurp wkh hvwlpdwlrq surfhgxuh wkdw djhqwv duh vxssrvhg wr xvh1 Lq idfw/
iru dq hvwlpdwlrq surfhgxuh wkdw lv pruh vhqvleoh iurp d vwdwlvwlfdo srlqw ri ylhz/ wkh
g|qdplfv ri wkh prgho dsshdu wr eh lqkhuhqwo| vwdeoh1 Dq lpsruwdqw revhuydwlrq lv
wkdw wkh shufhlyhg odz ri prwlrq lv wkh vdph iru erwk surfhgxuhv/ wkh rqo| gl�huhqfh
lv lq wkh zd| wklv shufhlyhg odz lv hvwlpdwhg1 Wkh pdlq srlqw lv wkdw lw lv pruh vrxqg
iurp dq hfrqrphwulf srlqw ri ylhz wr uxq d uhjuhvvlrq rq d vwdwlrqdu| wlph vhulhv
wkdq rq d qrqvwdwlrqdu| wlph vhulhv1 Vlqfh lq rxu prgho djhqwv zdqw wr suhglfw wkh
lq dwlrq udwhv dqg vlqfh wkh wlph vhulhv ri sulfh ohyhov lv qrqvwdwlrqdu|/ wkh hvwlpdwlrq
surfhgxuh vkrxog eh lq whupv ri lq dwlrq udwhv lqvwhdg ri sulfh ohyhov1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghvfulehv wkh ryhuodsslqj
jhqhudwlrqv prgho vwxglhg lq Exoodug +4<<7, dqg glvfxvvhv wkh h{lvwhqfh ri ohduqlqj
htxloleuld1 Lq Vhfwlrq 6 d ohduqlqj surfhgxuh edvhg xsrq lq dwlrq udwhv lv lqwurgxfhg
dqg wkh pdlq vwdelolw| uhvxowv duh jlyhq1 Vhfwlrq 7 frqfoxghv1

5 Ohduqlqj htxloleuld

Zh frqvlghu d vwdqgdug wzr shulrg ryhuodsslqj jhqhudwlrqv prgho zkhuh lq hdfk
shulrg d jhqhudwlrq lv eruq wkdw olyhv iru wzr shulrgv1 Wkh jhqhudwlrq eruq lq shulrg
| vroyhv

4@ 
SfcS�

L ESfc S�� vxemhfw wr R|Sf n Re|n�S� � R|�f n Re|n���c

zkhuh L G U-2
n $ U- lv d vwulfwo| prqrwrqh/ vwulfwo| txdvl frqfdyh xwlolw| ixqfwlrq/ Sf

dqg S� duh frqvxpswlrq lq wkh �uvw dqg vhfrqg shulrg ri wkh djhqw*v olih dqg �f dqg ��

duh hqgrzphqwv lq wkh �uvw dqg vhfrqg shulrg ri wkh djhqw*v olih1 Ixuwkhupruh/ R| lv
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wkh sulfh lq shulrg | dqg Re|n� lv wkh sulfh h{shfwhg iru shulrg |n�1 Wkh rswlpl}dwlrq
sureohp jlyhv wkh rswlpdo ohyho ri frqvxpswlrq lq wkh �uvw shulrg ri wkh djhqw*v olih

dv d ixqfwlrq ri h{shfwhg lq dwlrq
Re
|n�

R|
/ l1h1 Sf ' Sf

�
Re
|n�

R|

�
1 Rswlpdo vdylqj ri wkh

|rxqj jhqhudwlrq lv wkhq jlyhq e| wkh vdylqjv ixqfwlrq

7

�
Re|n�
R|

�
' �f � Sf

�
Re|n�
R|

�
�

Iurp qrz rq zh zloo dvvxph wkdw wkh vdylqjv ixqfwlrq lv wzlfh gl�huhqwldeoh dqg
srvlwlyh/ l1h1 7 EZ� : f iru doo Z +wklv fruuhvsrqgv wr wkh Vdpxhovrq fdvh/ zkhuh
shrsoh vdyh zkhq |rxqj,14 Wkh ghpdqg iru uhdo edodqfhv lq shulrg | lv jlyhq e|

�|

R|
' 7

�
Re|n�
R|

�
�

Wkh rqo| phdqv ri vdylqj lv prqh| dqg wkh prqh| vwrfn �| lv frqwuroohg e| wkh
jryhuqphqw dqg jurzv wr �qdqfh jryhuqphqw frqvxpswlrq1 Wkh prqhwdu| srolf|
uxoh lv

�| ' i�|3��

Frpelqlqj wkh ghpdqg iru uhdo edodqfhv zlwk wkh prqhwdu| srolf| uxoh/ zh jhw wkh
iroorzlqj pdunhw fohdulqj frqglwlrq

7

�
Re|n�
R|

�
R| ' i7

�
Re|
R|3�

�
R|3��

Lq whupv ri jurvv lq dwlrq udwhv Z| � R|n�
R|

wklv htxloleulxp frqglwlrq ehfrphv

Z|3�7 EZe| � ' i7
�
Ze|3�

�
� +4,

Dw wkh prqhwdu| vwhdg| vwdwh/ ZW ' i/ wkh lq dwlrq udwh lv htxdo wr wkh prqh| jurzwk
udwh1

Wkh prgho lv forvhg e| vshfli|lqj wkh zd| lq zklfk djhqwv irup h{shfwdwlrqv
derxw ixwxuh lq dwlrq udwhv1 Xqghu udwlrqdo h{shfwdwlrqv ru shuihfw iruhvljkw zh
kdyh Ze|n� ' Z|n�1 Lw lv zhoo0nqrzq wkdw iru d grzqzdug vorslqj vdylqjv ixqfwlrq
wkh prqhwdu| vwhdg| vwdwh i lv xqvwdeoh xqghu shuihfw iruhvljkw1 Iru qrqprqrwrqlf
vdylqjv ixqfwlrqv pruh frpsolfdwhg shuihfw iruhvljkw g|qdplfv/ vxfk dv f|fohv dqg
fkdrwlf  xfwxdwlrqv fdq rffxu +vhh h1j1 Judqgprqw/ 4<;8,1

