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Abstract

We propose a simple misspecification equilibrium concept and a behavioral learning
process explaining excess volatility in stock prices and high persistence in inflation.
Boundedly rational agents use a simple univariate linear forecasting rule and in
equilibrium correctly forecast the unconditional sample mean and first-order sam-
ple autocorrelation. In the long run, agents thus learn the best univariate linear
forecasting rule, without fully recognizing the structure of the economy. In a first
application, an asset pricing model with AR(1) dividends, a unique stochastic con-
sistent expectations equilibrium (SCEE) exists characterized by high persistence and
excess volatility, and it is globally stable under learning. In a second application,
the New Keynesian Phillips curve, multiple SCEE arise and a low and a high per-
sistence misspecification equilibrium co-exist. Learning exhibits path dependence
and inflation may switch between low and high persistence regimes.
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1 Introduction

Expectation feedback plays a crucial role in economics and finance. Since the intro-
duction by Muth (1961), and its application in macroeconomics by Lucas (1972), the
Rational Expectation Hypothesis (REH) has become the predominant paradigm. A Ra-
tional Expectation Equilibrium (REE) is in fact a fixed point of an expectation feedback
system. Typically it is assumed that rational agents perfectly know not only the correctly
specified market equilibrium equations, but also their parameter values conditional upon
all available information.

Despite its popularity, the REH has been criticized for its highly demanding and
unrealistic information requirements. Adaptive learning models have been proposed as
an alternative to rational expectations; see, e.g. Sargent (1993, 1999) and Evans and
Honkapohja (2001) for extensive surveys. In contrast to rational expectations, adaptive
learning models assume that agents do not have perfect knowledge about market equilib-
rium equations, but agents are assumed to have some belief, the perceived law of motion,
about the actual law of motion; the corresponding parameters are not known, but are
estimated by adaptive learning based on available observations. The implied actual law
of motion under adaptive learning is thus a time-varying self referential system, depending
on the perceived law of motion. Under this framework, a rational expectations equilibrium
is simply a situation in which the implied law of motion exactly coincides with the per-
ceived law of motion, and adaptive learning may converge to such a rational expectations
equilibrium. In other words, convergence of adaptive learning to a rational expectations
equilibrium can occur when the perceived law of motion is correctly specified.

In general a perceived law of motion will be misspecified. White (1994) argues that
an economic model or a probability model is only a more or less crude approximation to
whatever might be the "true” relationships among the observed data and consequently it
is necessary to view economic and/or probability models as misspecified to some greater
or lesser degree. Sargent (1991) first develops a notion of equilibrium as a fixed point
of an operator that maps the perceived law of motion (a vector ARMA process) into a
statistically optimal estimator of the actual law of motion. This may be viewed as an
early example of a Restricted Perceptions Equilibrium (RPE), as defined by Evans and
Honkapohja (2001), formalizing the idea that agents have misspecified beliefs, but within
the context of their forecasting model they are unable to detect their misspecification.

Branch (2006) gives an excellent survey and argues that the RPE is a natural alternative



to rational expectation equilibrium because it is to some extent consistent with Muth’s
original hypothesis of REE while allowing for bounded rationality by restricting the class
of the perceived law of motion.

The main contribution of our paper is to develop a behavioral equilibrium concept,
where agents try to learn a simple but misspecified forecasting rule. Our equilibrium
concept - Stochastic Consistent Expectations Equilibrium (SCEE) - may be viewed as
the simplest RPE and therefore it seems more likely that agents might coordinate their
expectations and learn such a simple behavioral equilibrium. The actual law of motion
(ALM) of the economy is a two (or higher) dimensional linear stochastic system. Agents
are forecasting one variable - say the price - of the economy using a simple univariate AR(1)
forecasting rule. In a SCEE the mean and the first-order autocorrelation of realized prices
in the economy coincide with the corresponding mean and first-order autocorrelation of
agents’ AR(1) perceived law of motion (PLM). In addition, a simple adaptive learning
scheme - Sample Autocorrelation Leaning (SAC-learning) - with an intuitive behavioral
interpretation, enforces convergence to the (stable) SCEE.

We illustrate our behavioral equilibrium concept in two standard applications. In the
first - an asset pricing model with an exogenous stochastic dividend process - the SCEE
is unique and the SAC-learning scheme always converges to the SCEE. The SCEE is
characterized by excess volatility with asset prices much more volatile (with the variance
in asset prices more than doubled) than under REE. In the second application - a New
Keynesian Philips curve (NKPC) - with an exogenous AR(1) process for the output gap
and an independent and identically distributed (i.i.d.) stochastic shock to inflation -
multiple stable SCEE may co-exist. In particular, for empirically plausible parameter
values a SCEE with highly persistent inflation exists, matching the stylized facts of US-

inflation data.

Related literature

Our behavioral equilibrium is closely related to the Consistent Expectations Equilib-
rium (CEE) introduced by Hommes and Sorger (1998), where agents believe that prices
follow a linear AR(1) stochastic process, whereas the implied actual law of motion is a
deterministic chaotic nonlinear process. Along a CEE, price realizations have the same
sample mean and sample autocorrelation coefficients as the AR(1) perceived law of mo-

tion. A CEE is another early example of a RPE and may be seen as an ”approximate



rational expectations equilibrium”, in which the misspecified perceived law of motion is
the best linear approrimation within the class of perceived laws of motion of the actual
(unknown) nonlinear law of motion. Hommes and Rosser (2001) investigate CEE in an
optimal fishery management model and used numerical simulations to study adaptive
learning of CEE in the presence of dynamic noise. The adaptive learning scheme used
here is SAC-learning, where the parameters of the AR(1) forecasting rule are updated
based on the observed sample average and first-order sample autocorrelation. Sogner and
Mitlohner (2002) apply the CEE concept to a standard asset pricing model with inde-
pendent and identically distributed (i.i.d.) dividends and showed that the unique CEE
coincides with the REE. As we will see in the current paper, introducing autocorrelations
in the stochastic dividend process will lead to learning equilibrium different from REE.
Tuinstra (2003) analyzes first-order consistent expectations equilibria numerically in a
deterministic overlapping generations (OLG) model. Hommes et al (2004) generalize the
notion of CEE to nonlinear stochastic dynamic economic models, introducing the concept
of stochastic consistent expectations equilibrium (SCEE). In a SCEE, agents’ perceptions
about endogenous variables are consistent with the actual realizations of these variables
in the sense that the unconditional mean and autocorrelations of the unknown nonlinear
stochastic process, which describes the actual behavior of the economy, coincide with the
unconditional mean and autocorrelations of the AR(1) process agents believe in. They
applied this concept to an OLG model and studied the existence of SCEE and its relation-
ship to sample autocorrelation learning (SAC-learning) based on numerical simulations.
Showing theoretically existence of SCEE and its relationship to adaptive learning has
proven to be technically difficult, while convergence of SAC-learning has been studied only
by numerical simulations. The principle technical difficulty here is to calculate autocor-
relation coefficients, prove existence of fixed points in a nonlinear system and analyze the
relationship between SCEE and sample autocorrelation learning. Branch and McGough
(2005) obtain existence results on first-order SCEE theoretically and analyze the stabil-
ity of SCEE under real-time learning numerically in a stochastic non-linear self-referential
model where expectations are based on an AR(1) process. Lansing (2009) considers a spe-
cial class of SCEE in the New Keynesian Philips curve, where the value of the Kalman
gain parameter in agents’ forecast rule is pinned down using the observed autocorrelation
of inflation changes. Lansing (2010) studies a Lucas-type asset pricing model and found
numerically a near-rational restricted perceptions equilibrium, for which the covariance of

an underparameterized (one parameter) PLM coincides with the covariance of an approx-
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imate ALM. Bullard et al. (2008, 2010) add judgment into agents’ forecasts and use the
concept of SCEE to provide a related interesting concept of exuberance equilibria. They
study the resulting dynamics in the New Keynesian model and a standard asset pricing
model, respectively, where the driving variables are white noises (no autocorrelations).

