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Fhqwhu iru Qrqolqhdu G|qdplfv lq Hfrqrplfv dqg Ilqdqfh +FhQGHI,/ Idfxow| ri Hfrqrplfv

dqg Hfrqrphwulfv/ dqg Wlqehujhq Lqvwlwxwh/ Xqlyhuvlw| ri Dpvwhugdp
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Devwudfw

Zh sursrvh lqirupdwlrq wkhruhwlf whvwv iru vhuldo lqghshqghqfh dqg olqhdulw| lq wlph
vhulhv1 Wkh whvw vwdwlvwlfv duh edvhg rq wkh frqglwlrqdo pxwxdo lqirupdwlrq/ d jhqhudo
phdvxuh ri ghshqghqfh ehwzhhq odjjhg yduldeohv1 Lq fdvh ri uhmhfwlqj wkh qxoo k|srwkhvlv/
wklv uhdglo| surylghv lqvljkwv lqwr wkh odjv wkurxjk zklfk wkh ghshqghqfh dulvhv1 Wkh
frqglwlrqdo pxwxdo lqirupdwlrq lv hvwlpdwhg xvlqj wkh fruuhodwlrq lqwhjudo iurp fkdrv
wkhru|1 Wkh vljql�fdqfh ri wkh whvw vwdwlvwlfv lv ghwhuplqhg zlwk d shupxwdwlrq surfhgxuh
dqg d sdudphwulf errwvwuds lq wkh whvwv iru vhuldo lqghshqghqfh dqg olqhdulw|/ uhvshfwlyho|1
Wkh vl}h dqg srzhu surshuwlhv ri wkh whvwv duh h{dplqhg qxphulfdoo| dqg looxvwudwhg zlwk
dssolfdwlrqv wr vrph ehqfkpdun wlph vhulhv1

Nh|zrugv= vhuldo lqghshqghqfh/ olqhdulw|/ errwvwuds/ shupxwdwlrq whvw/ qrqsdudphwulf
hvwlpdwlrq/ qrqolqhdu wlph vhulhv dqdo|vlv/ fruuhodwlrq lqwhjudo

� �������	�
��

Lw lv zhoo nqrzq wkdw surfhvvhv zlwk }hur dxwrfruuhodwlrq fdq vwloo h{klelw kljkhu rughu gh0
shqghqfh ru qrqolqhdu ghshqghqfh1 Wklv kdv prwlydwhg wkh ghyhorsphqw ri whvwv iru vhuldo
lqghshqghqfh zlwk srzhu djdlqvw dowhuqdwlyhv h{klelwlqj jhqhudo w|shv ri ghshqghqfh1 Wkh
qrqsdudphwulf dssurdfk dyrlgv uhvwulfwlyh dvvxpswlrqv rq wkh pdujlqdo glvwulexwlrq ri wkh
surfhvv1 Qrqsdudphwulf phdvxuhv ri glyhujhqfh ehwzhhq wzr glvwulexwlrqv duh ri uhohydqfh/
vlqfh wkh| fdq eh xvhg wr ghyhors rqh0vlghg whvwv iru vhuldo lqghshqghqfh1 Wklv kdv ohg vhyhudo
dxwkruv wr frqvlghu qrqsdudphwulf glyhujhqfh phdvxuhv lq d wlph vhulhv frqwh{w1 Iru h{dp0
soh/ Urelqvrq +4<<4, frqvlghuv wkh Nxooedfn0Ohleohu lqirupdwlrq/ zkloh Vndxj dqg Wm�vwkhlp
+4<<6d, vwxg| wkh Eoxp/ Nlhihu ) Urvhqeodww +4<94, vwdwlvwlf1 Vrph glyhujhqfh phdvxuhv
edvhg rq wkh suredelolw| ghqvlw| ixqfwlrqv duh frpsduhg lq Vndxj dqg Wm�vwkhlp +4<<6e,1
Rwkhu uhfhqwo| sursrvhg qrqsdudphwulf whvwv iru vhuldo lqghshqghqfh lq wlph vhulhv fdq eh
irxqg/ iru h{dpsoh/ lq Fkdq dqg Wudq +4<<5,/ Ghojdgr +4<<9,/ Dsdulflr dqg Hvfuledqr +4<<;,
dqg Krqj +4<<;,1 Iru d uhylhz rq qrqsdudphwulf whvwlqj iru vhuldo lqghshqghqfh zh uhihu wr
Wm�vwkhlp +4<<9,1
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Dowkrxjk hylghqfh djdlqvw wkh qxoo k|srwkhvlv ri lqghshqghqfh iru d sduwlfxodu wlph vhulhv
vxjjhvwv wkh suhvhqfh ri vwuxfwxuh lq wkh wlph vhulhv/ lw xvxdoo| surylghv olwwoh lqvljkw lqwr
wkh qdwxuh ri wklv vwuxfwxuh1 Vlqfh olqhdu prghov duh d ehqfkpdun fodvv ri prghov zlwk
nqrzq surshuwlhv/ whvwlqj wkh k|srwkhvlv ri olqhdulw| lv d qdwxudo qh{w vwhs lq sudfwlfh1 Rqh
zd| ri whvwlqj iru olqhdulw| lv e| dsso|lqj d whvw iru lqghshqghqfh wr wkh uhvlgxdov ri dq
hvwlpdwhg olqhdu prgho1 D uhmhfwlrq ri wkh qxoo k|srwkhvlv surylghv hylghqfh vxjjhvwlqj wkdw
vrph vwuxfwxuh lv ohiw lq wkh uhvlgxdov xsrq uhprylqj olqhdu ghshqghqfh/ dqg khqfh wkdw
d olqhdu prgho lv qrw dssursuldwh1 Eurfn hw do1 +4<<9, kdyh vkrzq wkdw wklv dssurdfk lv
d|pswrwlfdoo| frqvlvwhqw iru wkhlu EGV whvw/ surylghg wkdw wkh prgho sdudphwhuv duh hvwlpdwhg
urrw0Q frqvlvwhqwo|1 Dq dowhuqdwlyh dssurdfk wr whvwlqj iru olqhdulw| lv wr frpsduh olqhdu dqg
qrqsdudphwulf vwdwlvwlfv/ vxfk dv hvwlpdwruv ri wkh frqglwlrqdo phdq dqg yduldqfh/ dv sursrvhg
e| Kmhooyln dqg Wm�vwkhlp +4<<8, dqg Kmhooyln hw do1 +4<<;,1 Wklv dyrlgv suh0zklwhqlqj ri
wkh wlph vhulhv +zklfk w|slfdoo| ohdgv wr d uhgxfwlrq lq srzhu, dqg dovr suhvhuyhv wkh rughu ri
ghshqghqfh lq wkh wlph vhulhv1

Rxu whvw vwdwlvwlfv duh forvho| uhodwhg wr wkh � vwdwlvwlf lqwurgxfhg e| Zx hw do1 +4<<6, iru
phdvxulqj frqglwlrqdo ghshqghqfh1 Wkh � vwdwlvwlf lv gh�qhg lq whupv ri udwlrv ri fruuhodwlrq
lqwhjudov1 Fruuhodwlrq lqwhjudov ruljlqdwh iurp wkh vwxg| ri fkdrwlf v|vwhpv/ zkhuh wkh| duh
lpsruwdqw phdqv ri fkdudfwhul}lqj wkh g|qdplfv ri ghwhuplqlvwlf surfhvvhv1 Wkhlu hvwlpdwlrq
lv uhodwlyho| vwudljkwiruzdug1 Wkh frqqhfwlrq ehwzhhq jhqhudol}hg fruuhodwlrq lqwhjudov dqg
lqirupdwlrq wkhruhwlf txdqwlwlhv/ hvwdeolvkhg e| Sulfkdug dqg Wkhlohu +4<<8,/ vkrzv wkdw rxu
vwdwlvwlfv fruuhvsrqg wr wkh vhfrqg rughu frqglwlrqdo pxwxdo lqirupdwlrq1 Wkh lqirupdwlrq
wkhruhwlf txdqwlwlhv xvhg e| Judqjhu dqg Olq +4<<7, duh dovr uhodwhg wr rxuv1 Krzhyhu/ wkhlu
whvw vwdwlvwlf lv d jhqhudolvdwlrq ri wkh dxwrfruuhodwlrq ixqfwlrq/ zkloh rxuv jhqhudolvhv wkh
sduwldo dxwrfruuhodwlrq ixqfwlrq1 Wklv uhqghuv rxu vwdwlvwlfv pruh vxlwdeoh iru lqyhvwljdwlqj
wkh odj ghshqghqfh/ zklfk pd| vhuyh dv d �uvw vwhs iru prgho vhohfwlrq1 Vlqfh wkh qxpehu
ri sdudphwhuv lq d sdudphwulf qrqolqhdu wlph vhulhv prgho +vxfk dv d WDU prgho, w|slfdoo|
lqfuhdvhv idvw zlwk wkh qxpehu ri odjv vhohfwhg/ odj vhohfwlrq fulwhuld duh lpsruwdqw iru frq0
vwuxfwlqj sduvlprqlrxv wlph vhulhv prghov1 Iru vrph uhfhqw dssurdfkhv wr odj vhohfwlrq vhh=
Dxhvwdg dqg Wm�vwkhlp +4<<3,/ Fkhqj dqg Wrqj +4<<4,/ Wvfkhuqlj dqg \dqj +5333,1