Wkh dvvxpswlrq ri shuihfw iruhvljkw uhtxluhv wkdw djhqwv h{dfwo| nqrz wkh pdunhw
htxloleulxp htxdwlrqv dv zhoo dv rwkhu djhqwv* eholhiv dqg duh deoh wr xvh wklv lqirupd0
wlrq wr frpsxwh wkh pdunhw fohdulqj sulfhv iru wkh ixwxuh1 Dq dowhuqdwlyh dssurdfk lv

4Vlqfh wkh vdylqjv ixqfwlrq fruuhvsrqgv wr dq djjuhjdwh h{fhvv ghpdqg ixqfwlrq/ lq sulqflsdo dq|
frqwlqxrxv ixqfwlrq fdq eh d vdylqjv ixqfwlrq wkdw lv frqvlvwhqw zlwk xwlolw| pd{lpl}dwlrq/ li zh
zrxog h{whqg wkh qxpehu ri djhqwv shu jhqhudwlrqv wr dw ohdvw 5 +vhh Vrqqhqvfkhlq +4<:6,,1
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wr dvvxph wkdw hfrqrplf djhqwv pdnh lqihuhqfhv derxw wkhlu hqylurqphqw e| phdqv
ri d ohduqlqj surfhgxuh1 Vxfk d surfhgxuh xvhv wlph vhulhv revhuydwlrqv wr pdnh iruh0
fdvwv derxw wkh ixwxuh ghyhorsphqw ri yduldeohv1 Frqvlghu wkh iroorzlqj h{dpsoh ri
vxfk d ohduqlqj surfhgxuh1

Wkh jhqhudwlrq eruq lq shulrg | kdv wr pdnh d iruhfdvw derxw wkh lq dwlrq udwh iru
shulrg |n �1 Djhqwv eholhyh wkdw wkh lq dwlrq udwh lv frqvwdqw +zklfk dw wkh udwlrqdo
h{shfwdwlrqv vwhdg| vwdwh lv lqghhg wkh fdvh,/ wkdw lv/ lq whupv ri sulfhv/ wkh| kdyh
wkh iroorzlqj shufhlyhg odz ri prwlrq

R| ' qR|3�c +5,

Wkh suhflvh ydoxh ri q/ krzhyhu/ lv xqnqrzq wr wkh djhqwv1 Exoodug +4<<7, dvvxphv
wkdw djhqwv uxq d ohdvw vtxduhv uhjuhvvlrq rq sulfhv lq rughu wr hvwlpdwh wklv q dqg
wr eh deoh wr irup suhglfwlrqv rq wkh lq dwlrq udwh1 Wkh ohdvw vtxduhv uhjuhvvlrq
hvwlpdwh iru djhqwv eruq lq shulrg |/ xvlqj gdwd dydlodeoh wkurxjk wlph |� �/ lv

q| '

S|3�
r'� Rr3�RrS|3�
r'� R

2
r3�

c +6,

dqg khqfh wkhlu iruhfdvw ri wkh lq dwlrq udwh lv Ze| ' q|� Jlyhq wklv iruhfdvw/ wkh
lpsolhg dfwxdo odz ri prwlrq iru wkh sulfh g|qdplfv ri wkh prgho ehfrphv

R| ' i
7 Eq|3��

7 Eq|�
R|3�� +7,

+6, dqg +7, wrjhwkhu irup dq h{shfwdwlrqv ihhgedfn v|vwhp1 Uhdol}hg sulfhv lq xhqfh
shufhswlrqv djhqwv kdyh derxw wkhlu hfrqrplf hqylurqphqw dqg wkhvh shufhswlrqv
ihhg edfn lqwr wkh dfwxdo g|qdplfv dqg ghwhuplqh zklfk sulfhv zloo uhdol}h1 Wkh
frpsohwh v|vwhp +607, fdq eh zulwwhq dv d uhfxuvlyh g|qdplfdo v|vwhp e| lqwurgxflqj

wkh yduldeoh }| ' R2|3�
�S|

r'� R
2
r3�

�3�
1 Zulwwhq dv d v|vwhp ri �uvw0rughu gl�huhqfh

htxdwlrqv/ wkh ohduqlqj prgho ehfrphv

q|n� ' q| n }|

�
i
7 E�|�

7 Eq|�
� q|

�
c

�|n� ' q|c +8,

}|n� '

%
}3�|

�
i
7 E�|�

7 Eq|�

�32
n �

&3�
�

Wkh pdlq uhvxow rq ohduqlqj htxloleuld lv wkh iroorzlqj

Sursrvlwlrq 4 +Exoodug/ 4<<7, Dvvxph i : � dqg 7 E�� lv wzlfh gl�huhqwldeoh dqg
grzqzdug vorslqj1 Wkhq +8, jhqhulfdoo| xqghujrhv d Krsi elixufdwlrq dw wkh prqhwdu|
vwhdg| vwdwh dw wkdw ydoxh iW ri i/ iru zklfk�

�� i32
�
@ Ei� ' �c
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zkhuh @ Ei� ' �i7�Ei�
7Ei�

lv wkh lq dwlrq hodvwlflw| ri vdylqjv/ hydoxdwhg dw wkh prqhwdu|
vwhdg| vwdwh1 Iru i 	 iW/ wkh prqhwdu| vwhdg| vwdwh lv vwdeoh dqg iru i : iW lw lv
xqvwdeoh1

Lw zloo eh xvhixo iru xv wr lqyhvwljdwh wkh ghwdlov ri wklv uhvxow d olwwoh ixuwkhu1 Frq0
vlghu wkh Mdfreldq pdwul{ ri +8, hydoxdwhg dw wkh prqhwdu| vwhdg| vwdwh EqWc �Wc }W� '
Eic ic �� i32�1 Wklv Mdfreldq pdwul{ lv

a '