The current paper studies the existence of SCEE and its stability under SAC-learning
in two standard applications: an asset pricing model and the New Keynesian Philips
curve. In both applications the driving variables (dividends or real marginal costs) are
assumed to follow AR(1) processes. More specifically, while the perceived law of motion
agents believe in is an AR(1) process with white noise, the true process of economy is not
an AR(1) process but a linear stochastic process driven by an exogenous autocorrelated
process. In addition to the conceptual contribution of introducing a behavioral learning
equilibrium, our paper makes two methodological contributions. First, we prove existence
of SCEE under general conditions in a misspecified framework, where prices (inflation)
have the same mean as REE. Second, we present the first proof that the SAC-learning
converges to stable SCEE and provide simple and intuitive stability conditions. SCEE
thus represents a fixed point of learning dynamics under misspecification. Moreover,
we provide interesting results in our two applications. In the asset pricing model, we
show that the SCEE is unique and (globally) stable and characterized by market prices
fluctuating around fundamental prices and exhibiting stronger serial autocorrelations and
higher volatility than the REE for plausible parameters. In the New Keynesian Philips
curve, we show that multiple SCEE may exist. In particular, for a large set of plausible
parameters a SCEE exists with highly persistent inflation. Coordination on a behavioral
learning equilibrium may thus explain high persistence in inflation (Milani, 2007).

Some other related literature, for example Timmermann (1993, 1996), Bullard and
Duffy (2001), Guidolin and Timmermann (2007) and Bullard et al. (2010), shows the
effects of learning on asset returns from different perspectives. Timmermann (1993, 1996)
shows that learning helps to explain excess volatility and predictability of stock returns
in the similar present value asset pricing model. In Timmermann (1993, 1996), the per-
ceived law of motion is correctly specified but the related parameters are estimated by
adaptive learning, and in the long run learning converges to REE. Bullard and Duffy
(2001) introduce adaptive learning into a general-equilibrium life-cycle economy with
capital accumulation and show that in contrast to perfect-foresight dynamics, the sys-
tem under least-squares learning possesses equilibria that are characterized by persistent

excess volatility in returns to capital. Guidolin and Timmermann (2007) characterize



equilibrium asset prices under adaptive, rational and Bayesian learning schemes in a
model where dividends evolve on a binomial lattice and find that learning introduces se-
rial correlation and volatility clustering in stock returns. Bullard et al. (2010) construct
a simple asset pricing example with constant known dividends and i.i.d. asset supply
and find that exuberance equilibria, when they exist, can be extremely volatile relative
to fundamental equilibria. An important conceptual difference with these references is
our behavioral interpretation of the SCEE as the simplest example of RPE. A behavioral
SCEE together with an intuitive SAC-learning scheme may explain agents’ coordination
on (almost) self-fulfilling equilibria.

The paper is organized as follows. Section 2 introduces the main concepts, i.e. first-
order SCEE and sample autocorrelation learning in a general framework. Section 3 studies
existence and stability under SAC-learning theoretically as well as numerically in a stan-
dard asset pricing model. Section 4 presents a second application, the New Keynesian
Philips curve, and shows existence of multiple SCEE and the relationship to SAC-learning

theoretically and numerically. Finally, section 5 concludes.

2 Preliminary concepts

This section briefly introduces the main concepts. Suppose that the law of motion of

an economic system is given by the stochastic difference equation

Ty = f(l'f+1> Yt Ut)> (2-1)

where z; is the state of the system (e.g. asset price or inflation) at date ¢ and zf, ; is the
expected value of z at date ¢t + 1. This denotation highlights that expectations may not
be rational. Here f is a continuous function, {u;} is an i.i.d. noise process with mean zero
and finite absolute moments!, where the variance is denoted by o2, and ¥, is a driving
variable (e.g. dividends or the output gap), assumed to follow an exogenous stochastic
AR(1) process

Yt = @+ pYi—1 + &, 0<p<l, (2.2)

where {e;} is another i.i.d. noise process with mean zero and finite absolute moments,

with variance o2, and uncorrelated with {u;}. The mean of the stationary process y; is

£

IThe condition on finite absolute moments is required to obtain convergence results under SAC-

learning.



. . 2 . . .
= 1%;)’ the variance is 05 = 1f5p > and the kth-order autocorrelation coefficient of y; is

Y
P, see for example, Hamilton (1994).

Agents are boundedly rational and do not know the exact form of the actual law
of motion in (2.1). We assume that, in order to forecast z;.;, agents only use past
observations x;_1,x;_9,---, etc. Hence agents do not recognize that x; is driven by an
exogenous stochastic process 1. Instead agents believe that the economic variable z;
follows a simple linear stochastic process. More specifically, agents’ perceived law of
motion (PLM) is an AR(1) process, as in Hommes et al. (2004) and Branch and McGough
(2005), i.e.

Ty = o+ ﬂ(xt—l - Oé) + (St, (23)

where « and (3 are real numbers with 8 € (—1, 1) and {0, } is a white noise process; « is the
unconditional mean of x; while (3 is the first-order autocorrelation coefficient. Given the
perceived law of motion (2.3), the 2-period ahead forecasting rule for x,,; that minimizes

the mean-squared forecasting error is
2l =a+ Bz — ). (2.4)

Combining the expectations (2.4) and the law of motion of the economy (2.1), we obtain

the implied actual law of motion (ALM)

Ty = f(Oé + 62($t—1 - Oé), Y, ut)> (25)

with y; an AR(1) process as in (2.2).

Stochastic consistent expectations equilibrium

We are now ready to recall the definition of stochastic consistent expectations equi-
librium (SCEE). Following Hommes et al. (2004)2, the concept of first-order SCEE is

defined as follows.

Definition 2.1 A triple (u,«, 3), where p is a probability measure and « and [ are
real numbers with 5 € (—1,1), is called a first-order stochastic consistent expectations

equilibrium (SCEE) if the three conditions are satisfied:

S1 The probability measure i1 is a nondegenerate invariant measure for the stochastic

difference equation (2.5);

“In Hommes et al. (2004), the actual law of motion is z; = f(x§,;, u;), without the driving variable

y¢. However, the definitions of SCEE and SAC-learning can still be applied here.
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S2 The stationary stochastic process defined by (2.5) with the invariant measure p has

unconditional mean o, that is, E,(z) = [z du(z) = o

S8 The stationary stochastic process defined by (2.5) with the invariant measure j has

unconditional first-order autocorrelation coefficient 3.

That is to say, a first-order SCEE is characterized by the fact that both the uncondi-
tional mean and the unconditional first-order autocorrelation coefficient generated by the
actual (unknown) stochastic process (2.5) coincide with the corresponding statistics for
the perceived linear AR(1) process (2.3). This means that in a first-order SCEE agents
correctly perceive the mean and the first-order autocorrelation (persistence) of economic
variables although they do not correctly specify their model of the economy.

Our SCEE concept may be viewed as the simplest example of a RPE. It should be
stressed that the SCEE has an intuitive behavioral interpretation. In a SCEE agents use
a linear forecasting rule with two parameters, the mean o and the first-order autocorre-
lation /3. Both can be observed from past observations by inferring the average price (or
inflation level) and the (first-order) persistence of the time series. For example, 5 = 0.5
means that, on average, prices mean revert toward their long-run mean by 50 percent.
These observations could be made approximately and simply by observing the time series
of aggregate variables. It is interesting to note that in learning-to-forecast laboratory
experiments with human subjects, for many subjects forecasting behavior can indeed be
described by simple rules, such as a simple AR(1) rule, see for example, Hommes et al.
(2005), Adam (2007), Heemeijer et al. (2005), Hommes (2011).

Finally, we note that in a first-order SCEE, the orthogonality condition imposed by
Restricted Perceptions Equilibrium (RPE)

Exy [z, —a— 0z — )] = E(x— — o)y —a— (-1 — )] =0

is satisfied. The orthogonality condition shows that agents can not detect the correlation
between their forecasting errors and the agent’s perceived model, see Branch (2006). The
first-order SCEE is a RPE where agents have their model incorrect; but within the context

of their forecasting model agents are unable to detect their misspecification.

Sample autocorrelation learning

In the above definition of first-order SCEE, agents’ beliefs are described by the linear

forecasting rule (2.4) with fixed parameters o and 3. However, the parameters o and
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(G are usually unknown. In the adaptive learning literature, it is common to assume
that agents behave like econometricians using time series observations to estimate the
parameters as additional observations become available. Following Hommes and Sorger
(1998), we assume that agents use sample autocorrelation learning (SAC-learning) to
learn the parameters a and 3. That is, for any finite set of observations {zg, z1,- -, 2},

the sample average is given by
t

1
— " 2.6
T o v (2:6)
and the first-order sample autocorrelation coefficient is given by
t—1
/Gt _ Zi:O(zl at)(x1+1 Oét) (27)

Zzzo(l’i — ay)?