Lq wklv sdshu zh hpsor| errwvwuds phwkrgv iru ghwhuplqlqj wkh vljql�fdqfh ri wkh whvw
vwdwlvwlfv1 Lq wkh fdvh ri whvwlqj iru lqghshqghqfh wklv ohdgv wr dq h{dfw ohyho0� whvw1 Wkh
pdlq dgydqwdjhv/ ehvlghv wkh errwvwuds dssurdfk/ duh wkh iroorzlqj1 l, Wkh whvw vwdwlvwlfv
duh edvhg rq lqirupdwlrq wkhruhwlf txdqwlwlhv1 Vlqfh wkhvh duh qrqolqhdu ixqfwlrqdov ri wkh
ghqvlw| ixqfwlrq wkh| fdq fdswxuh ghshqghqfh lq kljkhu prphqwv ri wkh glvwulexwlrq/ wkxv qrw
olplwlqj wkh dqdo|vlv wr olqhdu ghshqghqfh1 ll, Wkh frqglwlrqdo pxwxdo lqirupdwlrq surylghv
lqvljkwv lqwr wkh odj ghshqghqfh lq wkh wlph vhulhv1 lll, Lq wkh olqhdulw| whvw zh frpsduh
qrqsdudphwulf dqg olqhdu sdudphwulf lqirupdwlrq0wkhruhwlf txdqwlwlhv iru wkh ruljlqdo wlph
vhulhv1 Wkh dgydqwdjh ryhu frpsdulqj hvwlpdwhv ri wkrvh iru wkh uhvlgxdov lv wkdw wkh odj
ghshqghqfh lq wkh wlph vhulhv lv suhvhuyhg1 ly, Wkh frqqhfwlrqv ehwzhhq lqirupdwlrq wkhru|
dqg fruuhodwlrq lqwhjudov duh xvhg iru h�flhqw qrqsdudphwulf hvwlpdwlrq1

Lq vhfwlrq 5 zh eulh�| uhylhz wkh lqirupdwlrq wkhruhwlf txdqwlwlhv/ zkloh vhfwlrq 6 ghvfulehv
wkh hvwlpdwlrq phwkrgv edvhg rq fruuhodwlrq lqwhjudov1 Vhfwlrqv 7 dqg 8 glvfxvv wkh whvw ri
lqghshqghqfh dqg olqhdulw|/ uhvshfwlyho|1 Lq vhfwlrq 9 wkh vl}h dqg srzhu surshuwlhv ri wkh
whvwv duh lqyhvwljdwhg qxphulfdoo| iru d qxpehu ri olqhdu dqg qrqolqhdu prghov1 Vhfwlrq :
looxvwudwhv rxu dssurdfk zlwk dssolfdwlrqv wr vrph hpslulfdo wlph vhulhv1
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Lqirupdwlrq wkhru| zdv lqwurgxfhg e| Vkdqqrq dqg Zlhqhu dqg lwv vwdwlvwlfdo dssolfdwlrq
slrqhhuhg e| Nxooedfn +4<8<,1 Vlqfh rxu dssurdfk lv forvho| frqqhfwhg zlwk lqirupdwlrq
wkhru| zh zloo jlyh d eulhi ryhuylhz khuh1

Ohw [ eh d frqwlqxrxv/ srvvleo| yhfwru0ydoxhg/ udqgrp yduldeoh zlwk suredelolw| ghqvlw|
ixqfwlrq if+{,1 Wkh Vkdqqrq hqwurs| lv gh�qhg dv

K+[, @ �
]
oq if+{,if+{, g{> +4,

zklfk lv mxvw wkh h{shfwhg ydoxh ri � oq if / �H+oq if,1 Qrwh wkdw wkh Vkdqqrq hqwurs| lv
vfdoh ghshqghqw1 Iru h{dpsoh/ iru wkh wudqviruphg yduldeoh d[/ zkhuh d lv d uhdo frqvwdqw/
wkh hqwurs| ehfrphv K+d[, @ K+[, .p oq d zkhuh p lv wkh glphqvlrq ri {1

Iru d sdlu ri udqgrp yduldeohv [/ \ zlwk mrlqw suredelolw| ghqvlw| ixqfwlrq ifct +{> |,/
wkh mrlqw hqwurs| uhdgv

K+[> \ , @ �
] ]

oq ifct +{> |,ifct +{> |, g{g|= +5,

Wkh frqglwlrqdo hqwurs| ri [ jlyhq \ lv wkh phdq hqwurs| ri [/ frqglwlrqdo rq \ =

K+[m\ , @ �
]
oq if�t +{ m |,ifct +{> |, g{g|> +6,

zkhuh if�t +{ m |, ghqrwhv wkh frqglwlrqdo suredelolw| ghqvlw| ixqfwlrq ri [ / jlyhq \ @ |1 Lw
fdq eh hdvlo| yhul�hg wkdw K+[m\ , @ K+[>\ , �K+\ ,1 Qrwh wkdw K+[ m\ , lv qrw lqyduldqw
xqghu fkdqjlqj lwv dujxphqwv1 Krzhyhu/ wkh pxwxdo lqirupdwlrq/ gh�qhg dv

L+[>\ , @

] ]
oq

�
ifct +{> |,

if+{,it +|,

�
ifct +{> |, g{g|> +7,

lv d v|pphwulf phdvxuh ri ghshqghqfh ehwzhhq [ dqg \ 1 Wkh pxwxdo lqirupdwlrq phdvxuhv
wkh dyhudjh lqirupdwlrq frqwdlqhg lq rqh ri wkh udqgrp yduldeohv derxw wkh rwkhu1 Wkh
v|pphwu| iroorzv gluhfwo| iurp wkh gh�qlwlrq dqg dovr ehfrphv reylrxv diwhu h{suhvvlqj lw lq
whupv ri hqwurslhv= L+[>\ , @ K+[, � K+[ m\ , @ K+[, . K+\ , � K+[>\ ,1 Wkh pxwxdo
lqirupdwlrq lv lqyduldqw qrw rqo| xqghu vfdoh wudqvirupdwlrqv ri [ dqg \ / exw pruh jhqhudoo|/
xqghu doo frqwlqxrxv rqh0wr0rqh wudqvirupdwlrqv ri [ dqg \ 1

Wkh pxwxdo lqirupdwlrq lv qrq0qhjdwlyh/ L+[>\ , � 3/ zlwk htxdolw| li dqg rqo| li ifct @
ifit 1 Wklv surshuw| pdnhv lw d xvhixo txdqwlw| iru whvwlqj lqghshqghqfh k|srwkhvhv1 Wkh
pxwxdo lqirupdwlrq lv d vshfldo fdvh ri wkh Nxooedfn0Ohleohu lqirupdwlrq/ gh�qhg iru wzr sgi*v
i+{, dqg j+{, dv=

Lkw @

]
oq

�
i+{,

j+{,

�
i+{, g{= +8,

Urelqvrq +4<<4, sursrvhg d whvw iru lqghshqghqfh edvhg rq wkh Nxooedfn0Ohleohu lqirupdwlrq/
zklfk lq wkdw fdvh uhgxfhv wr wkh pxwxdo lqirupdwlrq1

Iru whvwlqj frqglwlrqdo lqghshqghqfh ri [ dqg \ / jlyhq d wklug udqgrp yduldeoh ]/ lw lv
xvhixo wr frqvlghu wkh frqglwlrqdo pxwxdo lqirupdwlrq/ gh�qhg e|

L+[> \ m], @
] ] ]

oq

#
if�tc~+{m|> },

if�~+{m},

$
ifctc~+{> |> }, g{g| g}= +9,

6



Wkh frqglwlrqdo pxwxdo lqirupdwlrq txdqwl�hv wkh dyhudjh dprxqw ri dgglwlrqdo lqirupdwlrq
lq \ derxw [ / jlyhq wkh lqirupdwlrq derxw [ douhdg| frqwdlqhg lq ]1 Wklv fdq eh vhhq e|
h{suhvvlqj lw dv L+[> \ m], @ K+[ m], �K+[m\> ], @ �K+[>\> ], .K+[>], .K+\>], �
K+],1 Ehfdxvh wkh hqwurs| grhv qrw lqfuhdvh xsrq frqglwlrqlqj rq dgglwlrqdo lqirupdwlrq/
L+[>\ m], � 3/ zlwk htxdolw| li dqg rqo| li [ dqg \ duh frqglwlrqdoo| lqghshqghqw/ jlyhq ]1

� ��������
�� 
��������

Wkh jhqhudol}hg rughu0t fruuhodwlrq lqwhjudo ri [ lv gh�qhg dv

F^+[ > �, @

%] �]
LE8%3%�8$"�if+{

�,g{�
�^3�

if+{,g{

& �

^3�

> +:,

zkhuh LEu� ghqrwhv wkh lqglfdwru ixqfwlrq wdnlqj ydoxhv 3 dqg 4/ dqg n�n ghqrwhv wkh vxsuhpxp
qrup

n{n @ vxs
�'�c���c_�4 

m {� m = +;,

Wkh sdudphwhu � sod|v wkh uroh ri d edqgzlgwk1 Fruuhodwlrq lqwhjudo hvwlpdwhv duh ehlqj xvhg
iuhtxhqwo| lq fkdrv wkhru| wr vwxg| iudfwdo vwuxfwxuhv dqg wr fkdudfwhul}h ghwhuplqlvwlf wlph
vhulhv1 Fruuhodwlrq lqwhjudov duh dovr xvhixo iru whvwlqj iru vhuldo lqghshqghqfh/ ehfdxvh wkh
jhqhudol}hg fruuhodwlrq lqwhjudo idfwrulvhv zkhq wkh hohphqwv ri [ duh l1l1g1 +lqghshqghqw dqg
lghqwlfdoo| glvwulexwhg,1 Wkh idfwrulvdwlrq iru t @ 5 zdv xvhg lq wkh EGV whvw iru lqghshq0
ghqfh/ edvhg rq F2+[> �,1