3C i32 n E�� i32� @ Ei� � E�� i32� @ Ei� f
� f f
Y}

Yq

Y}

Y�
i32

4D � +9,

Rqh ri wkh hljhqydoxhv lv htxdo wr i32 dqg khqfh olhv lqvlgh wkh xqlw flufoh iru i : �1
Wkh rwkhu wzr hljhqydoxhv duh hljhqydoxhv duh frpsoh{ dqg olh rq wkh xqlw flufoh zkhq
E�� i32� @ Ei� ' �1 Pruhryhu/ wkh hljhqydoxhv furvv wkh xqlw flufoh zlwk srvlwlyh
vshhg dv i fkdqjhv1 Wkh Krsi elixufdwlrq ghvfulehg lq wkh sursrvlwlrq ohdgv wr dq
lqyduldqw forvhg fxuyh durxqg wkh vwhdg| vwdwh ri wkh ohduqlqj g|qdplfv1 Wklv forvhg
fxuyh fdq eh dwwudfwlqj ru uhshoolqj1 Prwlrq rq wkh forvhg fxuyh fdq eh shulrglf dqg
txdvl0shulrglf15 Exoodug +4<<7, fdoov wkhvh f|fohv �ohduqlqj htxloleuld� vlqfh wkh| fru0
uhvsrqg wr htxloleuld ri wkh ohduqlqj g|qdplfv/ wkdw duh qrw htxloleuld xqghu udwlrqdo
h{shfwdwlrqv1 Wkhlu h{lvwhqfh fdq wkhuhiruh eh dwwulexwhg wr wkh ohduqlqj surfhvv1 Li i
lqfuhdvhv ixuwkhu/ wkh wlph vhulhv ri wkh lq dwlrq udwhv fdq ehfrph hyhq pruh frpsol0
fdwhg1 Vfkùqkrihu +4<<<, jlyhv/ iru d sduwlfxodu vhw ri h{dpsohv/ qxphulfdo hylghqfh
iru wkh h{lvwhqfh ri krprfolqlf ruelwv dqg fkdrv lq wkh ohduqlqj g|qdplfv1

Ohw xv qrz wu| wr ghyhors dq lqwxlwlrq iru wkh idfw wkdw wkh uhfxuvlyh ohdvw vtxduhv
hvwlpdwhv gr qrw frqyhujh wr wkh prqhwdu| vwhdg| vwdwh1 Ruglqdu| ohdvw vtxduhv
dojrulwkpv duh vr0fdoohg ghfuhdvlqj jdlqv dojrulwkpv1 Gl�huhqw revhuydwlrqv uhfhlyh
wkh vdph zhljkwv lq wkh uhjuhvvlrq zklfk lpsolhv wkdw/ dv wlph jrhv e| dqg wkh qxpehu
ri revhuydwlrqv lqfuhdvhv/ wkh lpsdfw ri lqglylgxdo qhz revhuydwlrqv ehfrphv vpdoohu1
Lq +8, wklv jdlq lv uhsuhvhqwhg e| wkh yduldeoh }| ' R2|3�*

S|

r'� R
2
r3�1 Li sulfh ohyhov

duh erxqghg }| zloo frqyhujh wr f zklfk/ li lw grhv qrw uhvxow lq frqyhujhqfh wr wkh
prqhwdu| vwhdg| vwdwh/ dw ohdvw ohdgv wr hyhu vpdoohu fkdqjhv lq wkh hvwlpdwh ri q1
Lq wkh suhvhqw prgho/ krzhyhu/ sulfh ohyhov duh xqerxqghg dqg lq idfw/ dw wkh vwhdg|
vwdwh wkh| jurz dw d frqvwdqw udwh i : �1 Wklv lpsolhv wkdw wkh htxloleulxp ydoxh
ri wkh zhljkw }| lv vwulfwo| srvlwlyh/ }W ' � � i32 : f1 Khqfh/ hyhq diwhu pdq|
revhuydwlrqv/ rqh qhz revhuydwlrq rq wkh sulfh ohyho pd| ohdg wr d vljql�fdqw fkdqjh
lq wkh eholhiv ri wkh djhqwv/ zklfk wkhuhiruh nhhs rq  xfwxdwlqj/ lpso|lqj hqgrjhqrxv
dqg shuvlvwlqj  xfwxdwlrqv lq wkh lq dwlrq udwhv1

Lq idfw/ ohdvw vtxduhv ohduqlqj rq sulfh ohyhov lv forvho| uhodwhg wr wkh dgdswlyh
h{shfwdwlrqv uxoh rq lq dwlrq udwhv1 Dgdswlyh h{shfwdwlrqv +Qhuoryh/ 4<8;, fruuh0
vsrqgv wr xsgdwlqj wkh h{shfwdwlrq lq wkh gluhfwlrq ri wkh odvw revhuydwlrq/ l1h1/

5Li wkh vdylqjv ixqfwlrq lv qrqprqrwrqlf vlplodu skhqrphqd rffxu1 Lq wkdw fdvh/ wkh prqhwdu|
vwhdg| vwdwh pd| dovr orvh vwdelolw| wkurxj d shulrg0grxeolqj elixufdwlrq1 Wklv kdsshqv dw wkdw ydoxh