Hence a; and 3, are updated over time as new information arrives.

Adaptive learning is sometimes referred to as statistical learning, because agents act as
statisticians or econometricians and use a statistical procedure such as OLS to estimate
and update parameters over time. SAC-learning may be viewed as another statistical
learning procedure. We would like to stress however that SAC-learning has a simple
behavioral interpretation that agents simply infer the sample average and persistence (i.e.
first-order autocorrelation) from time series observations. We focus on the entire sample
average for ay in (2.6) and sample first-order autocorrelation for §; in (2.7) over the entire
time-horizon, but one could also restrict the learning to the last T' observations with
T relatively small (e.g., T" = 100 or even smaller). It is an easy and natural way for
agents, especially those without professional training, to estimate mean and first-order
autocorrelation directly based on data instead of some complicated statistical techniques.

Define .

1
t+1i:o

2

Rt (ZIZ’Z — Oét) s

then the SAC-learning is equivalent to the following recursive dynamical system (see

Appendix A).

( 1
Q= 0g_1 + H——l(zt — 1),
1 0 2 +3t+1 1
= _ —R_l[ _ _ _ _ T —
B = B 1+t+1 | (T — 1)($t1+t+1 CESE 1 (t+1>21’t) 28)
; )
- t_'_lﬁt—l(xt —Oét—l)Z],
1 t 9
Ry =Ry + H——l[t—l——l(xt — ) — Rt—l]-




The actual law of motion under SAC-learning is therefore given by

Ty = f(at—l + /6t2—1(xt—1 - at—l)a Yg, ut)a (29)

with a4, 5; as in (2.8) and y; as in (2.2).

In Hommes and Sorger (1998), the map f in (2.9) is a nonlinear deterministic function
depending only on ay_1 + 32 ;(2;_1 — a;_1), without the driving variable y; and the noise
u;. Hommes et al. (2004) extend the CEE framework to SCEE, with f a nonlinear
stochastic process (but without exogenous driving variable ;). In this paper the map f
is a linear function, depending on not only a;_1 + ﬂf_l(:ct_l — ay_1) and u,; but also on
an exogenous AR(1) process y;. Hence, the true law of motion of the economy is a two
dimensional linear stochastic process, while agents try to forecast using a univariate linear
model. In the following we give two typical examples in economies and study existence

of first-order SCEE and its relationship to SAC-learning in detail.

3 An asset pricing model with AR(1) dividends

A simple example of the general framework (2.1) is given by the standard present value
asset pricing model with stochastic dividends; see for example Brock and Hommes (1998).
Here we consider AR(1) dividends instead of independent and identically distributed
(ii.d.) dividends.

Assume that agents can invest in a risk free asset or in a risky asset. The risk-free
asset is perfectly elastically supplied at a gross return R > 1. p, denotes the price (ex
dividend) of the risky asset and y, denotes the (random) dividend process. Let Ej,V,
denote the subjective beliefs of a representative agent about the conditional expectation
and conditional variance of excess return p;11 + y;01 — Ry;. By the assumption that the
agent is a myopic mean-variance maximizer of tomorrow’s wealth, the demand z; for the

risky asset by the representative agent is then given by

_ E;(per1 + Yer1 — Rpy) _ Ey(pes1 + Yee1 — Rpy)
aVi(piy1 + Y1 — Rpr) ao?

Zt )

where @ > 0 denotes the risk aversion coeflficient and the belief about the conditional

variance of the excess return is assumed to be constant over time?, i.e. Vi(pir1 + yip1 —

Rp;) = o2

3This assumption is consistent with the assumption that agents believe that prices follow an AR(1)

process and dividends follow a stochastic AR(1) process with finite variance.
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Equilibrium of demand and supply implies

Et(pt+l + Y1 — Rpy)
ao?

= Zs,

where z, denotes the supply of outside shares in the market, assumed to be constant over
time. Without loss of generality*, we assume zero supply of outside shares, i.e. z, = 0.

The market clearing price in the standard asset pricing model is then given by

1
b = R [pfﬂ + yf+1}a (3.1)

where pf,, is the conditional expectation of next period’s price py4; and yy,; is the con-
ditional expectation of next period’s dividend ;1.

Dividend {y;} is assumed to follow an AR(1) process (2.2). Suppose that the risky
asset (share) is traded, after payment of real dividends y,;, at a competitively determined

price p;, so that ¥, is known by agents, and

Yir1 = a+ pys- (3.2)

The market clearing price in the standard asset pricing model with AR(1) dividends is
then given by

1
pe= g P +at oy, (33)
where dividend y; follows the AR(1) process (2.2). Compared with our general framework

(2.1), here the map f is a simple linear function and the noise u; = 0.

3.1 Rational expectations equilibrium with AR(1) dividends

Under the assumption that agents are rational, a straightforward computation (see

Appendix B) shows that the rational expectations equilibrium p} satisfies

aR p
Py = + Yi. 3.4
CwonwE- ) TR 34
In particular, if {y} is iid., ie. a = § and p = 0, then p; = 5 = % for any

t=0,1,2,---.
Thus based on (3.4), the unconditional mean and the unconditional variance of the
rational expectation price p; are given by, respectively,
a y

F::E(pﬁ = (R—l)(l—p):R—17 (35)

Vari) = B0~ = m iy (3.6)

4In the case z; > 0, the difference with the analysis below only lies in the mean of the SCEE o* =

y—a 2 . . . .
¥=273%=. The analysis on autocorrelations and variances remains the same.
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Furthermore, the first-order autocovariance and autocorrelation coefficient of the rational

expectation price p; are given by, respectively,

_ _ pPo?
Corr(p;,pi_1) = p. (3.7)

3.2 Existence of first-order SCEE

We now relax the rational expectation assumption and assume that agents are bound-

edly rational and believe that the price p; follows a univariate AR(1) process
pr=a+ B(pi1 — a) + 6. (3.8)

Given the perceived law of motion and knowledge of all prices observed up to period t —1,
the 2-period ahead forecasting rule for p;;; that minimizes the mean-squared forecasting
error is

P = a+ B — ). (3.9)

By substituting (3.9) into (3.3), we obtain the implied actual law of motion for prices

1
pe=—[a+ B (por — ) + a+ py,
R (3.10)

Yt = a+ pYi-1 + &
For the PLM (3.8) and the ALM (3.10), we first study the existence and uniqueness of
first-order SCEE.
Since 0 < ﬁ—RQ < land 0 < p < 1, the price process (3.10) is stationary and ergodic.

Denote the unconditional expectation of p; by p. Then p satisfies

Rp=a(l—3)+3p+a+py=a(l—3)+3p+7.

Hence ,
o al=-0)+y
=— = 3.11
p R (3.11)
Imposing the first consistency requirement of a SCEE on the mean, i.e. p = «, yields
y .
TR (3.12)

Hence using (3.5), we conclude that in a SCEE the unconditional mean of market
prices coincides with the REE fundamental prices. That is to say, in a SCEE market

prices fluctuate around the fundamental prices.
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Next consider the second consistency requirement of a SCEE on the first-order auto-
correlation coefficient 3 of the PLM. A straightforward computation (see Appendix C)
shows that the first-order autocorrelation coefficient C'orr(p;, p;—1) of the ALM satisfies

Corr(pe, pi—1) = % = F(f). (3.13)
Define G(3) := F(8) — 8. In the case that p > 0, since G(0) = p > 0 and G(1) =
% -1 = (1_213%_}%) = _Tp(il_%p) < 0, there exists at least one * € (0, 1), such that
G(p*) =0, ie.
F() =57

Furthermore, because F(0) = p and F'(§) = % > 0 for § € (0,1), we have
F(B) > p for 5 € (0,1). Hence

B* > p.
It can be shown (see Appendix D) that §* is unique. We thus have the following propo-

sition on first-order stochastic consistent expectations equilibrium.

Proposition 1 In the case that 0 < p < 1, there ewists a unique nonzero first-order

stochastic consistent expectations equilibrium (o, 5*) for the asset pricing model with

AR(1) dividends (3.10), which satisfies a* = (Rgl) =p* and 5* > p.