Wr ghvfuleh wkh uhodwlrq ehwzhhq lqirupdwlrq wkhruhwlf txdqwlwlhv dqg fruuhodwlrq lqwhjudov
lw lv frqyhqlhqw wr qrwlfh wkdw wkh Vkdqqrq hqwurs| lv d vshfldo fdvh ri d jhqhudolvhg hqwurs|/
wkh Uhq|l hqwurs|/ gh�qhg e|

K^+[, @ �
4

t � 4
oq

]
+if+{,,

^3� if+{, g{> +<,

zkhuh t ghqrwhv wkh rughu ri wkh Uhq|l hqwurs|1 Lqghhg/ e| wdnlqj wkh olplw t $ 4/ rqh
rewdlqv xvlqj o*Krslwdo*v uxoh/

olp
^<�

K^+[, @@ �
g

gt

����
^'�

]
if+{,

E^3��if+{, g{ @ �
]
oq if+{,if+{, g{> +43,

zklfk lv wkh Vkdqqrq hqwurs|1
Xsrq wdnlqj orjdulwkpv lq Htq1 +:, zh rewdlq

� oqF+[> �, @ �
4

t � 4
oq

%] �]
LE8%3%�8$"�if+{

�,g{�
�^3�

if+{,g{

&
> +44,

zklfk lv yhu| vlplodu wr wkh jhqhudol}hg Uhq|l hqwurs|/ jlyhq lq Htq1 +<,/ wkh rqo| gl�huhqfh
ehlqj wkh uhsodfhphqw ri wkh whup if+{, zlwklq eudfnhwv e| dq lqwhjudo ri if+{

�, ryhu dq
�0edoo durxqg {1 Wkh lqqhu lqwhjudo lq Htq1 +:, ehkdyhv dv �6if+{, iru vpdoo �/ zkhuh p lv
wkh glphqvlrq ri [ 1 Wkxv/ xs wr dq � ghshqghqw vfdoh idfwru/ wkh fruuhodwlrq lqwhjudo zloo
fruuhvsrqg wr wkh lqwhjudo lq Htq1 +<,1 Wkh uhodwlrqvkls ehwzhhq K^+[, dqg F^+[> �, iru �
vpdoo lv

K^+[, * � oqF^+[> �, .p oq �= +45,
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Wklv vkrzv wkdw hvwlpdwhg fruuhodwlrq lqwhjudov surylgh qrqsdudphwulf hvwlpdwhv ri K^+[,/
dqg ylfh yhuvd1 Wr jlyh dq h{dpsoh ri krz wklv ohdgv wr hvwlpdwhv ri lqirupdwlrq wkhruhwlf
txdqwlwlhv/ ohw xv frqvlghu L^+[>\ , wkh t0wk rughu pxwxdo lqirupdwlrq ehwzhhq [ dqg \ /
jlyhq e|

L^+[>\ , @ K^+[, .K^+\ ,�K^+[> \ ,= +46,

Jlyhq hvwlpdwhg fruuhodwlrq lqwhjudov eF^+[> �,/ eF^+\ > �, dqg eF^+[> \ > �,/ dq hvwlpdwru iru
L^+[>\ , lv jlyhq e|

eL^+[> \ , @ oq eF^+[>\ > �,� oq eF^+[ > �,� oq eF^+\ > �,= +47,

Qrwh wkdw wkh whupv sursruwlrqdo wr p oq � fdqfho ehfdxvh wkh glphqvlrq ri +[>\ , lv wkh vxp
ri wkrvh ri [ dqg \ 1 D vlplodu fdqfhoodwlrq rffxuv lq wkh frqglwlrqdo pxwxdo lqirupdwlrq/ iru
zklfk zh rewdlq dqdorjrxvo|=

eL^+[>\ m], @ oq eF^+[> \> ]> �,� oq eF^+[>]> �,� oq eF^+\>]> �, . oq eF^+]> �,= +48,

Ixuwkhu ghwdlov rq wkh frqqhfwlrq ehwzhhq fruuhodwlrq lqwhjudov dqg lqirupdwlrq wkhru| fdq
eh irxqg lq Sulfkdug dqg Wkhlohu +4<<8,1

Wkh fkrlfh t @ 5 lv e| idu wkh prvw srsxodu lq fkdrv dqdo|vlv/ vlqfh lw doorzv iru h�flhqw
hvwlpdwlrq dojrulwkpv1 Wkh frqglwlrqdo pxwxdo lqirupdwlrq L^+[> \ m ], vwulfwo| vshdnlqj
lv qrw srvlwlyh gh�qlwh iru t 9@ 41 Wklv phdqv wkdw lw lv srvvleoh wr frqvwuxfw h{dpsohv ri
yduldeohv [ dqg \ / zklfk duh frqglwlrqdoo| ghshqghqw jlyhq ]/ dqg iru zklfk L2+[> \ m ],
lv }hur ru qhjdwlyh1 Li L2+[> \ m ], lv }hur/ wkh whvw edvhg rq L2 dv|pswrwlfdoo| grhv qrw kdyh
xqlw srzhu djdlqvw wklv dowhuqdwlyh1 Wklv vlwxdwlrq dsshduv wr eh yhu| h{fhswlrqdo/ dqg xvxdoo|
L2+[> \ m ], lv hlwkhu srvlwlyh ru qhjdwlyh1 Wklv vxjjhvwv wkdw d rqh0vlghg whvw/ uhmhfwlqj iru
L2+[> \ > �, odujh/ lv qrw dozd|v rswlpdo1 Lq sudfwlfh/ krzhyhu/ L2 ehkdyhv pxfk olnh L� lq wkdw
zh xvxdoo| revhuyh odujhu srzhu iru rqh0vlghg whvwv +uhmhfwlqj iru odujh L2, wkdq iru wzr0vlghg
whvwv1 Wklv ohg xv wr fkrrvh t @ 5/ wrjhwkhu zlwk d rqh0vlghg lpsohphqwdwlrq ri wkh whvw1

Sulfkdug dqg Wkhlohu +4<<8, xvh wkh vwdqgdug lqglfdwru ixqfwlrq nhuqho exw phqwlrq wkdw
lw pljkw qrw eh rswlpdo iurp d vwdwlvwlfdo srlqw ri ylhz1 Wr wkhlu ghihqfh zh pljkw dgg
wkdw lq fkdrv wkhru| wklv kdv qhyhu ehhq dq lvvxh/ vlqfh wkhuh wkh gh�qlwlrq ri wkh fruuhodwlrq
lqwhjudo lv xvxdoo| wdnhq dv d vwduwlqj srlqw1 Hvwlpdwlrq xvlqj X 0vwdwlvwlfv wkhq jlyhv wkh
lqglfdwru ixqfwlrq nhuqho lq d qdwxudo zd|1 Khuh d vlplodu srlqw ri ylhz fdq eh wdnhq1 Lq wkh
suhvhqw whvwlqj frqwh{w zh kdyh qr d sulrul uhdvrqv wr dvvxph wkdw uhgh�qlqj wkh fruuhodwlrq
lqwhjudo xvlqj dqrwkhu nhuqho ixqfwlrq zloo ohdg wr pruh srzhuixo whvwv1 Wklv pljkw vhhp
frxqwhulqwxlwlyh lq d qrqsdudphwulf vhwwlqj/ vlqfh lw lv nqrzq wkdw vrph nhuqhov duh ehwwhu
iru qrqsdudphwulf ixqfwlrq hvwlpdwlrq wkdq rwkhuv1 Krzhyhu/ wkhuh duh lpsruwdqw gl�huhqfhv
ehwzhhq qrqsdudphwulf ixqfwlrq hvwlpdwlrq sureohpv dqg qrqsdudphwulf whvwv1 Iru h{dpsoh/
lq d qrqsdudphwulf ixqfwlrq hvwlpdwlrq sureohp wkh edqgzlgwk vkrxog whqg wr }hur dw wkh
surshu udwh dv|pswrwlfdoo| wr rewdlq frqvlvwhqf|1 Iru whvwlqj wklv qhhg qrw eh wkh fdvh dv lv
fohduo| looxvwudwhg e| wkh idfw wkdw wkh dv|pswrwlf wkhru| iru wkh EGV whvw krogv iru dq| �{hg
ydoxh ri �1 Lq dq| fdvh/ lw vkrxog eh nhsw lq plqg wkdw zh zlvk wr hvwlpdwh d ixqfwlrqdo ri wkh
sgi/ dqg qrw wkh sgi lwvhoi1

Lw lv eh|rqg wkh vfrsh ri wklv sdshu wr h{dplqh zklfk nhuqhov duh rswlpdo iru whvwlqj1
Krzhyhu/ rqh hvvhqwldo surshuw| vkrxog qrw eh ohiw xqqrwlfhg khuh= wkh fkrlfh ri wkh nhuqho
ixqfwlrq fdqqrw eh pdgh lqghshqghqwo| iurp wkdw ri wkh qrup xvhg wr fdofxodwh glvwdqfhv1
Iru h{dpsoh/ idfwrulvdwlrq ri wkh fruuhodwlrq lqwhjudo iru l1l1g1 gdwd rffxuv iru wkh lqglfdwru
ixqfwlrq rqo| zlwk wkh O" qrup/ dqg iru wkh jdxvvldq nhuqho rqo| zlwk wkh O2 qrup1