&
� iru & iru zklfk &

5�4
&5.4

d +&, @ �4

5
1
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Ze|n� ' Ze| n k EZ|3� � Ze| �/ zlwk f 	 k � �1 Qrwlfh wkdw wkh zhljkw k lv frqvwdqw/
dqg dgdswlyh h{shfwdwlrqv wkhuhiruh fruuhvsrqg wr d frqvwdqw jdlqv dojrulwkp1 Lq0
wurgxflqj dgdswlyh h{shfwdwlrqv lqwr +4, |lhogv wkh iroorzlqj vhfrqg rughu gl�huhqfh
htxdwlrq

q|n� ' q| n k

�
i
7 Eq|3��

7 Eq|�
� q|

�
� +:,

Qrwlfh wkdw wkh rqo| gl�huhqfh ehwzhhq +8, dqg +:, lv wkdw iru wkh odwwhu wkh zhljkw
k lv frqvwdqw zkhuhdv iru wkh iruphu lw ghshqgv xsrq wkh uhdol}dwlrq ri wkh sulfhv1
Krzhyhu/ li wkh zhljkw lq +:, htxdov k ' }W ' ��i32/ +:, kdv wkh vdph orfdo vwdelolw|
surshuwlhv dv +8,16 Khqfh/ wkh ohduqlqj vfkhph sursrvhg e| Exoodug +4<<7, wxuqv rxw
wr eh forvho| uhodwhg wr dgdswlyh h{shfwdwlrqv1 Dowkrxjk wkh zhljkw ru jdlq }| lq +8,
lv qrw frqvwdqw/ lw lv fhuwdlqo| qrw +prqrwrqlfdoo|, ghfuhdvlqj ryhu wlph1

6 Dq dowhuqdwlyh surfhgxuh

Lq wkh suhylrxv vhfwlrq lw zdv dujxhg wkdw wkh qrqvwdwlrqdu| qdwxuh ri wkh sulfh
wlph vhulhv pd| ohdg wr hqgrjhqrxv dqg shuvlvwlqj  xfwxdwlrqv lq lq dwlrq udwhv1
Dffruglqj wr wkh shufhlyhg odz ri prwlrq +5, djhqwv eholhyh wkdw wkh v|vwhpdwlf sduw
ri wkh lq dwlrq udwh lv frqvwdqw1 Wkh uhvlgxdov ru iruhfdvw huuruv iurp wkh uhjuhvvlrq
+6, wxuq rxw wr eh

e| ' R| � q|3�R|3� '

�
i
7 Eq|3��

7 Eq|�
� q|3�

�
R|3��

Fohduo|/ li wkh hfrqrp| lv qrw dw wkh prqhwdu| vwhdg| vwdwh i/ wkh sduw ehwzhhq
eudfnhwv grhv qrw ydqlvk dqg wkh iruhfdvw huuruv jurz zlwkrxw erxqg1 Wklv surylghv
xv zlwk dqrwkhu lqwxlwlrq iru wkh qrqfrqyhujhqfh ri wkh uhfxuvlyh v|vwhp +8,= ehfdxvh
wkh iruhfdvw huuruv jurz lqgh�qlwho| +lq devroxwh ydoxh,/ wkh hvwlpdwhv nhhs fkdqjlqj
vljql�fdqwo|/ ghvslwh wkh idfw wkdw wkh zhljkw dwwdfkhg wr hdfk lqglylgxdo revhuydwlrq
ghfuhdvhv dv wlph jrhv e|1 Hdfk qhz revhuydwlrq fdq xsvhw wkh fxuuhqw hvwlpdwh dqg
ohdg wr d udglfdo fkdqjh lq wkh hvwlpdwhg shufhlyhg odz ri prwlrq zklfk/ ri frxuvh/ lv
dq xqvdwlvidfwru| surshuw| ri dq hvwlpdwlrq surfhgxuh1 Jlyhq wkh h{sorglqj iruhfdvw
huuruv/ dqg wkh  xfwxdwlrqv lq wkh eholhiv/ djhqwv zloo eh lqfolqhg wr fkdqjh wkhlu
hvwlpdwlrq surfhgxuh1 Dsduw iurp wkdw/ lw vhhpv wr eh qrw wrr vhqvleoh wr uxq d ohdvw
vtxduhv uhjuhvvlrq rq dq h{sorglqj wlph vhulhv1 Zh fdq uhzulwh +5, lqwr wkh iroorzlqj
shufhlyhg odz ri prwlrq

Z| ' q� +;,

6Wklv iroorzv iurp wkh idfw wkdw wkh xsshu 5�5 pdwul{ ri +9, +zklfk lv wkh uhohydqw sduw, lv htxdo
wr wkh Mdfreldq ri +:,1

9



Qrwlfh wkdw wkh hfrqrplf djhqwv* shufhswlrqv xqghuo|lqj erwk +5, dqg +;, lv wkdw wkh
lq dwlrq udwh lv frqvwdqw1 Qrz ohw xv dvvxph wkdw djhqwv wu| wr ohduq q lq +;, e|
uxqqlqj d ohdvw vtxduhv uhjuhvvlrq ri lq dwlrq udwhv rq d frqvwdqw/ zklfk fruuhvsrqgv
wr dyhudjlqj ryhu sdvw lq dwlrq udwhv/ wkdw lv/

q|n� '
�

|

|3�[
r'f

Zr '
�

|

%
|32[
r'f

Zr n Z|3�

&
'

�
�� �

|

�
q| n

�

|
Z|3��

Wkh hyroxwlrq ri lq dwlrq udwhv dqg g|qdplfv lv wkhq ghvfulehg e|

q|n� ' q| n
�

|

�
i
7 Eq|3��

7 Eq|�
� q|

�
� +<,

Wklv xsgdwlqj uxoh lv forvho| uhodwhg wr +8, dqg +:,/ wkh pdlq gl�huhqfh o|lqj lq wkh idfw
wkdw wkh zhljkw idfwru �*| dssurdfkhv f dv | jrhv wr lq�qlw|1 Khqfh/ wkh frqwulexwlrq
ri qhz revhuydwlrqv zloo ghfuhdvh ryhu wlph dqg wkh vwdelolw| surshuwlhv ri +<, wxuq rxw
wr eh gudpdwlfdoo| gl�huhqw iurp wkh vwdelolw| surshuwlhv ri +8,1 Lq wkh iroorzlqj wzr
vxevhfwlrqv zh zloo uhvshfwlyho| lqyhvwljdwh orfdo dqg joredo vwdelolw| ri wkh prqhwdu|
vwhdg| vwdwh i iru rxu ohduqlqj surfhvv +<,1