This proposition states that in a SCEE self-fulfilling market prices have the same mean as
the fundamental prices, but a higher first-order autocorrelation coefficient than the funda-
mental prices. In other words, in a SCEE market prices fluctuate around the fundamental

prices but with a higher persistence than under REE.

3.2.1 Numerical analysis

Now we illustrate the above results numerically. For example, consider R = 1.05, p =
0.9,a = 0.005,&; ~ id.i.d. U(—0.01,0.01) (i.e. uniform distribution on [—0.01,0.01])S.

Figures 1la 7 and 1b illustrate the existence of a unique stable first-order SCEE, where

(a*,3*) = (1,0.997). The time series of fundamental prices and market prices with
®In the case that p = 0, F(3) = ﬁ—Rz, which can be obtained from (3.13). Hence G(3) = %2_ = B(ﬁ};R).

Since 8 < 1 < R, the only equilibrium is 8 = 0. Therefore, in the case that p = 0, there is no nonzero

first-order stochastic consistent expectations equilibrium (SCEE).
6As shown theoretically above, the numerical results are independent of selection of the parameter

values within plausible ranges, sample paths, initial values and distribution of noise.
"In Figure 1a, we take 3 = 0.9. However in fact, a* is independent of /3, as can be seen from (3.12).
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(o, B) = (a*, B*) are shown in Figure 1c, which illustrates that the market price fluctuates
around the fundamental price but has more persistence and exhibits excess volatility. In
fact, based on Proposition 1, in a SCEE the mean of the market prices is equal to that
of the fundamental prices and the first-order autocorrelation coefficient 3* of the market
prices is greater than that of the fundamental prices p, implying that the market prices
have higher persistence. In order to further illustrate this, the autocorrelation functions
of the market prices and the fundamental prices are shown in Figure 1d. It can be seen
from Figure 1d that autocorrelation coefficients of the market prices are higher than those
of the fundamental prices and hence the market prices have higher persistence.

We now investigate how the first-order SCEE and excess volatility of market prices
depend on the autoregressive coefficient of dividends p, which is also the first-order au-
tocorrelation of fundamental prices. Consistent with Proposition 1, Figure 2a illustrates
that the first-order autocorrelation of market prices is higher than that of fundamental
prices, especially much higher as p > 0.4. In fact, based on empirical findings, e.g. Tim-
mermann (1996), the autoregressive coefficient of dividends p is about 0.9, where the
corresponding * ~ 0.997. In the case p > 0.4, correspondingly the variance of market
prices is larger than that of fundamental prices, as illustrated in Figure 2b. In the Figure
2b, the ratio of variance of market prices and variance of fundamental prices is greater
than 1 for 0.4 < p < 1. For p = 0.9, % ~ 2.5. Given the variance of fundamental prices

(3.6) and the variance of market prices (C.6),
% _ (Fp+ R)(R-p)?

o = :
O (R? =B (R — pPp?) B=p*(p)
Proposition 1 demonstrates p < §*(p) < 1 for 0 < p < 1, and hence 3*(p) converges to 1

0'2 . . .
as p tends to 1. Thus as p tends to 1, —~ converges to 1, consistent with Figure 2b. So

p
for plausible parameter values of p, the variance of market prices is greater than that of

fundamental prices, indicating that market prices have excess volatility in the SCEE.

3.3 Stability under SAC-learning

In this subsection we study the stability of SCEE under SAC-learning in the asset
pricing model with AR(1) dividends. The asset pricing model with AR(1) dividends
under SAC-learning is given by

1

_ 2 _
P = 7 [Ozt—l + /Gt—l(pt—l at—l) +a+ pyt] ’ (3.14)

Yt = a+ pYi—1 + €,
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with ay, B, as in (2.8). This is an expectations feedback system. Realized prices influence
the perceptions agents have about economic reality and these perceptions feed back into
the actual dynamics of the economy and determine future prices that will be realized.
In order to study the dynamical behavior of the model (3.14), we first check the
stability of the unique SCEE (a*, 3*) in Proposition 1. The stability of the SCEE is in
fact determined by the coeflicient ;;—%22 in front of a in the unconditional mean in (3.11)
and by F(f) in (3.13). On one hand, since 0 < 11%__%22 < 1, it can be seen from (3.11) that
a* is stable. On the other hand, the proof of uniqueness of 5* in Appendix D shows that
0 < F'($*) < 1, and that therefore 5* is stable. We thus have stability of the unique

SCEE under SAC-learning.

Proposition 2 The unique SCEE (a*, 3*) in Proposition 1 is stable under SAC-learning,
that is, the SAC-learning process (ay, ;) converges to the unique SCEE (a*, 3*) as time

t tends to oo.

Proof. See Appendix E.
This proposition shows that the SCEE describes the long-run behavior of SAC-learning

when agents use a simple AR(1) forecasting rule.

3.3.1 Numerical analysis

Figure 3 shows that SAC-learning (cy, 3;) converges to the unique stable SCEE (a*, 5*).

Figure 3a indicates that the mean of the market prices under SAC-learning «a; tends to
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Figure 3: (a) Time series a; — a*(1.0) under SAC-learning; (b) time series 5, — (5%(0.997)
under SAC-learning; (c) time series of market prices under SAC-learning and fundamental

prices. Initial values pg = 0.3, yo = 0.08.

the mean o = 1 in the SCEE, while Figure 3b shows that the first-order autocorrelation
coefficient of the market prices under SAC-learning (; tends to the first-order autocor-
relation coefficient §* = 0.997 in the SCEE. Therefore, given the same sample path of
noise, the time series of the market prices under SAC-learning is almost the same as
that in the SCEE, which can be seen by comparing Figure 3¢ to Figure lc. That is,
the market prices under SAC-learning fluctuate around the fundamental prices but have
excess volatility and stronger autocorrelation. Therefore, the self-referential SCEE and
learning offer a possible explanation of bubbles within a stationary time series framework,

as suggested in Bullard et al. (2010).

4 The New Keynesian Philips curve with AR(1) driv-
ing variable

Now consider a second application of SCEE and learning in macroeconomics, the New
Keynesian Philips curve with an AR(1) driving variable as suggested by Lansing (2009).
Assume that the inflation and the output gap (real marginal cost) evolve according to

T = ATy + Yy + U, (4.1)

Yt = @+ pYi—1 + €,

where 7, is the inflation at time t, 77, ; is expected inflation at date ¢ 4+ 1 and y, is the
output gap or real marginal cost. A € [0,1) is the representative agent’s subjective time

discount factor, v > 0 is related to the degree of price stickiness in the economy and
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p € [0,1) describes the linear dependence of the output gap on its past value. u; and
g, are 1.i.d. stochastic disturbances with zero mean and finite absolute moments with
variances o2 and o2, respectively. The key difference with the standard asset pricing
model is that this model includes two stochastic disturbances, not only the noise ¢; of
the AR(1) driving variable, but also an additional noise u; in the New Keynesian Philips
curve. We refer to u; as a markup shock that is often motivated by the presence of a

variable tax rate and to ; as a demand shock that is uncorrelated with the markup shock.

4.1 Rational expectations equilibrium

If agents are rational, then a straightforward computation (see Appendix F) gives the

rational expectations equilibrium

N YAa gl
= . 4.2

Hence the mean and variance of rational expectations equilibrium 7; are, respectively,

= .— Bt — a
= E(n}) - Na—p) (4.3)
Var(nf) = E(rf —7%)% = 7 % + o2, (4.4)

=221 =)

Furthermore, the first-order autocovariance and autocorrelation of rational expectations
equilibrium 7} are, respectively,
2, 2
e e — V?po;
E(rn —n*)(n_, —7F) =
( t )( t—1 ) (1 _ >\p)2(1 _ p2)7

Py

72+ (1= Ap)*(1 = p%)7

Corr(m},m,) =

< o

mqm|

Note that in the special case o2 = 0, the above expression reduces to Corr(w}, 7} ;) = p
as in Eq. (3.7). Moreover, the larger the noise level o2 in the markup shock, the smaller

the first-order autocorrelation in the fundamental rational equilibrium inflation.

4.2 Existence of first-order SCEE

Suppose now that agents are boundedly rational and that their perceived law of motion

for inflation is a univariate AR(1) process.