8
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Lq wkh suhvhqw sdshu zh sursrvh wr lqyhvwljdwh dqg whvw iru lqghshqghqfh lq wlph vhulhv xvlqj
wkh frqglwlrqdo pxwxdo lqirupdwlrq gh�qhg deryh1 Wkh dgydqwdjh ri xvlqj wklv dv d whvw
vwdwlvwlf lv wkdw lw fdswxuhv ghshqghqfhv zkloh wkh frqglwlrqlqj rq lqwhuphgldwh ydoxhv ri wkh
wlph vhulhv zloo dovr jlyh lqvljkwv rq wkh rughu ri wkh xqghuo|lqj surfhvv1

Iluvw ohw xv frqvlghu pxwxdo lqirupdwlrq lq d wlph vhulhv vhwwlqj1 Iru d vwdwlrqdu| wlph
vhulhv i[|j

A
|'� zh gh�qh wkh ghod| yhfwruv dv

[6
| @ +[|> = = = >[|36n�,

�> +49,

zkhuh wkh sulph ghqrwhv wkh wudqvsrvhg1 Wkh glphqvlrqp lv uhihuuhg wr dv wkh hpehgglqj
glphqvlrq1 Wkh wrwdo qxpehu ri yhfwruv/ Q / rewdlqhg lq wklv zd| lv Q @ W �p. 41

Wkh frqglwlrqdo pxwxdo lqirupdwlrq ehwzhhq [| dqg [|36 jlyhq wkh lqwhuphgldwh revhu0
ydwlrqv/ [63�

|3� lv jlyhq e|

L+[|>[|36 m [63�
|3� , @ �K+[6n�

|3� , . 5K+[6
| ,�K+[63�

|3� ,= +4:,

Wkh frqglwlrqdo pxwxdo lqirupdwlrq kdv d sduwlfxodu lqwhusuhwdwlrq lq d wlph vhulhv vhwwlqj=
li [| lv d Pdunry surfhvv ri rughu n/ wkh frqglwlrqdo suredelolw| ghqvlw| ghshqgv rqo| lq wkh
odvw n odjjhg ydoxhv ri wkh wlph vhulhv dqg ixuwkhu odjv frqwdlq qr dgglwlrqdo lqirupdwlrq1
Wkh frqglwlrqdo pxwxdo lqirupdwlrq ehwzhhq [| dqg [|36 zloo ehfrph }hur iru p A n dqg
srvlwlyh iru p � n1 Lq wklv vhqvh wkh frqglwlrqdo pxwxdo lqirupdwlrq fdq eh lqwhusuhwhg dv dq
rughu lghqwl�hu1

Dqrwkhu xvhixo lqwhusuhwdwlrq lv wkh iroorzlqj1 Wkh dyhudjh dprxqw ri lqirupdwlrq derxw
[| lq [6

|3� lv jlyhq e| L+[|>[
6
|3�,/ zkloh wkh dyhudjh dprxqw ri lqirupdwlrq derxw [| lq

[63�
|3� rqo| lv jlyhq e| L+[|>[

63�
|3� ,1 Li wkhvh wzr lqirupdwlrq phdvxuhv duh vxewudfwhg/ rqh

duulyhv dw
L+[|>[

6
|3�,� L+[|>[

63�
|3� , @ L+[|> [|36 m [63�

|3� ,> +4;,

wkh frqglwlrqdo pxwxdo lqirupdwlrq1 Wklv fohduo| ghprqvwudwhv wkdw wkh frqglwlrqdo pxwxdo
lqirupdwlrq txdqwl�hv wkh dyhudjh dprxqw ri h{wud lqirupdwlrq wkdw [6

|3� frqwdlqv derxw [|/
lq dgglwlrq wr wkh lqirupdwlrq douhdg| lq [63�

|3� 1 Li [|36 frqwdlqv qr h{wud lqirupdwlrq derxw
ydoxhv ri [| lq dgglwlrq wr wkdw lq [|363�/ L+[|>[|36 m [63�

|3� , @ 31 Li/ rq wkh rwkhu kdqg/
[|36 grhv frqwdlq h{wud lqirupdwlrq rq [|/ zh h{shfw L+[|>[|36 m [63�

|3� , A 31 Zh wkxv
zlvk wr shuirup d rqh0vlghg whvw edvhg rq L+[|> [|36 m [63�

|3� ,/ zklfk fdq eh hvwlpdwhg iurp
fruuhodwlrq lqwhjudov1

Xsrq lqwurgxflqj F6+�, dqg eF6+�, dv vkruwkdqg qrwdwlrq iru F2+[
6
| > �, dqg lwv hvwlpdwrueF2+[

6
| > �,/ uhvshfwlyho|/ zh pd| zulwheL+[|> [|36 m [63�

|3� , @ �5 oq eF6+�, . oq eF6n�+�, . oq eF63�+�,= +4<,

Wkh vhfrqg rughu +t @ 5, fruuhodwlrq lqwhjudo iru wkh p0glphqvlrqdo ghod| yhfwruv [6
| lv

F6+�, @

] ]
LE8r3|8$"�ij6

+v,ij6
+w, gvgw= +53,

Ehfdxvh wklv lv mxvw wkh h{shfwdwlrq ri wkh nhuqho ixqfwlrq/ H+LE8j�
63j

2
68$"�

,/ lw fdq eh hvwl0
pdwhg vwudljkwiruzdugo| lq d X 0vwdwlvwlfv iudphzrun/ e|

eF6+�, @
5

Q+Q � 4,

�3�[
�'�

�[
�'�n�

LE8j6
�
3j6

�
8$"�= +54,

9



Qrwh wkdw wkh frqglwlrqdo pxwxdo lqirupdwlrq lv dq xqerxqghg phdvxuh ri frqglwlrqdo
ghshqghqfh1 Lq rxu lpsohphqwdwlrq zh xvh d wudqviruphg yhuvlrq ri wkh pxwxdo lqirupdwlrq/

e�6+�, @ 4� h{s+�eL+[|>[|36m+[|3�> ===>[|36n�,, @ 4�
^ eF6+�,`

2eF63�+�, eF6n�+�,
> +55,

zklfk wdnhv ydoxhv ehwzhhq 3 dqg 41 Wkh xvh ri e�6+�, zdv �uvw sursrvhg e| Vdylw dqg
Juhhq +4<<4, wr ghwhuplqh wkh glphqvlrq ri d fkdrwlf dwwudfwru1 Zx hw do1 +4<<6, ghulyhg
wkh dv|pswrwlf glvwulexwlrq xqghu wkh qxoo k|srwkhvlv ri dq l1l1g1 surfhvv1 Wkh dv|pswrwlf
glvwulexwlrq lv

W
�

2 e�6+�, _
$ Q+3> YB6, +56,

zkhuh wkh dv|pswrwlf yduldqfh lv jlyhq e|

YB6 @ 7

+�
N�+�,

F�+�,

�63� %�N�+�,

F�+�,

�2
� 4

&,2

= +57,

Iru wkh fruuhodwlrq lqwhjudo dw hpehgglqj glphqvlrq 4/ wkh hvwlpdwru eF�+�, lv xvhg lq wkh
EGV whvw/ zkloh N�+�, lv hvwlpdwhg e|

fN�+�, @
5

Q+Q � 4,+Q � 5,

�3�[
�'�

�[
�'�n�

�[
&'�n�

LE�%�3%� �$"�LE�%�3%&�$"�= +58,

Lw lv nqrzq wkdw wkh qrupdo dssur{lpdwlrq edvhg rq wkh dv|pswrwlf glvwulexwlrq grhv qrw
dozd|v shuirup zhoo iru prghudwh vdpsoh vl}hv1 Lq wkh vlpxodwlrq vwxg| zh zloo vkrz wkdw
sureohpv dovr dulvh iru e�6+�,1 Wklv lv wkh pdlq prwlydwlrq iru xvlqj d errwvwuds dssurdfk iru
ghwhuplqlqj wkh qxoo glvwulexwlrq ri wkh whvw vwdwlvwlf1

Uhfhqwo|/ Glnv +4<<<, vxjjhvwhg wr whvw iru lqghshqghqfh xvlqj d shupxwdwlrq whvw iru
wkh EGV vwdwlvwlf1 Wkh dgydqwdjhv duh dq h{dfw ohyho whvw dqg d vlpsol�fdwlrq ri wkh whvw
surfhgxuh= eF�+�, dqg fN�+�, duh ixqfwlrqv ri wkh rughu vwdwlvwlf dqg khqfh duh lqyduldqw xqghu
shupxwdwlrq ri wkh wlph vhulhv1 Lq wklv zd| s0ydoxhv duh qrw d�hfwhg e| qrupdolvdwlrq ri
orfdwlrq dqg vfdoh ri wkh vwdwlvwlfv1 Lq dgglwlrq shupxwdwlrq whvwv duh hdvlo| lpsohphqwhg/
dqg dyrlg wkh fxpehuvrph frpsxwdwlrqv qhhghg wr rewdlq wkh dv|pswrwlf yduldqfh1 Wkh whvw
surfhgxuh lv wkxv frpsrvhg ri wkh iroorzlqj vwhsv=