614 Orfdo vwdelolw|

Lq wklv vhfwlrq zh zloo vkrz wkdw wkh prqhwdu| vwhdg| vwdwh i ri wkh g|qdplfdo v|vwhp
+<, lv orfdoo| vwdeoh iru doprvw dq| vdylqjv ixqfwlrq1 Lq sduwlfxodu/ iru doo i zh kdyh
wkdw li wkh lqlwldo lq dwlrq udwhv duh vx!flhqwo| forvh wr wkh prqhwdu| vwhdg| vwdwh/
wkh lq dwlrq udwhv frqyhujh wr wklv vwhdg| vwdwh1 Wklv orfdo vwdelolw| uhvxow frphv lq
wzr vwhsv1 Lq wkh �uvw vwhs frqglwlrqv duh jlyhq xqghu zklfk wkh vhtxhqfh iq|j lv
erxqghg/ dqg lq wkh vhfrqg vwhs lw lv vkrzq wkdw wklv erxqghg vhtxhqfh zloo frqyhujh
wr wkh prqhwdu| vwhdg| vwdwh i1

Sursrvlwlrq 5 Dvvxph 7 E�� lv gl�huhqwldeoh dqg srvlwlyh1 Wkhq iru hdfk g : 2i/
wkhuh h{lvwv A : f vxfk wkdw li iru � � | � A wkh frqglwlrq

q| 	 g

krogv/ wkhq wkh vhtxhqfh iq|j/ jhqhudwhg e| +<,/ lv erxqghg1
Surri1 Vrph suhsdudwru| uhpdunv duh pdgh1 Lqwurgxfh B|n� ' q|n� � q|/ wkh

dprxqw e| zklfk q| fkdqjhv dw wlph |n �1 Wkhq

B|n� '
�

|

�
7 Eq|3��

7 Eq|�
i� q|

�
�

Lqwurgxfh

� '
4@ f$q$g 7 Eq�

4�?f$q$g 7 Eq�
�

:



Li A lv vxfk wkdw iru � � | � A / zh kdyh wkdw q| 	 g/ wkhq mB|n�m fdq eh erxqghg dv

mB|n�m � �

|
E�ing� '

g �

|
� +43,

Wdnlqj +43, dv dq lpsolflw gh�qlwlrq ri g �/ wkh frqvwdqw A lv qrz fkrvhq dv

A ' �4@ 

�
g �4@ f$q$g 7� Eq�

4�?f$q$g 7 Eq�
cg �i3�

�
�

Lq rughu wr erxqg B|n� pruh vkduso|/ wkh udwlr 7Eq|3��*7Eq|� kdv wr eh hvwlpdwhg
�uvw1 Zlwk Wd|oru*v wkhruhp/ dvvxplqj wkdw q|3�c q| � g=

7 Eq|3��

7 Eq|�
'

7 Eq| � B|�

7 Eq|�
'

7 Eq|�� 7� E1� B|
7 Eq|�

' �� 7� E1�

7 Eq|�
B|c

zkhuh 1 5 Eq|� B|c q|�> zh xvh wkh frqyhqwlrq wkdw wkh rshq lqwhuydo E@c K� lv htxdo wr
EKc @�/ luuhvshfwlyh ri zhwkhu @ 	 K ru K 	 @1 Khqfh����7 Eq|3��

7 Eq|�
� �

���� � 4@ f$q$g 7�Eq�

4�?f$q$g 7Eq�

g �

|
� �

�

A

|
� +44,

zkhuh +43, dqg wkh gh�qlwlrq ri A duh xvhg1 Wkh surri surfhhgv e| dq lqgxfwlrq
dujxphqw1 Dvvxph wkdw qr 	 g iru doo r � |/ zkhuh | � A 1 Iurp +44, lw iroorzv wkdw

2

�
� 7 Eq|3��

7 Eq|�
� e

�
� +45,

Qrz/ li q| :
e
�
i/ wkhq frpelqlqj hvwlpdwh +45, zlwk wkh gh�qlwlrq ri B|n� |lhogv

B|n� 	
�

|

�
e

�
i� q|

�
c

dqg wkh uljkw kdqg vlgh lv qhjdwlyh e| dvvxpswlrq1 Khqfh q|n� 	 q| 	 g lq wklv fdvh1
Olnhzlvh lw lv vkrzq wkdw iru f � q| � 2

�
i/ e

�
i : B|n� : f dqg f � q| 	 q|n� 	

2i 	 g1
Frqvlghu qrz wkh wklug fdvh/ 2

�
i � q| � e

�
i1 Frpelqlqj +43,/ wkh idfw wkdw | � A /

dqg wkh gh�qlwlrq ri A |lhogv

mB|n�m � g �

A
� i

�
(

khqfh q|n� � D
�
i 	 2i dqg vlqfh 2i 	 g e| dvvxpswlrq/ lw iroorzv dovr lq wklv fdvh

wkdw q|n� 	 g1
Wkh lqgxfwlrq lv frpsohwh/ dqg zh kdyh vkrzq wkdw q| 	 g iru doo | � f1

Qh{w zh suryh frqyhujhqfh ri wkh erxqghg vhulhv1

;



Sursrvlwlrq 6 Wkh vhtxhqfh iq|j/ jhqhudwhg e| +<,/ zlwk q| 5 dfcgo iru doo |/ frq0
yhujhv wr i1

Surri1 Qrwh wkdw dv d fruroodu| ri wkh surri ri wkh suhfhglqj sursrvlwlrq/ zh
rewdlq wkdw +43, krogv iru doo wlph |1 Khqfh/ B| $ f dv |$41 E| xqlirup frqwlqxlw|
ri 7 rq dfcgo lw iroorzv wkdw