= a+ B(m1 — ) + v (4.5)
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The implied actual law of motion then becomes

Ty = )\[a+62(7rt_1 —a)] 4+ vy + wy, (4.6)
Yt = a+ pYi-1 + €.

Denote the unconditional expectation of 7m; by 7 and the unconditional expectation of

y; by y. Then § = a/(1 — p) and 7 satisfies

7= Aa(l — ) + \3*7 + 3.

Hence ,
Aa(l — + vy
7 2ol : igz 7Y (4.7)
Imposing the first consistency requirement on the mean, i.e. 7 = M(%ﬁ?jw = «a, we get
7Y na x

1o A-ni-p %

a
Therefore using (4.3), in a SCEE the unconditional mean of inflation coincides with the
REE fundamental inflation.

After straightforward computations (see Appendix G), we obtain
a2

VA + p) + AB (1 = p?)(1 = AB?p) %
VOB +1) + (1= p)(1 = AF20) 2

Note that if we replace A by }%, v by % and o, by 0, then the autocorrelation in (4.8) is

B2+Rp
PB2+R’

— F(B). (4.8)

Corr(my, m—1) =

simplified to which coincides with the autocorrelation in the asset pricing model
in (3.13).

The second consistency requirement of first-order autocorrelation coefficient 3 yields,

F(B)=p.
Define G(3) := F(8) — 3. Since 0 < p<land 0 <\ < 1,
2
G(0) = TP S
7+ (L= p*)3%
and
g L0 AL MG
P+ 1)+ (1= p2)(1 = M)

A1 =N p) (1 X1 A1 - A%
V(Ap+1)+ (1
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Therefore, there exists at least one 3* € (0,1), such that G(3*) = 0, i.e. F(8*) = 3*. In
the special case without autocorrelation in the driving variable y;, i.e. p = 0, equation
(4.8) gives F(3) = A\3?. Hence the first-order SCEE for p = 0 is 3* = 0 and coincides
with the REE.

Proposition 3 In the case that 0 < p < 1 and 0 < X\ < 1, there exists at least one
nonzero first-order stochastic consistent expectations equilibrium (SCEE) (o, 5*) for the

New Keynesian Philips curve (4.6) with o = % = 7*.

It turns out that in the NKPC multiple SCEE may co-exist. To see this, rewrite the

first-order autocorrelation, F(3) = A3+ p(1-275%) . It is easy to see that
(AB2p+1)+(1=p2)(1-252p) 5 - 7%

gE

= |

if v or Z—% increases, then F'(3) increases, and therefore multiple SCEE may occur. The

simulations in the following subsection illustrate this point more clearly.

4.2.1 Numerical analysis

Now we illustrate the existence of SCEE and the effects of p, v and Z—g numerically.

Based on empirical findings, such as Lansing (2009), Gali et al. (2001) and Fuhrer (2006,
2009), we first examine a plausible case® in which v = 0.075, o, = 0.003162, 0. = 0.01, p =
0.9,A = 099, ~ N(0,0%),u; ~ N(0,02),a = 0.0004. Hence Z—g‘ = 0.1. Figure 4a
illustrates existence of a unique (stable) a*, where a* = 0.03. Figure 4b shows that
there exist three (§*, where §* = 0.3066,0.7417,0.9961. That is, there exist three first-
order SCEE: two stable ones (a*,3*) = (0.03,0.3066), (0.03,0.9961) and an unstable
one (a*,3*) = (0.03,0.7417). Considering that the SAC-learning converges to a stable
SCEE (see the next subsection), the stable (learnable) SCEE are the most interesting.
Figures 4c and 4d illustrate the two time series for the two (stable) SCEE (o*, 3*) =
(0.03,0.3066), (0.03,0.9961), suggesting that inflation has different persistence at different
SCEE. That is, the SCEE is an important factor in affecting inflation persistence. In
fact, the time series of inflation in the SCEE with high (* in Figure 4d has similar

persistence characteristics and amplitude of fluctuation as in empirical inflation data in

8As shown in Lansing (2009), based on regressions using either the output gap or labor’s share of
income over the period 1949.Q1 to 2004.Q4, p = 0.9,0. = 0.01. Estimates of the NKPC parameters
A, 7y, 0y, are sensitive to the choice of the driving variable, the sample period, and the econometric model
etc. Later we also examine the effects of some other parameters on SCEE. Furthermore, based on the
above theoretical results, a just affects the mean of inflation 7 but not the autocorrelation coefficient

F(B). For o, and o, F(3) only depends on their ratio ¢, /0. but not on their absolute values.
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Tallman (2003). Furthermore, Figure 4d illustrates that inflation in the SCEE with high
£* has stronger persistence than the REE inflation, where the first-order autocorrelation
coefficient of REE inflation is 0.865 less than 3* = 0.9961.

In order to further study the effects of p, Figure 5 illustrates SCEE 3* together
with the first-order autocorrelation coefficient of REE inflation as functions of p. For
0.84 < p < 0.918, two stable SCEE 3* exist separated by an unstable SCEE. The large
SCEE * is larger than the first-order autocorrelation coefficient of REE inflation, while
the small SCEE * is smaller than the first-order autocorrelation coefficient of REE in-
flation. In the next subsection we will show that for a large range of initial values of
inflation the SAC-learning converges to the stable high SCEE 3* with strong persistence.
If p > 0.918, there exists only one stable SCEE 3* with stronger persistence than REE.
Therefore for plausible values of p around 0.9, inflation in a SCEE often generates high-
persistence as shown in Figure 4d. This result is consistent with the empirical finding
in Adam (2007) that the Restricted Receptions Equilibrium (RPE) describes subjects’
inflation expectations surprisingly well and provides a better explanation for the observed
persistence of inflation than REE.

Figure 6 illustrates how the number of SCEE depends on 7. The simulations show that
for plausible v there exist at least one and at most three SCEE 3*. For sufficiently small
~v(< 0.05), there exists only one low (*, as shown in Figure 6a. As v increases, the graph

of F(B) = \3%+ (,\52p+1)+(i(1;2);2(154),\52p) —7 goes up. Aty = 0.05, a new SCEE " & 0.975
) (1— 5%

is created at a tangent bifurcation, see Figsure 6b. Immediately after that there exist three

5%, two stable equilibria and one unstable. That is, at v = 0.05, a tangent bifurcation
occurs. Figures 6¢ and 6d illustrate the three §* with the high stable 5* close to 1. As
v increases, the two stable *-values grow. At v = 0.084, another tangent bifurcation
occurs, where the lower F*-values coincide, as shown in Figure 6e. For v > 0.084, there is
only one large 3*, see Figure 6f, which corresponds to high-persistence SCEE of inflation.
Hence a larger v tends to lead to higher persistence of inflation. Intuitively with a larger
7, it can be seen from (4.1) that the driving variable (output gap or real marginal cost)
has a larger impact on inflation. Hence when the driving variable is relatively important,
a high-persistence SCEE occurs. If on the other hand, o2 increases, that is, the noise
to inflation increases, the ratio % decreases and the strong reverses and low-persistence
SCEE become more likely. That is, intuitively clear, as more noise to inflation dominates

the driving variable, this leads to a low-persistence inflation equilibrium.
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4.3 Stability under SAC-learning

The SAC-learning dynamics in the New Keynesian Philips curve with AR(1) driving
variable is given by

T = NMau_1 + B (m1 — )] + Yy + w, (4.9)

Yy = a+ pYi-1 + &
with a4, §; as in (2.8). This is another expectations feedback system with expectation
feedback from inflation forecasting. Realized inflations influence the beliefs agents have
about economic reality and these beliefs feed back into the actual dynamics of economy
and determine the future realized inflations together with an exogenous driving variable
output gap or real marginal costs.

We further check the relationship between stability of SCEE (a*, 5*) and SAC-learning.

A(1-52)
1-2\32

of the complexity of the first-order autocorrelation F(3) in (4.8), it is difficult to check
the stability of SCEE, or even the number of SCEE. We have the following relationship
between the SCEE and the SAC-learning.

For a*, since 0 < < 1, it can be seen from (4.7) that o* is stable. For 3*, because

Proposition 4 If (0 <)F (8*) < 1, then the SCEE (a*, 3%) is stable, that is, the SAC-
learning (ou, Bt) converges to the SCEE (o, %) as time t tends to co.