41 Fdofxodwh e�6+�, iru wkh wlph vhulhv i[|jA|'�1

51 Udqgrpo| shupxwh wkh wlph vhulhv dqg rewdlq i h[|jA|'�1

61 Fdofxodwh wkh whvw vwdwlvwlf rq i h[|j
A
|'�/ ghqrwhg e| h�6+�,1

71 Uhshdw vwhsv 506 E wlphv1 Lq wkh vlpxodwlrqv zh vhw E wr 4<<1

81 Fdofxodwh wkh rqh0vlghg errwvwuds s0ydoxh dv

es @ 4 .&
kh�6+�, � e�6+�,l
4 .E

91 Uhmhfw wkh qxoo k|srwkhvlv ri lqghshqghqfh li es � �/ zkhuh � ghqrwhv wkh fkrvhq vljqli0
lfdqfh ohyho1

:
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Zh whvw iru olqhdulw| e| frpsdulqj d qrqsdudphwulf hvwlpdwh ri wkh frqglwlrqdo pxwxdo lq0
irupdwlrq zlwk d sdudphwulf frxqwhusduw1 Wklv dprxqwv wr frpsdulqj wkh h{wud dprxqw ri
lqirupdwlrq frqwdlqhg lq [|36 derxw [| zlwk wkh h{shfwhg dprxqw ri h{wud lqirupdwlrq
xqghu wkh qxoo ri olqhdulw|1

Iru olqhdu jdxvvldq surfhvvhv/ zh kdyh [6
| � Q +�6>	6, zkhuh 	6 ghqrwhv wkh yduldqfh0

fryduldqfh pdwul{ ri wkh p0glphqvlrqdo yhfwru ri odjjhg ydoxhv ri wkh surfhvv i[|j
A
|'�1 Wkh

jdxvvldq Uhq|l hqwurs| iru [6
| wkhq ehfrphv

K+[6
| , @ �

]
oq
q
m5�	6m

3 �

2

r �
�
4

5
+{� �6,

�	3�6 +{� �6,

�
if6

+{, g{ @
p

5
oq+5�,.

4

5
oq m	6m>

+59,
zklfk lv lqghshqghqw ri wkh rughu t1

Wkh jdxvvldq pxwxdo lqirupdwlrq dqg frqglwlrqdo pxwxdo lqirupdwlrq ehfrph

L+[|>[
6
|3�, @

4

5
oq

�
m	�mm	6m

m	6n�m

�
> +5:,

dqg

L+[|>[|36 m [63�
|3� , @

4

5
oq

#
m	6m

2

m	6n�mm	63�m

$
+5;,

uhvshfwlyho|1 Lw iroorzv wkdw wkh olqhdul}hg yhuvlrq ri �6/ �
*�?
6 / lv jlyhq e|

�*�?6 @ 4� h{s+�L+[|> [|36 m [63�
|3� ,, @ 4�

v
m	63�mm	6n�m

m	6m2
= +5<,

Ehfdxvh 	6 lv d v|pphwulf srvlwlyh gh�qlwh pdwul{ zh fdq idfwrul}h lw dv 	6 @ O�6O6 zkhuh
O6 lv d orzhu wuldqjxodu pdwul{1 Lw lv wkhq lpphgldwh wkdw m	6m @ mO6m

2 @
T6

�'� o
2
� zkhuh o�

lv wkh m0wk gldjrqdo hohphqw ri O1 Zh fdq qrz h{suhvv �*�?6 dv

�*�?6 @ 4�
o6n�

o6
= +63,

Wkh whvw vwdwlvwlf lv dq hvwlpdwh ri �6+�, @ �6+�,� �*�?6 +�,/ zklfk txdqwl�hv wkh gl�huhqfh
ehwzhhq wkh jhqhudo dqg wkh olqhdul}hg �6+�,1 Xsrq vxewudfwlqj wkh hvwlpdwruv iru �6+�, dqg
�*�?6 +�,/ rqh rewdlqv

e�6+�, @ e�6+�,� e�*�?6 +�, @
eo6n�eo6 �

k eF6+�,
l2

eF63�+�, eF6n�+�,
> +64,

zkhuh iru eo6 d frqvlvwhqw hvwlpdwru lv xvhg/ edvhg rq wuldqjxodul}dwlrq ri wkh vdpsoh yduldqfh0
fryduldqfh pdwul{1

Djdlq/ zh vhw xs d errwvwuds surfhgxuh wr dssur{lpdwh wkh qxoo glvwulexwlrq ri wkh whvw
vwdwlvwlf1 Wkh whvw lv frpsrvhg ri wkh iroorzlqj vwhsv=

41 Fdofxodwh e�6+�, iru wkh wlph vhulhv i[|jA|'�1

;



51 Hvwlpdwh dq DU+g, prgho iru g @ 4> ===> g6@% dqg fkrrvh wkh rswlpdo rughu eg dffruglqj
wr d vhohfwlrq fulwhulxp1 Lq wkh vlpxodwlrq dqg wkh hpslulfdo dssolfdwlrqv zh xvhg DLF
vhohfwlrq fulwhulxp1

61 Jhqhudwh gdwd xvlqj wkh hvwlpdwhg sdudphwhuv dqg jdxvvldq lqqrydwlrqv> wkh errwvwuds
wlph vhulhv lv jlyhq e|

h{| @ e_[
�'�

e�h{|3� . �| +65,

zlwk e� wkh hvwlpdwhg sdudphwhuv dqg �| gudzq iurp wkh vwdqgdug qrupdo glvwulexwlrq1

71 Fdofxodwh h�6+�, iru wkh errwvwuds wlph vhulhv1

81 Uhshdw vwhsv 6~7 E wlphv1 Zh xvh E htxdo wr 4<<1

91 Fdofxodwh wkh rqh0vlghg errwvwuds s0ydoxh dv

es @ 4 .& ^h�6+�, � e�6+�,`
4 .E

:1 Uhmhfw wkh qxoo k|srwkhvlv ri olqhdulw| li es � �/ zkhuh � ghqrwhv wkh vljql�fdqfh ohyho1
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Ehiruh h{dplqlqj wkh srzhu ri rxu whvw iru ydulrxv prghov/ zh �uvw h{dplqh wkh vl}h ri
wkh dv|pswrwlf whvw iru lqghshqghqfh iru wkh � vwdwlvwlf1 Qrwh wkdw fkhfnlqj wkh vl}h ri wkh
shupxwdwlrq whvw iru lqghshqghqfh lv qrw qhfhvvdu|/ vlqfh wkh shupxwdwlrq whvw e| frqvwuxfwlrq
kdv h{dfw ohyho1 Wdeoh 4 vkrzv wkh vl}h ri wkh dv|pswrwlf whvw iru vdpsoh vl}hv ri 433/ 533
dqg 833 dqg iru � htxdo wr 3=8/ 4=3/ 4=8 dqg 5/edvhg rq 4333 vlpxodwlrqv1 Lq doo fdvhv wkh
dv|pswrwlf whvw kdv d whqghqf| ri ryhu0uhmhfwlqj1 Dv h{shfwhg/ lqfuhdvlqj wkh wlph vhulhv
ohqjwk W lpsuryhv wkh vl}h ri wkh dv|pswrwlf whvw1 Iru doo wlph vhulhv ohqjwkv/ wkh vl}h lpsuryhv
xsrq wdnlqj odujhu edqgzlgwkv/ exw lqfuhdvlqj wkh hpehgglqj glphqvlrq p kdv dq dgyhuvh
h�hfw1 Wkhvh uhvxowv fohduo| ghprqvwudwh wkh ryhudoo srru shuirupdqfh ri wkh dv|pswrwlf whvw
iru prghudwh vdpsoh vl}hv1

Wdeoh 4 qhdu khuh

Zh qh{w lqyhvwljdwh wkh �qlwh vdpsoh shuirupdqfh ri rxu whvw iru lqghshqghqfh iru wkh
prghov jlyhq lq Wdeoh 51 Wkurxjkrxw zh xvh 4333 vlpxodwlrqv iru hdfk fdvh/ nhhslqj wkh qxp0
ehu ri errwvwuds uhsolfdwlrqv �{hg dw E @ 4<<1 Wkh uhvxowv duh vkrzq lq Wdeoh 61 Dsduw iurp
wkh DU+4, prgho dqg wkh Dv|pphwulf Whqw Pds +DWP,/ wkh| duh doo qrqolqhdu vwrfkdvwlf
prghov zlwk }hur dxwrfruuhodwlrq dw doo odjv1 Iru wkhvh prghov wkh dssolfdwlrq ri dxwrfruuh0
odwlrq edvhg whvwv zrxog idlo wr ghwhfw dq| ghshqghqfh1 Wkh DWP lv lqfoxghg ehfdxvh lw lv
dq h{dpsoh ri d fkdrwlf prgho wkdw kdv wkh dxwrfruuhodwlrq vwuxfwxuh ri dq DU+4, surfhvv1
Zh dqdo|}hg wkh frqglwlrqdo ghshqghqfh lq wkh �uvw irxu odjv iru vdpsoh vl}hv W @ 433 dqg
W @ 5331 Zh frqvlghuhg wkuhh ydoxhv ri wkh edqgzlgwk htxdo wr 3=8/ 4=3 dqg 4=81