7 Eq|3��

7 Eq|�
'

7 Eq|3��

7 Eq|3� n B|�
$ �c

dv | whqgv wr lq�qlw|1 Iurp wklv wkh iroorzlqj lv lqihuuhg1
Fkrrvh 0 : f duelwudulo|1 Wkhuh lv d hA : f/ vxfk wkdw����7 Eq|3��

7 Eq|�
� �

���� 	 0c

iru doo | : hA / xqlirupo| lq q|1
Wkuhh fdvhv duh glvwlqjxlvkhg1 Dvvxph �uvw wkdw q|f : E� n 20�i iru vrph |f : hA 1

Wkhq

B|n� � �

|
EE� n 0�i� E� n 20�i� � �0i

|
�

Zhuh q| : E� n 20�i iru doo | � |f/ wkhq

E� n 20�i 	 q| ' q|f n

|[
r'|fn�

Br � q|f � 0i

|[
r'|fn�

�

r
�

Exw wkh vxp lqfuhdvhv eh|rqg doo erxqgv dv | whqgv wr lq�qlw|/ vr wklv lv dq lpsrvvl0
elolw|1

Olnhzlvh q| 	 E�� 20�i fdqqrw eh vdwlv�hg iru doo | � |f/ iru dq| |f1
Pruhryhu/ vlqfh mB|m 	 20i iru | odujh hqrxjk/ lw iroorzv wkdw wkhuh h{lvwv vrph

|� � hA vxfk wkdw

E�� 0�i 	 q|� 	 E� n 0�i�

Ohw |2 eh wkh �uvw | juhdwhu wkdq |�/ vxfk wkdw mq|2 � im : 20i1 Vlqfh mB|m lv erxqghg
e| 20i/

mq|2 � im � mq|2 � q|23�mn mq|23� � im � 20in 20i ' e0i�

Exw iurp |2 rqzdugv/ q| lqfuhdvhv +ru ghfuhdvhv, wrzdugv i xqwlo lw vdwlv�hv djdlq
mq| � im 	 0i +e| wkh dujxphqwv jlyhq deryh,1 Khqfh/ iru doo | � |� zh kdyh wkdw

mq| � im � e0i�

Vlqfh 0 zdv duelwudu|/ wklv suryhv wkh sursrvlwlrq1

Qrwh wkdw wkh pdlq h{dpsohv ri vdylqjv ixqfwlrqv vwxglhg lq Exoodug +4<<7, dqg
Vfkùqkrihu +4<<<, vdwlvi| wkh frqglwlrqv ri wkh sursrvlwlrq1 Dovr revhuyh wkdw zh gr
qrw uhtxluh wkh vdylqjv ixqfwlrq wr eh prqrwrqlfdoo| ghfuhdvlqj iru rxu orfdo vwdelolw|
uhvxowv1

<



615 Joredo vwdelolw|

Qrz wkdw zh kdyh hvwdeolvkhg wkdw wkh prqhwdu| vwhdg| vwdwh lv orfdoo| vwdeoh xqghu
rxu ohduqlqj surfhgxuh/ zh olnh wr vd| vrphwklqj derxw wkh joredo ehkdylrxu ri wkh
lq dwlrq udwhv1 Zloo wkh lq dwlrq udwhv frqyhujh wr wkh prqhwdu| vwhdg| vwdwh iru
dq| vhw ri lqlwldo frqglwlrqvB Li wkh vdylqjv ixqfwlrq lv erxqghg dzd| iurp }hur wkh
lq dwlrq udwhv wkhpvhoyhv zloo dovr eh erxqghg dqg wkh iroorzlqj Fruroodu| lv dq
lpphgldwh frqvhtxhqfh iurp Sursrvlwlrq 61

Fruroodu| 7 Li 7 Eq� lv gl�huhqwldeoh/ S 5 U-/ dqg

7 Eq� � S : fc

iru doo q/ wkhq wkh vhtxhqfh iq|j/ jhqhudwhg e| +<,/ frqyhujhv wr i1

Qrwlfh wkdw e| wkh vdph dujxphqw wkh rffxuuhqfh ri erxqghg dqg shuvlvwlqj  xf0
wxdwlrqv lq wkh lq dwlrq udwh/ dv ihdwxuhg lq wkh g|qdplfdo v|vwhp +8,/ lv h{foxghg1
Wkh qh{w sursrvlwlrq jlyhv dqrwkhu fodvv ri vdylqjv ixqfwlrqv iru zklfk joredo vwdelolw|
fdq eh hvwdeolvkhg1

Sursrvlwlrq 8 Dvvxph 7 Eq� lv gl�huhqwldeoh/ 7 Eq� : f iru doo q 5 dfc4� dqg
wkdw wkhuh lv d frqvwdqw gf/ vxfk wkdw 7 Eq� lv prqrwrqlfdoo| ghfuhdvlqj iru q : gf1
Dvvxph ixuwkhupruh wkdw wkhuh lv d frqvwdqw k 5 dfc �o/ dqg d ixqfwlrq o Eq� vxfk wkdw
7 Eq� ' Sq3k n o Eq�/ zlwk ���� o Eq�Sq3k

����$ f dv q $4� +46,

Wkhq wkh vhtxhqfh iq|j"|'f/ ghwhuplqhg e| qfc q� : fc dqg wkh hyroxwlrq htxdwlrq=

q|n� ' q| n
�

|

�
7 Eq|3��

7 Eq|�
i� q|

�
c

frqyhujhv/ dv |$4/ wr wkh olplw i1

Surri1 Doo wkdw qhhgv wr eh grqh lv wr vkrz wkdw wkh vhtxhqfh iq|j lv erxqghg1
Iluvw �{ g� : �i vxfk wkdw iru q : g�=����qkoEq�S

���� 	 �

2
� +47,

Vxfk d g� h{lvwv ehfdxvh ri frqglwlrq +46,1 Qrz wdnh g ' 4@ igfcg�j1 Wzr fdvhv
duh glvwlqjxlvkhg=