The proof is given in Appendix H. If the stable SCEE is not unique, the convergence de-

pends on initial states of the system, as illustrated in the following numerical simulations.
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4.3.1 Numerical analysis

For (mo,y0) = (0.028,0.01), Figures 7a and 7b show that the SAC-learning dynamics
(cu, B;) converges to the stable low-persistence SCEE (a*, %) = (0.03,0.3066). Figure
7a illustrates that the mean of inflation a; tends to the mean o* = 0.03. Figure 7b
illustrates that the first-order autocorrelation coefficient of inflation [, slowly tends to
the low-persistence stable first-order autocorrelation coefficient §* = 0.3066. For the
different initial value (7o, yo) = (0.1,0.15), our numerical simulation shows that the mean
of inflation a; under SAC-learning still tends to the mean a*, but slowly® (see Figure
7c), while Figure 7d indicates that the first-order autocorrelation coefficient of inflation
B under SAC-learning tends to the higher stable first-order autocorrelation coefficient
B* = 0.9961'%. Correspondingly given the same sample path of noise, the time series of
inflation under SAC-learning can also replicate the time series of inflation in the SCEE
after long-term learning as shown in the preceding asset pricing model.

Numerous simulations show that as initial values of inflation are (relatively) higher
than the mean o* = 0.03, the sample autocorrelation learning 3; generally enters the
high-persistence region. In particular, a large shock to the inflation may easily cause a

jump of the SAC-learning process into the high-persistence region.

5 Conclusion

In this paper we have introduced a very simple type of misspecification equilibrium
and a plausible corresponding behavioral learning process. Boundedly rational agents use
a univariate linear forecasting rule and in equilibrium correctly forecast the unconditional
sample mean and first-order sample autocorrelation. Hence, to a first order approxima-
tion the simple linear forecasting rule is consistent with observed market realizations.
Sample autocorrelation learning simply means that agents are slowly updating the two
coefficients —sample mean and first-order autocorrelation— of their linear rule. In the long
run, agents thus learn the best univariate linear forecasting rule, without fully recognizing
the structure of the economy.

We have applied our SCEE and SAC-learning concepts to a standard asset pricing

9The slow convergence is caused by the slope i‘:—;\\g in the expression (4.7), which is very close to 1

for A = 0.99, as shown in Figure 4a.

10 As shown in Figure 4b, F/(B*) is close to 1 and hence the convergence of SAC-learning is very slow.
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model with AR(1) dividends and a New Keynesian Philips curve driven by an AR(1)
process for the output gap or marginal costs. In both applications, the law of motion
of the economy is linear, but it is driven by an exogenous stochastic AR(1) process.
Agents however are not fully aware of the exact linear structure of the economy, but
use a simple univariate forecasting rule, to predict asset prices or inflation. In the asset
pricing model a unique SCEE exists and it is globally stable under SAC-learning. An
important feature of the SCEE is that it is characterized by high-persistence and excess
volatility in asset prices, significantly higher than under rational expectations. In the New
Keynesian model, multiple SCEE arise and a low and a high-persistence misspecification
equilibrium co-exist. The SAC-learning exhibits path dependence and it depends on the
initial states whether the system converges to the low-persistence or the high-persistence
inflation regime. In particular, when there are shocks— e.g. oil shocks— temporarily causing
high inflation, SAC-learning may lock into the high-persistence inflation regime.

Are these simple misspecification equilibria empirically relevant or would smart agents
recognize their (second order) mistakes and learn to be perfectly rational? This empirical
question should be addressed in more detail in future work, but we provide some argu-
ments for the empirical relevance of our equilibrium concept. Firstly, in our applications
the SCEE already explain some important stylized facts: (i) high persistence and excess
volatility in asset prices, (ii) high persistence in inflation and (iii) regime switching in
inflation dynamics, which could explain a long phase of high US inflation in the 1970s
and early 1980s as well as a long phase of low inflation in the 1990s and 2000s. Secondly,
we stress the behavioral interpretation of our misspecification equilibrium and learning
process. The univariate AR(1) rule and the SAC-learning process are examples of simple
forecasting heuristics that can be used without any knowledge of statistical techniques,
simply by observing a time series and roughly ”guestimating” its sample average and
its first-order persistence coefficient. Coordination on a behavioral forecasting heuristic
that performs reasonably well to a first-order approximation seems more likely than co-
ordination on more complicated learning or sunspot equilibria. Even though some smart
individual agents might be able to improve upon the best linear, univariate forecasting
rule, a majority of agents might still stick to their simple univariate rule. It therefore
seems relevant to describe aggregate phenomena by simple misspecification equilibria and
behavioral learning processes. In fact, there is already some experimental evidence for
the relevance of misspecification equilibria in Adam (2007). More recently Assenza et al.

(2011) and Pfajfar and Zakelj (2010) ran learning to forecasting experiments with human
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subjects in a New Keynesian framework with expectations feedback from individual in-
flation and output gap forecasts. Simple linear univariate models explain a substantial
part of individual inflation and output gap forecasting behavior.

In future work we plan to consider more general economic settings and study SCEE
and their relationship to SAC-learning. An obvious next step is to apply our SCEE and
SAC-learning framework to higher dimensional linear economic systems, with agents fore-
casting by univariate linear rules. In particular, the fully specified New Keynesian model
of inflation and output dynamics would be an interesting (two-dimensional) application.
Finally, it is interesting and challenging to study SCEE and misspecification under het-
erogeneous expectations and allow for switching between different rules. Branch (2004)
and Hommes (2011) provide some empirical and experimental evidence on heterogeneous
expectations, while Berardi (2007) and Branch and Evans (2006, 2007) have made some

related studies on heterogeneous expectations and learning in similar settings.
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Appendix

A Recursive dynamics of SAC-learning

The sample average is

1
ap = t+1[x0+x1+ 4 ]
1
= H—l[(t+1)at_1+xt—at_1]
1
= Oét_1+H—1[$t—Oét_1].
Let
ze = (wo—ay)(ry —oy) + -+ (11 — ) (x — o)
1 1
= (xg— 1 — iy l(ib“t — 1)) (T — g — H—l(xt — 1)) +
1 1
-t (fl't—l — 01 — t—l——l(zt - at—l))(l't — 01 — t—l——l(xt - at—l))
= (xo—oy_1)(xr —ou—y) + -+ (T2 — 1) (T4—1 — 1)
Ty — Q1 t—1 2
t_'_il(Qogt_l —Top— 1+ -+ QOét_l — X9 — .f(ft_l) + (t n 1)2 (l’t — Oét_l)
t t )
+t+—1(1’t—1 Oét—l)(fﬂt at—l) m(iﬁt at—l)
1
= Z1+ . 1( —oy1)[2(t — Doy—1 — 2o — 21 — -+ — 22490 — T4y + (241 — 1))
1 2
—m(% —0%—1) s
TR oo + (+ Dy — (¢ + 2)ar] — y
= 2z — (1 — 1)z Ti_q — Q1] — ————— (T4 — s
-1+ (@ +—1)|To i—1 i—1 (t+1)2t t—1
. ) Low t2 1 ]
= 2z Ty — 1) | T S — T
R L N (S ) Eh s N ) P
= zi-1+ (2 — ap1) Py,
where &y =z, 1 + 24 — t(:f’f;glozt 1 — (t+1)2xt
Write
ng = (xo— )+ (21 — ) + -+ (2 — ap)?
1 1
= (w0 — 1 — t+1(xt—at_l))2+---+(xt—ozt_1 — t+1(xt — 1))’
= (vo—ar)?*+ (1 —o 1)+ -+ (v —a 1)2+i(x —y)?
0 t— t— — — CEE t t—
t
= M1+ t+1(l’t—06t_1)2.
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All these results are consistent with those in Appendix 1 of Hommes, Sorger & Wagener

(2004). Note that in our paper R; is different from n, in Hommes et al. (2004). In fact,

R =
t t+1nt
1 t
= et e ey
Ryt )
= — x _
t+1 g2t T
L 1 [ t ( )2 R ]
= 1+ — Ty —ay_1)” — Ry
RN Pt t—1 t—1
Furthermore,
z
By = =
Uz
= [t (241 — 217
NNy
t
= _ _ — )P L — B (s — )2
B 1+ntnt_1[(2’t 1+ (2 — 1) Pa) ey — 21 (g 1+t+1($t a;1)?)]
t
= [t — [(xt — 1) Pynyg — Zi-1y n 1(% - Oét—l)z}
1 t
= B+ —[(x — g1 Py — By —a)?
B 1+nt[(iﬂt ar_1)Py — 5 1t_|_1(1't o 1)}
R;! zy P+ 3t+1 T t )
= B+ 1 |:(It ) (w1 + | G+ 172 Qg1 (t—|—1)2) t+1/6t—1(55t a-1)° |
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B Rational expectations equilibrium of prices