Wdeoh 5 qhdu khuh

<



Wdeoh 6 qhdu khuh

Iru wkh DU+4, prgho wkh shupxwdwlrq whvw kdv srzhu forvh wr xqlw| iru wkh �uvw odj iru
doo vdpsoh vl}hv1 Iru kljkhu odjv wkh uhmhfwlrq udwh lv forvh wr wkh qrplqdo ohyho/ frq�uplqj
wkh delolw| ri wkh whvw wr ghwhfw frqglwlrqdo ghshqghqfh/ zklfk rqo| rffxuv wkurxjk wkh �uvw
odj1 Qrwh wkdw wkh srzhu iru wkh odjv odujhu wkdq 4 duh hyhq vpdoohu wkdq wkh vl}h1 Wklv
srvvleo| uhvxowv iurp wkh idfw wkdw wkhuh lv frqglwlrqdo lqghshqghqfh lq wklv surfhvv iru kljkhu
odjv/ exw qr xqfrqglwlrqdo lqghshqghqfh +rxu qxoo k|srwkhvlv/ xqghu zklfk wkh errwvwuds lv
shuiruphg,1

Iru wkh fkdrwlf DWP/ wkh whvw kdv xqlw srzhu dw odj rqh iru doo rxu fkrlfhv iru wkh wlph
vhulhv ohqjwk dqg wkh edqgzlgwk1 Wkh rewdlqhg uhmhfwlrq udwhv iru wklv prgho zhuh }hur iru
doo kljkhu odjv/ zklfk kdyh qr frqglwlrqdo ghshqghqfh1

Wkh ELOLQHDU prgho h{klelwv frqglwlrqdo ghshqghqfh wkurxjk wkh �uvw wzr odjv1 Iru
wklv prgho odujhu vdpsoh vl}hv fohduo| lpsuryh wkh srzhu ri wkh whvw1 Dv h{shfwhg wkh whvw kdv
srzhu djdlqvw wklv dowhuqdwlyh rqo| iru wkh �uvw dqg vhfrqg odj1

Wkh uhvxowv iru wkh QOPD prgho vkrz srzhu rqo| dw wkh wklug odj= iru � @ 318 wkh srzhu
jrhv iurp 3=58 wr 3=87 zkloh iru � @ 4=3 lw udqjhv iurp 3=:3 wr 3=<71 Wklv fohduo| ghprqvwudwhv
wkdw wkh shuirupdqfh ri wkh whvw ghshqgv rq wkh fkrlfh ri wkh edqgzlgwk1

Wkh whvw kdv dovr srzhu djdlqvw wkh +�uvw rughu, WDU prgho= iru � @ 4=3 wkh uhmhfwlrq
udwh lv 3=95 iru vdpsohv vl}h 433 dqg 3=;< iru W @ 5331 Lq wklv fdvh � @ 4=8 vkrzv ohvv srzhu
wkdq wkh vpdoohu edqgzlgwkv iru wkh �uvw odj +p @ 4,1 Khuh lw fdq dovr eh revhuyhg wkdw
wkhuh lv vrph srzhu lq wkh vhfrqg odj1 Zh frqmhfwxuh wkdw wklv _ohdndjh% ri srzhu lv wkh
uhvxow ri wdnlqj d edqgzlgwk wrr odujh frpsduhg wr wkh ohqjwk vfdoh rq zklfk wkh frqglwlrqdo
glvwulexwlrq ri [| jlyhq sdvw revhuydwlrqv fkdqjhv1

Iru wkh DUFK+4, prgho wkh whvw kdv uhpdundeo| kljk srzhu douhdg| dw vdpsoh vl}h W @
433= iru � @ 4=3 lw jrhv iurp 3=;9 wr 3=<< iru wlph vhulhv ohqjwkv ri W @ 5331 Vrph pdujlqdo
srzhu lv dovr ghwhfwhg lq wkh vhfrqg odj dqg qr hylghqfh ri ghyldwlrqv iurp wkh qxoo rffxu lq
wkh wklug dqg irxuwk odj1

Wkh whvw dovr kdv srzhu djdlqvw wkh JDUFK dowhuqdwlyh1 Iru wkh JDUFK+4/4, prgho wkh
whvw kdv srzhu iru doo irxu odjv dqdo|}hg1 Lq wklv fdvh wkh lqwhusuhwdwlrq lq whupv ri rughu lv
qrw srvvleoh/ dv wkh prgho iru [| lv ri lq�qlwh Pdunry rughu1

Dowkrxjk wkh rswlpdo edqgzlgwk lv h{shfwhg wr ghshqg rq wkh dowhuqdwlyh dw kdqg/ d
edqgzlgwk ri 4=3 dsshduv wr eh uhdvrqdeoh iru wkh surfhvvhv h{dplqhg khuh1

Wkhuh duh ri frxuvh pdq| whvwv iru lqghshqghqfh zlwk zklfk zh fdq frpsduh rxuv1 Krz0
hyhu/ lw dsshduv xquhdvrqdeoh wr frpsduh dq rpqlexv whvw zlwk d whvw zklfk kdv srzhu djdlqvw
vshfl�f dowhuqdwlyhv1 Lw fdq eh h{shfwhg wkdw whvwv zklfk duh ghvljqhg wr slfn xs vshfl�f w|shv
ri ghshqghqfh/ vxfk dv fkdqjhv lq frqglwlrqdo phdq ru yduldqfh/ kdyh odujhu srzhu iru vsh0
fl�f dowhuqdwlyhv wkdq rpqlexv whvwv vxfk dv wkh EGV whvw dqg rxuv1 Wkhuhiruh zh ghflghg
wr frpsduh rxu whvw rqo| zlwk wkh EGV whvw1 Wkh odwwhu fdq dovr hdvlo| eh lpsohphqwhg dv
d shupxwdwlrq whvw/ vr wkdw wkh vl}h lv h{dfw dqg srzhu frpsdulvrqv duh phdqlqjixo1 Hyhq
wdnlqj wklv lqwr dffrxqw lw fdq kdugo| eh h{shfwhg wkdw rxu whvw ru wkh EGV whvw lv xqlirupo|
pruh srzhuixo wkdq wkh rwkhu/ zklfk pdnhv gluhfw srzhu frpsdulvrqv iru vshfl�f prghov qrw
yhu| lqwhuhvwlqj1 Krzhyhu/ zh fdq frpsduh rxu uhvxowv txdolwdwlyho| wr wkh EGV whvw/ irfxvlqj
rq wkh ehkdylrxu ri wkh srzhu ixqfwlrq zlwk fkdqjlqj odj p1 Vlqfh wkh EGV whvw lv vhqvlwlyh
wr ghshqghqfh/ dqg qrw rqo| frqglwlrqdo ghshqghqfh/ zh h{shfw lw wr kdyh d whqghqf| ri
uhmhfwlqj eh|rqg odjv iru zklfk wkh �uvw hylghqfh iru ghshqghqfh lv irxqg1
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Wdeoh 7 vkrzv wkh uhvxowv iru vrph ri wkh prghov rewdlqhg zlwk wkh shupxwdwlrq yhuvlrq
ri wkh EGV whvw zlwk � @ 4=3 dqg W @ 4331 Lq d frpsdulvrq zlwk Wdeoh 6/ lw fdq eh revhuyhg
wkdw wkh EGV whvw kdv d whqghqf| ri uhmhfwlqj iru hpehgglqj glphqvlrq p A n zkhq wkhuh lv
frqglwlrqdo ghshqghqfh rqo| xs wr p @ n1 Wkhvh uhvxowv looxvwudwh rxu hduolhu srlqw wkdw wkh
� whvw lv pruh vxlwdeoh iru rewdlqlqj lqvljkwv lqwr wkh odj ghshqghqfh vwuxfwxuh wkdq wkh EGV
whvw1 Lq prvw fdvhv zlwk frqglwlrqdo ghshqghqfh rq wkh p*wk odj/ wkh srzhu ri wkh EGV whvw
lv odujhu wkdq wkdw ri wkh � whvw/ exw dq h{fhswlrq lv irxqg iru wkh QOPD prgho +p @ 6,1

Wdeoh 7 qhdu khuh

��� ���� ��� �
����
��

Zh �uvw vkrz wkh vl}h surshuwlhv ri wkh whvw lq Wdeoh 81 Iru � vpdoohu wkdq 4=8/ wkh whvw lv
fruuhfwo| vl}hg dw doo wkh irxu odjv wdnhq lqwr dffrxqw1 Iru kljkhu edqgzlgwk ydoxhv wkh �uvw
odj kdv wkh whqghqf| wr xqghuuhmhfw wkh qxoo k|srwkhvlv zkloh odujhu odjv vhhp wr eh uhodwlyho|
xqd�hfwhg e| wkh fkrlfh ri �1 Wkhvh vl}h frqvlghudwlrqv vhhp wr vxjjhvw wr wdnh wkh edqgzlgwk
lq wkh lqwhuydo 3=8~4=31 Wdeoh 8 vkrzv uhvxowv iru wkh DU+4, sdudphwhu htxdo wr 3=91 Vlplodu
uhvxowv zhuh irxqg xsrq fkdqjlqj wkh ydoxh ri wkh DU+4, frh�flhqw1