41 q|3� � q| : g dqg

43



51 q| � q|3� : g1

Fdvh 4

Li g 	 q| � q|3�/ wkhq 7Eq|� � 7Eq|3�� vlqfh 7 Eq� lv prqrwrqlfdoo| ghfuhdvlqj iru q
odujhu wkdq g/ dqg zh kdyh

7 Eq|3��

7 Eq|�
i� q| � i� q| 	 f�

Khqfh q|n� 	 q|1 Wklv dujxphqw fdq eh uhshdwhg xqwlo q|n? � gc zklfk eulqjv xv wr
fdvh �1

Fdvh 5

Li g 	 q|3� 	 q|/ wkhq=

q|n� ' q| n
�

|

�
Sq3k|3�

Sq3k|

� n S3�o Eq|3�� q
k
|3�

� n S3�o Eq|� qk
|

i

q|
� �

�
q|

� q|

�
� n

�

|

�
�i

q�3k| qk|3�
� �

��
c

zkhuh hvwlpdwh +47, kdv ehhq xvhg1 Vlqfh lw kdv ehhq dvvxphg wkdw q|3�/ q| : g : �i/
zh kdyh qk

|3� : E�i�k dqg q�3k| : E�i��3kdqg khqfh q�3k| qk
|3� : �i1 Lw iroorzv

wkdw q|n� 	 q|/ dqg wkh vlwxdwlrq ri fdvh 4 lv rewdlqhg1
Fdvh 6

Frqvlghu qrz wkh fdvh wkdw q| � g1 Wkhq hlwkhu q|n� � g dqg zh djdlq rewdlq wkh
vlwxdwlrq ri wklv fdvh/ ru q|n� : g dqg=

q|n� � g n
4@ f$q$g 7 Eq�

4�?f$q$g 7 Eq�
i ' g �c

dqg wkh vlwxdwlrq ri fdvh 7 lv rewdlqhg1

Fdvh 7

Ilqdoo|/ frqvlghu wkh fdvh wkdw q|3� � g 	 q|1 Zh kdyh hlwkhu wkdw | ' � ru q| � g �/
vlqfh 7 Eq|32� � 4@ f$q$g 7 Eq�1 Iurp wklv zh lqihu=

q|n� � 4@ iq�cg �jn 4@ f$q$g 7 Eq�

4�?f$q$g 7 Eq�
i ' g ��c

dqg zh duh lq vlwxdwlrq ri rqh ri wkh suhfhglqj fdvhv1 Hlwkhu zd|/ wklv glvfxvvlrq
hvwdeolvkhv wkdw=

q|n� � 4@ Eqfc q�cg
��� �

Khqfh/ wkh vhulhv iq|j lv erxqghg dqg wkhuhiruh/ e| Sursrvlwlrq 6/ frqyhujhv wr wkh
prqhwdu| vwhdg| vwdwh1
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region of non-convergence (black): S(x)=e^-x
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Iljxuh 4= Uhjlrq ri qrqfrqyhujhqfh lq Eqfc q��0vsdfh iru vdylqjv ixqfwlrq 7 Eq� '
i T d�qo dqg i '

s
21

Ohw xv frqfoxgh wklv vhfwlrq zlwk wzr h{dpsohv zkhuh wkh prqhwdu| vwhdg| vwdwh lv
qrw joredoo| vwdeoh1 Zh frqvlghu wzr sduwlfxodu vdylqjv ixqfwlrqv/ 7 Eq� ' i T E�q�
dqg 7 Eq� ' q3�/ uhvshfwlyho|1 Qrwlfh wkdw wkh| gr qrw vdwlvi| wkh dvvxpswlrqv
uhtxluhg lq Sursrvlwlrq 8/ exw iurp Sursrvlwlrqv 5 dqg 6 lw iroorzv wkdw iru wkhvh
vdylqjv ixqfwlrqv wkh prqhwdu| vwhdg| vwdwh i lv orfdoo| vwdeoh1 Wkhvh vdylqjv ixqfwlrq
dssurdfk f yhu| idvw dv q lqfuhdvhv1 Frqvlghu zkdw kdsshqv li q� lv pxfk odujhu wkdq
qf1 Lq wkdw fdvh wkh whup 7 Eqf� *7 Eq�� lv yhu| odujh/ ohdglqj wr d kljk ydoxh ri q21
Hyhqwxdoo|/ wkh lq dwlrq udwhv zloo uxq dzd| wr lq�qlw| dqg prqh| orvhv lwv ydoxh1
Iljxuhv 4 dqg 5 jlyh/ iru wkhvh vdylqjv ixqfwlrqv zlwk i '

s
2/ lqlwldo frqglwlrqv qf

dqg q�/ iru zklfk wkh lq dwlrq udwhv h{sorgh dqg uxq dzd| wr lq�qlw|1 Qrwlfh wkdw
q� kdv wr eh vx!flhqwo| odujhu wkdq qf/ iru glyhujhqfh wr lq�qlw| wr rffxu1 Wkhvh
h{dpsohv vkrz wkdw/ dowkrxjk shuvlvwhqw hqgrjhqrxv  xfwxdwlrqv duh lpsrvvleoh/ lw
lv/ xqghu fhuwdlq flufxpvwdqfhv/ srvvleoh iru wkh lq dwlrq udwhv wr uxq r� wr lq�qlw|1