Under the assumption that the transversality condition lim % = 0 holds, the

k—o0

REE price can be computed as

* 1 *
e = 5 [Epiy + Bty

a+ PYt 1 *
= 7 + REtpH-l

a+ py 1 1 *
— 7 + EEt{E |:Et+1pt+2 + Et+1yt+2] }

a+ pyy Et(a + Pyt—i-l) 1 *
_ 7 + 2 + ﬁEtpt—lQ

a—]—pyt a+pa—|-,02yt 1 *
— 7 + 2 + ﬁEtptH
_a+py | a+pa+t Py atpat-+p"tatphy
= R + R2 + + Rn +

a(l—p™ n
_ a+tpy n a+ pa+ p*y; 4t (l_f’ 'y
R R2? R
< q 1\» P)" - P\"
gl—pRR) (R } ; R
a 1 1Y P

_ — +

1—p[R—1 R—p] R_pyt

aR

= + P Y- (B-1)

(R=1)(R—p) R-p

C First-order autocorrelation coefficient of price

We rewrite (3.10) as
2 2

pt_p:E(pt—l_ﬁ)‘i‘%&t—i-%ét_l—'—"- . (C.1)
Thus
El(ps — p)(p—1 —D)] = E[%(pt—l — 17)2 + %ﬁf,(pt—l —D)+ %f€t—1(pt—1 —p)+-- ]
= %E(pt—l — P’ +0+ %E[gt—l(pt—l —D)]+---. (C.2)
E[(pe — p)’]
= BT s~ 0~ + Lalo— 5+ ealp— )+
= & Bl - D)o~ DI+ 2= P + S B~ D)+ (C3)

31



Thus based on (C.2) and (C.3),

Bl = L2 Bl 5+ LB~ P+ Bleap— ]+
2 Bl 9] + Bl )]+
= (5 Bl 91+ AP e )+ BT — ) )
That is,
Bl — 97 = 20 B~ p) 4 pBleca =P 40} (C4)

In the following we will calculate F(e;_p;), k =0,1,2,---

2 2
Eleipe — D) = %E[(pt 1 — p)et]+%E[€?]+%E[&_1et]+---
R ¢
2 2
Eleia(pr—p)] = %E[(pt—l —D)er—1] + %E[gtft—l] + %E[gz%—l] +oe
2 2
= T Bl —pe + Lo
B p o, P
= R Rae—i—RJE.
/82 p p2 p3
Eleio(p —Dp)] = EE[(pt—l —P)er—a| + EE[gtgt—ﬂ + EE[c":‘t—ﬁt—z] + EE[é?f_ﬂ +
2 3
= LBl - D] + o
s B p o, 0,
- <R> R E‘i‘ﬁ'ﬁ(f&—i‘ﬁaa.
3 p P prtt
Elei_i(pe —p)] = EE[(Pt—l—15)51&—1:]+§E[5t5t—k]+§E[5t—15t—k]+‘”+ Ia Elef 4]+
2 P
= EE[(pt_ﬁ)gt—k—l—l]"i_?ae
P (PN e o (BN P (PR,
- R (R) TR <R> TR (R> P
p o B p
+§Uez E'Pk 1+§Ue2'ﬂk
k1
Ug pk+1 _ ﬁ_};)
e E . ~ 6_2
pR

32



Hence

Substituting (C.5) into (C.4), we obtain

Var(pt)

Furthermore, based on (C.2),

Corr (pt7 pt—l)

El(pr — p)(pr-1 — )|/ Var(p)

52 P2
PL_ P g
R _'_RVaT(pt){ 2 (P
po?

P TR

R R o2p?(pB*+R)
(B2—57) (1) (R— )

g R = 5

R~ R(p#?+R)

3+ Rp

pB%+ R

— )] + pEler—1(p:

Elei(pr — p)| + pEler-1(pr — )] + - -
s \ k+1
SR -5, (%)
pR — f_;
o P B
Oc 1-p2  R-pp
pR _ f_R
_ po:
(=R (C5)
El(pi — p)?]
2
(ﬁp—l—R —————{Eleps — )| + pEler1(pe — D) + -+ }
,0(52,0 + R) _ po?
=B (1=p*)(R—pp?)
2p*(8%p + R)
(R? = BY)(1 = p*)(R — pB?) (C.6)

_]3)]+...}

D Proof of uniqueness of 5* (Proposition 1)

Using the first-order autocorrelation F'(3) in

2R(1 - p?)

_ 8pB*R(1 - p?) _2R(1

— ) (R -

(3.13), it can be calculated that

3p53?) ‘

F'(B) =

(p0? + R)?

(p3* + R)?

(p3* + R)?

Therefore, if p < %, then R —33%p > R — (*R > 0. Thus G"(8) = F"(B) > 0.
1-

Note that G(0) > 0, G'(0) = —1 < 0 and G(1) < 0, G'(1) =

33

2R(

G )pj) — 1. Hence if



G'(1) <0, then G'(8*) < 0. If G'(1) > 0, then there exists a minimal point ; such that
G'(#1) = 0. Moreover, since G(1) < 0, then G(f;) < 0 (otherwise, G(1) > G(5;) > 0,
which is contradictory to G(1) < 0). Hence 5*(€ (0, ;1)) is unique and G'(5*) < 0, hence

0< F'(p*) < 1.
If p > £, then G”(ﬂ)‘ﬁ:\/m — F”(ﬂ)‘ﬁz\/m =0 and G’(ﬂ)‘ﬁz\/m is maxi-

mal. Thus in the case that p > %,

G'(B) = F'(B)-1
_ 28RO -p%)
(pB? + R)?

2V R/Bp)R(1 —p*)

(R/3+ R)?

_ 3Bl

8V Rp
3v3(1 — R%/9)

< —1
8\/R2/3
—(R—1)(R+9)

= < 0.
S8R

That is, G(3) is monotone. Therefore, in the case that 0 < p < 1, #* is unique and
G'(6*) <0, hence 0 < F'(5*) < 1.

E Proof of Proposition 2

Under the SAC-learning defined in Section 2, the state dynamics equations become

1
Py = I [at—l + @2—1(2%—1 —y_1)+a+ P?/t]a E1)

Yt = a+ pYi—1 + €

Set v, = (1 +t)~!. Since all functions are smooth, the learning rule (2.8) satisfies the
conditions (A.1-A.3) of Section 6.2.1 in Evans and Honkapohja (2001, p.124).

In order to check the conditions (B.1-B.2) of Section 6.2.1 in Evans and Honkapohja
(2001, p.125), we rewrite the system in matrix form by

Xt = A(0i-1) X1 + B(0i—1) W4,
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where 92 = (ataﬂtu Rt)uXé = (Lptapt—layt) and Wt/ = (1751&)7

0 0 0 O
a(ltp)ta(1=2) B2 o o
A(@): R R R ’
0 1 0 0
a 0 0 »p

B(#) =

o O O =
— O T O

As shown in Evans and Honkapohja (2001, p.186), A(f) and B(#) satisfy the Lipschitz
conditions and B is bounded. Since ¢; is assumed to have bounded moments, condition
(B.1) is satisfied. Furthermore, the eigenvalues of matrix A(¢) are 0 (double), p and B—Pf.
According to the assumption |5| < 1 and 0 < p < 1, all eigenvalues of A(f) are less than
1 in absolute value. Then it follows that there is a compact neighborhood including the
SCEE solution (a*, 5*) on which the condition that |A(#)| is bounded strictly below 1 is
satisfied.