Wdeoh 8 qhdu khuh

Wdeoh 9 qhdu khuh

Wdeoh 9 vkrzv wkh srzhu ri wkh whvw iru olqhdulw| iru wlph vhulhv ohqjwkv W @ 433 dqg
W @ 533 dqg iru gl�huhqw edqgzlgwk ydoxhv1 Iru � @ 4=3 dqg W @ 533 wkh whvw kdv srzhu
+dw 8( vljql�fdqfh ohyho, 3=96 dqg 3=;8 lq wkh �uvw dqg vhfrqg odj uhvshfwlyho| djdlqvw wkh
ELOLQHDU dowhuqdwlyh/ 3=<6 rq wkh wklug odj iru wkh QOPD prgho/ 3=;8 rq wkh �uvw odj iru
WDU prgho dqg 3=<< iru wkh DUFK+4, prgho1 Wkh whvw kdv dovr srzhu rq ydulrxv odjv iru
wkh JDUFK+4/4, prgho1

Srzhu frqvlghudwlrqv vxjjhvw wkdw � @ 3=8 shuirupv srruo| lq frpsdulvrq zlwk kljkhu
edqgzlgwkv1 D uhdvrqdeoh wudgh0r� ehwzhhq vl}h dqg srzhu vhhpv wr vxjjhvw d fkrlfh ri
� � 4=31 Iru vrph prghov wkh srzhu ri wkh olqhdulw| whvw lv voljkwo| vpdoohu wkdq iru wkh
lqghshqghqfh whvw= wklv odfn ri srzhu fdq eh gxh wr wkh idfw wkdw zh duh whvwlqj iru d pruh
jhqhudo qxoo k|srwkhvlv zlwk wkh olqhdulw| whvw1 Wkh prghov h{dplqhg khuh gr qrw h{klelw
olqhdu vwuxfwxuh1 Wkh idfw wkdw wkh gl�huhqfhv lq srzhu duh vpdoo vxjjhvwv wkdw olwwoh lv orvw lq
whupv ri vl}h dqg srzhu zkhq wkh pruh jhqhudo qxoo k|srwkhvlv ri olqhdulw| lv whvwhg iru1

�  
�
�
	�� !���
	��
���

Zh dssolhg rxu whvwv iru lqghshqghqfh dqg olqhdulw| wr wkuhh ehqfkpdun wlph vhulhv lq wkh
vwdwlvwlfdo olwhudwxuh= wkh o|q{ gdwd +W @ 447,/ wkh vxqvsrw gdwd +W @ 5;;, dqg wkh eorz�|
gdwd +W @ 694,1 Vhh Wrqj +4<<3, iru ixuwkhu ghwdlov uhodwhg wr wkhvh wlph vhulhv1 Wkh uhvxowv
duh vxppdul}hg lq Wdeohv :~<1

Wdeoh : qhdu khuh

Wdeoh ; qhdu khuh
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Wdeoh < qhdu khuh

Iru wkh uhodwlyho| vkruw o|q{ wlph vhulhv wkhuh zhuh rqo| yhu| ihz qhljkerxulqj srlqwv lq
kljk hpehgglqj glphqvlrqv +dq h�hfw nqrzq dv wkh fxuvh ri glphqvlrqdolw|,1 Wkhuhiruh zh
whvwhg xs wr d pd{lpxp odj p ri 8 iru wkh o|q{ gdwd dqg 43 iru wkh rwkhu wzr wlph vhulhv1 Zh
dssolhg wkh whvwv xvlqj gl�huhqw edqgzlgwkv= � @ 3=8> 4=3 dqg 4=81 Iru wkh vpdoohvw edqgzlgwk/
zh irxqg hylghqfh vxjjhvwlqj ghshqghqfh iru wkh o|q{ gdwd dw odjv p @ 4 dqg p @ 5 zkloh
hylghqfh iru qrqolqhdulw| zdv irxqg rqo| dw p @ 41 Hyhq wkrxjk hylghqfh iru ghshqghqfh lv
suhvhqw iru doo edqzlgwkv/ wkh lqirupdwlrq frqfhuqlqj wkh uhohydqw odjv lv pl{hg1 Zkloh iru
vpdoo � wkh whvw uhmhfwv/ lw grhv qrw qhfhvvdulo| gr vr iru odujhu �1 Wklv lv d w|slfdo ihdwxuh ri
WDU prghov dv vkrzq e| wkh uhvxowv lq Wdeohv 6 dqg 9 zkhuh pd{lpdo srzhu lv uhdfkhg iru
wkh vpdoohu edqgzlgwk ydoxhv1

Iru wkh vxqvsrw gdwd wkh uhvxowv duh vlplodu= lqghshqghqfh lv uhmhfwhg dw odjv 4 dqg 6 exw
iru wkh vhfrqg odj rqo| iru wkh vpdoohvw edqgzlgwk1 Olqhdulw| lv dovr uhmhfwhg iru wkh vpdoohvw
�0ydoxh dw wkh �uvw wzr odjv1

Wkh eorz�| gdwd vkrz vljqv ri ghshqghqfh iru wkh �uvw odj exw qrw iru dq| kljkhu odjv1
Qr hylghqfh iru qrq0olqhdulw| lv irxqg iru wkh eorz�| gdwd1

" ���	���
��

Lq wklv sdshu zh sursrvh lqirupdwlrq wkhruhwlf errwvwuds whvwv iru lqghshqghqfh dqg olqhdulw|1
Wkh uhvxowv ri wkh vlpxodwlrq vwxg| vkrz wkdw wkh whvw iru lqghshqghqfh kdv jrrg srzhu
surshuwlhv dw prghudwh vdpsoh vl}hv/ zkhq frpsduhg wr wkh EGV whvw/ dqg lq dgglwlrq surylghv
lqvljkwv lqwr wkh odj ghshqghqfh lq wkh gdwd jhqhudwlqj surfhvv1 Wkh srzhu ri erwk whvwv
w|slfdoo| lqfuhdvhv zkhq odujhu edqgzlgwk ydoxhv � duh wdnhq1 Krzhyhu/ fduh vkrxog eh wdnhq
wr dyrlg _ohdndjh% ri srzhu wr rwkhu odjv dv d uhvxow ri wdnlqj wkh edqgzlgwk � wrr odujh1
Wkh fkrlfh � @ 4 dsshduv wr eh d uhdvrqdeoh wudgh0r� ehwzhhq wkhvh h�hfwv iru wkh prghov
h{dplqhg1 Wkh vl}h ri wkh lqghshqghqfh whvw e| frqvwuxfwlrq lv htxdo wr wkh qrplqdo vl}h1 Iru
wkh prgho h{dplqhg/ wkh vl}h ri wkh olqhdulw| whvw wxuqhg rxw wr eh dovr forvh wr wkh qrplqdo
ohyho1 Pruhryhu/ iru prghov zlwkrxw olqhdu vwuxfwxuh/ wkh srzhu ri wkh olqhdulw| whvw zdv irxqg
wr eh forvh wr wkdw ri wkh lqghshqghqfh whvw1 Wklv vxjjhvwv wkdw olwwoh lv orvw lq whupv ri vl}h
dqg srzhu zkhq whvwlqj wkh pruh jhqhudo qxoo k|srwkhvlv ri olqhdulw| lqvwhdg ri lqghshqghqfh1

!	#��$�����
����

Wkh dxwkruv zlvk wr wkdqn wkh Qhwkhuodqgv* Rujdqlvdwlrq iru Vflhqwl�f Uhvhdufk +QZR, iru
wkhlu �qdqfldo vxssruw/ dqg wr dfnqrzohgjh Gdj Wm�vwkhlp iru klv frpphqwv rq dq hduolhu
gudiw ri wklv pdqxvfulsw1
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Dsdulflr/ I1 P1 dqg Hvfuledqr/ D1 +4<<;,1 Lqirupdwlrq0wkhruhwlf dqdo|vlv ri vhuldo ghshqghqfh
dqg frlqwhjudwlrq1 Vwxglhv lq Qrqolqhdu G|qdplfv dqg Hfrqrphwulfv/ 6/ qxpehu 6/ 44<~
4731

Dxhvwdg/ E1 dqg Wm�vwkhlp/ G1 +4<<3,1 Lghqwl�fdwlrq ri qrqolqhdu wlph vhulhv= Iluvw rughu
fkdudfwhul}dwlrq dqg rughu ghwhuplqdwlrq1 Elrphwulnd/ ::/ qxpehu 7/ 99<~9;:1

Eoxp/ M1 U1/ Nlhihu/ M1 dqg Urvhqeodww/ P1 +4<94,1 Glvwulexwlrq iuhh whvwv ri lqghshqghqfh
edvhg rq wkh vdpsoh glvwulexwlrq ixqfwlrq1 Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ 65/ 7;8~<;1

Eurfn/ Z1 D1/ Ghfkhuw/ Z1 G1/ Vfkhlqnpdq/ M1 D1 dqg E/ OhEdurq +4<<9,1 D whvw iru
lqghshqghqfh edvhg rq wkh fruuhodwlrq glphqvlrq1 Hfrqrphwulf Uhylhzv/ 48/ qxpehu 6/
4<:~5681

Fkdq/ Q1 K1 dqg Wudq/ O1 W1 +4<<5,1 Qrqsdudphwulf whvwv iru vhuldo ghshqghqfh1 Mrxuqdo ri
Wlph Vhulhv Dqdo|vlv/ 46/ qxpehu 4/ 4<~5;1

Fkhqj/ E1 dqg Wrqj/ K1 +4<<4,1 Rq frqvlvwhqw qrqsdudphwulf rughu ghwhuplqdwlrq dqg fkdrv1
Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw| E/ 87/ qxpehu 5/ 75:~77<1

Ghojdgr/ P1 D1 +4<<9,1 Whvwlqj vhuldo lqghshqghqfh xvlqj wkh vdpsoh glvwulexwlrq ixqfwlrq1
Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ 4:/ qxpehu 6/ 5:4~5;81