7 Frqfoxglqj uhpdunv

Ghsduwlqj iurp wkh wkhru| ri udwlrqdo h{shfwdwlrqv lqwurgxfhv lq�qlwho| pdq| ghjuhhv
ri iuhhgrp lq prghoolqj djhqwv* eholhiv1 Wklv �zloghuqhvv ri erxqghg udwlrqdolw|� fdq
eh uhvwulfwhg e| frqvlghulqj djhqwv wkdw/ li qrw xqerxqghgo| udwlrqdo/ dw ohdvw duh
wu|lqj wr eh �vhqvleoh� lq suhglfwlqj wkh ixwxuh ghyhorsphqw ri hfrqrplf yduldeohv1
Wkdw lv/ wkh| vkrxog kdyh d shufhlyhg odz ri prwlrq wkdw lv uhdvrqdeoh/ lq vrph vhqvh/
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region of non-convergence (black): S(x)=x^-3
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Iljxuh 5= Uhjlrq ri qrq0frqyhujhqfh lq Eqfc q��0vsdfh iru vdylqjv ixqfwlrq 7 Eq� ' q3�

dqg i '
s
21

dqg wkh| vkrxog xvh wkh surshu hfrqrphwulf whfkqltxhv wr hvwlpdwh wklv shufhlyhg odz
ri prwlrq1 Wkh ohduqlqj htxloleuld rewdlqhg e| Exoodug +4<<7, dqg Vfkùqkrihu +4<<<,/
krzhyhu/ duh sduwo| rewdlqhg iurp d vrphzkdw plvjxlghg dssolfdwlrq ri hfrqrphwulf
whfkqltxhv/ wkdw lv/ d uhjuhvvlrq lv dssolhg rq d qrqvwdwlrqdu| sulfh wlph vhulhv1 Lq
wklv sdshu zh kdyh vkrzq wkdw d pruh uhdvrqdeoh hvwlpdwlrq whfkqltxh +hvwlpdwlqj
wkh shufhlyhg odz ri prwlrq rq wkh edvlv ri wkh vwdwlrqdu| wlph vhulhv ri lq dwlrq
udwhv, lqgxfhv frqyhujhqfh wr wkh prqhwdu| vwhdg| vwdwh1 Uhfdoo wkdw wkh shufhlyhg
odzv ri prwlrq dqg wkhuhiruh djhqwv* eholhiv duh wkh vdph iru erwk prghov1

Wkhuhiruh/ wkhvh ohduqlqj htxloleuld duh qrw wkh uhvxow ri prghoolqj djhqwv dv hfrqr0
phwulfldqv shu vh/ exw wkh| duh wkh uhvxow ri prghoolqj wkh djhqwv dv qdlyh hfrqrph0
wulfldqv1 Khqfh/ Exoodug +4<<7, zdv uljkw lq dvvhuwlqj wkdw lw lv lpsruwdqw krz wkh
ohduqlqj surfhvv lv prghoohg/ lq whupv ri wkh shufhlyhg odz ri prwlrq dqg lq whupv ri
wkh hvwlpdwlrq surfhgxuh wkdw lv xvhg1

H{dpsohv zkhuh ohduqlqj lq d vwdwlrqdu| hqylurqphqw grhv ohdg wr fkdrwlf htxlole0
uld duh surylghg e| Krpphv dqg Vrujhu +4<<;, dqg Wxlqvwud +5333,1 Lq wkhvh prghov
wkh shufhlyhg odz ri prwlrq ri wkh djhqwv frqyhujhv wr vrph olplw eholhi dqg jlyhq
wklv olplw eholhi sulfhv nhhs  xfwxdwlqj ryhu vrph qrqwulyldo dwwudfwru1

Uhihuhqfhv

^4` Exoodug/ M1/ 4<<71 Ohduqlqj Htxloleuld1 M1 Hfrq1 Wkhru|/ 97/ 79;07;81
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^5` Hydqv/ J1Z1 dqg V1 Krqndsrkmd/ 4<<</ Ohduqlqj G|qdplfv1 Lq= M1E1 Wd|oru dqg
P1 Zrrgirug +hgv1, Kdqgerrn ri Pdfurhfrqrplfv Yro1 LD1

^6` Judqgprqw/ M10P1/ 4<;81 Rq hqgrjhqrxv frpshwlwlyh exvlqhvv f|fohv1 Hfrqrphw0
ulfd/ 86/ <<8043781

^7` Krpphv/ F1K1 dqg J1 Vrujhu/ 4<<;1 Frqvlvwhqw h{shfwdwlrqv htxloleuld1 Pdfurh0
frqrplf G|qdplfv/ 5/ 5;:06541

^8` Oxfdv/ U1M1/ 4<;91 Dgdswlyh ehkdylrxu dqg hfrqrplf wkhru|1 M1 Exvlqhvv/ 8</
73407591

^9` Pdufhw/ D1 dqg W1M1 Vdujhqw/ 4<;<d1 Frqyhujhqfh ri ohdvw vtxduhv ohduqlqj phfk0
dqlvpv lq vhoi0uhihuhqwldo olqhdu vwrfkdvwlf prghov1 M1 Hfrq1 Wkhru|/ 7;/ 66:069;1

^:` Qhuoryh/ P1/ 4<8;1 Dgdswlyh h{shfwdwlrqv dqg frezhe skhqrphqd/ Txduwhuo| M1
ri Hfrq1/ :5/ 55:05731

^;` Vdujhqw/ W1M1/ 4<<61 Erxqghg Udwlrqdolw| lq Hfrqrplfv1 R{irug= Foduhqgrq
Suhvv1

^<` Vfkùqkrihu/ P1/ 4<<<1 Fkdrwlf ohduqlqj htxloleuld1 M1 Hfrq1 Wkhru|/ ;</ 40531

^43` Vrqqhqvfkhlq/ K1/ 4<:61 GrZdoudv* lghqwlw| dqg frqwlqxlw| fkdudfwhul}h wkh fodvv
ri frppxqlw| h{fhvv ghpdqg ixqfwlrqvB M1 Hfrq1 Wkhru|/ 9/ 67806871

^44` Wxlqvwud/ M1/ 53331 Sulfh G|qdplfv lq Htxloleulxp Prghov1 Wkh Vhdufk iru Htxl0
oleulxp dqg wkh Hphujhqfh ri Hqgrjhqrxv Ioxfwxdwlrqv1 Ervwrq= Noxzhu Dfd0
ghplf Sxeolvkhuv1
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