Thus the technical conditions for Section 6.2.1 of Chapter 6 in Evans and Honkapohja
(2001) are satisfied. Moreover, since p; is stationary under the condition || < 1 and

0 < p < 1, the limits

0% = tlgi E(p: — 05)27 012917—1 = tliglo Ep = a)(pir = a)

exist and are finite. Hence according to Section 6.2.1 of Chapter 6 in Evans and Honkapo-

hja (2001, p.126), the associated ODE is

(do
E_p(OK?ﬂ)_au
dp _
E =0 2[0-1127;0,1 _60-2]7
\d_T_U —R
That is,
de a(l-p)+y ~ —raty
ir - R-p T R-p (E£2)
dg 3*+ Rp '
=B - p="
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Furthermore,

JF(@*7 6*) = R—Zﬁr*y /(ﬁo)
0 F'(p*)—1

Based on the analysis in Appendix D, F’(5*) — 1 < 0. Therefore, the unique stable

SCEE (a*, 3*) corresponds to the unique stable fixed point of the ODE (E.2). Thus the
SAC learning (o, 3;) converges to the unique stable SCEE (a*, %) as time ¢ tends to occ.

F Rational expectations equilibrium inflation

Under the assumption that the transversality condition limy_, )\kEt(wj ) = 0 holds,

the REE inflation is computed as

*

o= MBSt w
= )\Et[)\Et+17T£k+2 + YYt+1 + ut—i—l] + TYt + U
= NEm;,+yha+ yAoy + 7y +

= Zy)\k(pk_la +-- 4 pa+a)+ ZW(Ap)kyt + wy
k=1

k=0
— 70k K v
- A~ (A
k:11_p[ (P)]+1_)\pyt+ut
YAa gl
- . F1
(VY R S vl (F1)

G First-order autocorrelation coefficient of inflation
We rewrite model (4.6) as

T — 7T = A3 (m—1 — ) + y(ye — §) + (1)
Y — Y= pY—1—Y) + &

That is,

T — 7 = NP (M1 = T) + (Y1 — §) + Ve + u,

Y — G = p(Yh—1 — §) + &
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El(m — m)(m—1 — 7)]
= E[AB(mi1 = 7+ yp(mics = ) is — §) + (T = R)ee+ (T — 7
= AVar(m) +ypE[(mi1 — 1) (Y1 — )] + VE[(mo1 — T)ed] + (moy — Ty
= A*Var(m) +ypE[(mi-1 — 7)(ye-1 — J)]

= NB*Var(m) +vpE[(m — 7)(ye — §)]- (G.3)
Var(m)
= E(m —7)?
= B[A8(m — )7y = 7) + 9p(m = )y = §) + (w0 = e+ (m— 7
= APE[(m — ) (i1 — 7)) + ypE[(m — 7) (Ys—1 — §)] +v(me — T)er + (m — T)uy]
= MPE[(m — ) (mio1 — T)] + 9pE[(m — 7) (Ys-1 — §)] + 7707 + 03, (G.4)

where the last equation is based on the fact that E[(m — T)e;] = E[)\ﬂz(ﬂ't_l — T)er +
VoY1 — Y)ee + el + Ut’ft} = yoZ and E[(m — 7)u] = E[)\ﬁ%ﬁ—l — T)ue + 7p(ye-1 —

Y ug + yeuy + U?] =0y
Based on (G.3) and (G.4),

Var(m) = MPE[(m — 7)(m—1 — 7)) + vpE[(m — ) (yee1 — §)] + 7707 + 0
= AF[ABVar(m) + Bl — 7y — 9))] +10Bl(m — 7) s — )] + %02 + o
= NBWar(m) + ABypE[(m — 7)(ye — )] + vpE[(m — 7) (Y1 — §)] + 7702 + 0.

That is,

AFpE(m = ) (e = 9)] + 10l = W ys =PI+ V02 H 0w o

Var(m) = R

Thus, in order to obtain E[(m — 7)(m—1 — )] and Var(m;), we need calculate E[(m —

™)y = y)] and E[(m; — ) (yi-1 — 9)]-

Bl(m Ry = M) = BN = )0 = 1)+ v0 (- = 7)on — 5) + veilye = 7) + s — )|
= MNE{(m-1 = T)[p(ye—1 = §) + e} + 1B (yi-1 — ) (ye — )]
+yE{elp(yi—1 — 9) + &} + Elue(ys — W)]

2 ) o’
= APpE[(mer = M)y ~ T+ 0+ 75

+ 02 + 0.
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Thus
E[(m — %)y — 7)) = b

=) 1 —\Pp)

Hence based on (G.6),

El(m — ) (ye1 — 7)]

= F [)\52(7&—1 — D) (Yot — §) + 101 — ) + ver(pi1 — 7) + (Y1 — 7)

= MNPE[(m-1 = 7)(yee1 — )] + vE(yemr —7)*+0+0
2 7‘72 52
= M0 e T T
ol A3
_(PW%L—W%+4
voi AL —pY)+p
(1-p)  1-X3%

(G.6)

_ o p
- 5 [)\ﬁ2 + pQ] (G.7)
Therefore, based on (G.5), (G.6) and (G.7),
Var(m) = 17— )\2/64 {Aﬂ27pE — 7)Y — P)] +1pE[(m — 7) (Y1 — §)] + 702 + UZ}
B ﬁ272p0 Vpo? p
- 1—)\264{ 1—A,62)+(1—A52p)[62+1—p2]+72“3+"3}
B 2/Mﬁ22 %) + p] o
- 1—A2ﬁ4{ (1— )1 = A52%) +72+<f_3}
B 7( A62p+1 oa
- 1_)\264{ %) _} (G.8)
According to (G.3),
El(m = 7)(m1 — )] = ABVar(n) +voEl(m — 7)(yi — )]
2 v po?
= ANgVar(m)+ (G.9)

(=) (1 AFp)

Thus, the correlation coefficient Coorr(m, m;_1) satisfies

Corr(my,m—1) = FEl|(m —7)(m—1 — )]/ Var(m)

+?po?

— AP+ (1—p?)(1=A5%p)

12757 \ T=p?)(1-75%0)

o2 {(vz(/\ﬁztﬂrl) +ﬁ

o2

}

— A+ (1 = NBY)

P28+ 1) + (1 — p2)(1 — \B%) %
V(NG + p) + A (1 = p*)(1 = A3?p )—

YA+ 1)+ (1 —p?)(1 Aﬂ2)
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H Proof of Proposition 4

In order to check the conditions (B.1-B.2) of Section 6.2.1 in Evans and Honkapohja
(2001, p.125), we rewrite the system in matrix form by

Xy = A(0,—1) X1 + B(0,—1)W,,

where 0; = (ay, By, Ry), X{ = (1,7, -1, y0) and W) = (1, uy, ),

0 0 0 0
Aa(1 — 32 232 0
A(6) = a(l = %) +ya AB w|
0 1 0 0
a 0 0 »p
100
01
B(0) = i
000
00 1

As shown in Evans and Honkapohja (2001, p.186), A(0) and B() clearly satisfy the
Lipschitz conditions and B is bounded. Since u; and g, are assumed to have bounded
moments, condition (B.1) is satisfied. Furthermore, the eigenvalues of matrix A(¢) are 0
(double), p and A3?. According to the assumption |3 < 1,0 <A< land 0 < p < 1,
all eigenvalues of A(f) are less than 1 in absolute value. Then it follows that there is a
compact neighborhood including the SCEE solution (a*, 5*) on which the condition that
|A(0)] is bounded strictly below 1 is satisfied.

Thus the technical conditions for Section 6.2.1 of Chapter 6 in Evans and Honkapohja
(2001) are satisfied. Moreover, since 7 is stationary under the condition [3] < 1,0 < A <
1 and 0 < p < 1, then the limits

o? = lim BE(m, — a)? 02, = lim E(m — a)(m—1 — )

T
t—o0 1 t—o00

exist and are finite. Hence according to Section 6.2.1 of Chapter 6 in Evans and Honkapo-

hja (2001, p.126), the associated ODE is

((da
E_Tr(a7ﬁ)_aa
dﬂ_ —27 2 2
dT =0 [O-7r7r,1 ﬁO’ ]’
drR

\E—U — R.



That is,

da da(l=p) vy a1 +1y
dr 11—\ T

20\ 32 A32(1 — 2 —)\2% (H.1)
dﬁzf(ﬁ)_ﬁzv(ﬁﬂ)ﬂt g1 —=p)(1 ﬁp)gs_ﬁ.

dr VAo +1) + (1 - p?)(1 = APp)%

Hence a SCEE corresponds to a fixed point of the ODE (H.1). Furthermore, the SAC
learning (v, ;) converges to the stable SCEE (a*, %) as time ¢ tends to oo.
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