Glnv/ F1 +4<<<,1 Frqvlvwhqw whvwlqj iru vhuldo lqghshqghqfh1 Whfkqlfdo Uhsruw1 FhQGHI
zrunlqj sdshu <<035/ Xqlyhuvlw| ri Dpvwhugdp1

Judqjhu/ F1 Z1 dqg Olq/ M1 O1 +4<<7,1 Xvlqj wkh pxwxdo lqirupdwlrq frh�flhqw wr lghqwli|
odjv lq qrqolqhdu prghov1 Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ 48/ qxpehu 7/ 6:4~6;71

Kmhooyln/ Y1 dqg Wm�vwkhlp/ G1 +4<<8,1 Qrqsdudphwulf whvwv ri olqhdulw| iru wlph vhulhv1
Elrphwulnd/ ;5/ qxpehu 5/ 684~69;1

Kmhooyln/ Y1/ \dr/ T1 dqg Wm�vwkhlp/ G1 +4<<;,1 Olqhdulw| whvwlqj xvlqj sro|qrpldo dssur{l0
pdwlrq1 Mrxuqdo ri Vwdwlvwlfdo Sodqqlqj dqg Lqihuhqfh/ 9;/ qxpehu 5/ 5<8~6541

Krqj/ \1 +4<<;,1 Whvwlqj iru sdluzlvh lqghshqghqfh yld wkh hpslulfdo glvwulexwlrq ixqfwlrq1
Mrxuqdo ri Ur|do Vwdwlvwlfdo Vrflhw| E/ 93/ 75<~7861

Nxooedfn/ V1 +4<8<,1 Lqirupdwlrq Wkhru| dqg Vwdwlvwlfv1 Qhz \run= Zloh| ) Vrqv1

Sulfkdug/ G1 dqg Wkhlohu/ M1 +4<<8,1 Jhqhudol}hg uhgxqgdqflhv iru wlph vhulhv dqdo|vlv1 Sk|vlfd
G/ ;7/ 7:9~7<61

Urelqvrq/ S1 P1 +4<<4,1 Frqvlvwhqw qrqsdudphwulf hqwurs|0edvhg whvwlqj1 Uhylhz ri Hfrqrplf

Vwxglhv/ 8;/ 76:~7861

Vdylw/ U1 dqg Juhhq/ P1 +4<<4,1 Wlph vhulhv dqg ghshqghqw yduldeohv1 Sk|vlfd G/ 83/ qxpehu
83/ l<8~4491

Vndxj/ K1 M1 dqg Wm�vwkhlp/ G1 +4<<6d,1 D qrqsdudphwulf whvw ri vhuldo lqghshqghqfh edvhg
rq wkh hpslulfdo glvwulexwlrq ixqfwlrq1 Elrphwulnd/ ;3/ qxpehu 6/ 8<4~9351
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Vndxj/ K1 M1 dqg Wm�vwkhlp/ G1 +4<<6e,1 Qrqsdudphwulf whvwv ri vhuldo lqghshqghqfh1 Lq
Ghyhorsphqwv lq Wlph Vhulhv Dqdo|vlv= Lq Krqrxu ri Pdxulfh E1 Sulhvwoh| +hg1 W1 Vxeed
Udr,/ ss1 53:~5631 Fkdspdq ) Kdoo/ Orqgrq1

Wm�vwkhlp/ G1 +4<<9,1 Phdvxuhv ri ghshqghqfh dqg whvwv ri lqghshqghqfh1 Vwdwlvwlfv/ 5;/
57<~5;71

Wrqj/ K1 +4<<3,1 Qrqolqhdu wlph vhulhv dqdo|vlv= D g|qdplfdo v|vwhp dssurdfk1 R{irug
Xqlyhuvlw| Suhvv/ R{irug1

Wvfkhuqlj/ U1 dqg \dqj/ O1 +5333,1 Qrqsdudphwulf odj vhohfwlrq iru wlph vhulhv1 Mrxuqdo ri

Wlph Vhulhv Dqdo|vlv/ 54/ qxpehu 7/ 78:~7;:1

Zx/ N1/ Vdylw/ U1 dqg Eurfn/ Z1 +4<<6,1 Vwdwlvwlfdo whvwv iru ghwhuplqlvwlf h�hfwv lq eurdg
edqg wlph vhulhv1 Sk|vlfd G/ 9</ 4:5~4;;1
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W @ 433 W @ 533 W @ 833

� p @ 4 5 6 7 4 5 6 7 4 5 6 7

3=8 3=54 3=5< 3=73 3=7; 3=47 3=56 3=65 3=75 3=3< 3=47 3=58 3=67
4=3 3=46 3=48 3=4< 3=56 3=3; 3=3< 3=46 3=4: 3=3: 3=39 3=3: 3=43
4=8 3=44 3=45 3=46 3=49 3=3; 3=3< 3=3< 3=43 3=39 3=39 3=39 3=3;
5=3 3=48 3=49 3=4: 3=49 3=3; 3=43 3=43 3=43 3=39 3=3: 3=3: 3=3:

Wdeoh 4

Qdph Prgho

DU+4, || @ 3=9||3� . x|
DWP || @ 4=58||3�L+3 � ||3� � 3=;, . 8+4� ||3�,L+3=; ? ||3� � 4,
ELOLQHDU || @ 3=9x|3�||32 . x|
QOPD || @ 3=9x2|3� . x|
WDU || @ �3=8||3�L+||3� � 4, . 3=9||3�L+||3� A 4, . x|

DUFK+4, || @
s
k|x|/ k| @ 4. 3=9|2|3�

JDUFK+4/4, || @
s
k|x|/ k| @ 4. 3=6|2|3� . 3=9k|3�

Wdeoh 5



W @ 433 W @ 533

Prgho � p @ 4 5 6 7 4 5 6 7

3=8 3=<4 3=36 3=35 3=34 4=33 3=35 3=35 3=34
DU+4, 4=3 3=<: 3=36 3=35 3=35 4=33 3=35 3=34 3=35

4=8 3=<; 3=37 3=35 3=35 4=33 3=37 3=34 3=35

3=8 4=33 3=33 3=33 3=33 4=33 3=33 3=33 3=33
DWP 4=3 4=33 3=33 3=33 3=33 4=33 3=33 3=33 3=33

4=8 4=33 3=33 3=33 3=33 4=33 3=33 3=33 3=33

3=8 3=59 3=59 3=35 3=35 3=83 3=8; 3=37 3=34
ELOLQHDU 4=3 3=6: 3=87 3=37 3=36 3=96 3=;9 3=3: 3=36

4=8 3=6: 3=8; 3=38 3=35 3=97 3=;; 3=38 3=35

3=8 3=36 3=38 3=58 3=36 3=39 3=39 3=87 3=35
QOPD 4=3 3=38 3=3: 3=99 3=36 3=39 3=39 3=<8 3=35

4=8 3=38 3=39 3=:3 3=36 3=39 3=38 3=<9 3=36

3=8 3=94 3=37 3=35 3=35 3=<4 3=38 3=37 3=34
WDU 4=3 3=95 3=39 3=36 3=36 3=;< 3=3: 3=36 3=36

4=8 3=78 3=3; 3=36 3=37 3=:6 3=44 3=37 3=36

3=8 3=:6 3=38 3=35 3=35 3=<; 3=39 3=35 3=35
DUFK 4=3 3=;9 3=39 3=35 3=36 3=<< 3=3; 3=36 3=35

4=8 3=;9 3=3: 3=35 3=34 3=<< 3=43 3=35 3=35

3=8 3=7: 3=54 3=39 3=35 3=94 3=69 3=48 3=3:
JDUFK 4=3 3=97 3=73 3=4: 3=39 3=<3 3=9; 3=6: 3=46

4=8 3=96 3=6; 3=4; 3=3: 3=;< 3=:5 3=74 3=49

Wdeoh 6



Prgho p @ 4 5 6 7

DU+4, 3=<; 3=<9 3=<7 3=<5
DWP 4=33 4=33 4=33 4=33

ELOLQHDU 3=6< 3=93 3=95 3=94
QOPD 3=3: 3=3; 3=4; 3=58
WDU 3=97 3=93 3=86 3=79
DUFK 3=;: 3=;5 3=:: 3=:4
JDUFK 3=96 3=:3 3=:6 3=:8

Wdeoh 7

W @ 433 W @ 533

� p @ 4 5 6 7 4 5 6 7

3=8 3=39 3=38 3=37 3=37 3=37 3=38 3=37 3=38
4=3 3=39 3=37 3=38 3=38 3=39 3=37 3=38 3=38
4=8 3=36 3=38 3=37 3=39 3=34 3=38 3=36 3=37
5=3 3=33 3=38 3=38 3=38 3=33 3=37 3=38 3=38

Wdeoh 8



W @ 433 W @ 533

Prgho � p @ 4 5 6 7 4 5 6 7

3=8 4=33 3=33 3=33 3=33 4=33 3=33 3=33 3=33
DWP 4=3 4=33 3=33 3=33 3=33 4=33 3=33 3=33 3=33

4=8 4=33 3=33 3=33 3=33 4=33 3=33 3=33 3=33

3=8 3=57 3=54 3=37 3=36 3=86 3=88 3=37 3=35
ELOLQHDU 4=3 3=69 3=86 3=38 3=35 3=96 3=;8 3=38 3=35

4=8 3=73 3=8< 3=37 3=36 3=98 3=;< 3=38 3=36
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