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Abstract

We generalize the concept of behavioral learning equilibrium (BLE) to a general
high dimensional linear system and apply it to the standard New Keynesian model.
Boundedly rational agents learn to use a simple AR(1) forecasting rule for each
variable with parameters consistent with the observed sample mean and autocor-
relation of past data. Agents do not fully recognize the more complex structure of
the economy, but learn to use an optimal simple AR(1) rule. We find that BLE
exists, under general stationarity conditions, typically with near unit root autocor-
relation parameters. BLE thus exhibits a novel feature, persistence amplification:
the persistence in inflation and output gap is much higher than the persistence in
exogenous fundamental driving factors. In a boundedly rational world, coordina-
tion of individual expectations on an aggregate outcome described by our simple,
parsimonious BLE seems more likely. We also consider monetary policy under BLE
for different Taylor interest rate rules and study whether inflation and/or ouput gap
targeting can stabilize coordination on near unit root BLE.
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1 Introduction

Rational Expectations Equilibrium (REE) requires that economic agents’ subjective
probability distributions coincide with the objective distribution that is determined, in
part, by their subjective beliefs. There is a vast literature that studies the drawbacks of
REE. Some of these drawbacks include the fact that REE requires an unrealistic degree
of computational power and perfect information on the part of agents. Alternatively, the
adaptive learning literature (see, e.g., Evans and Honkapohja (2001, 2013) and Bullard
(2006) for extensive surveys and references) replaces rational expectations with beliefs that
come from an econometric forecasting model with parameters updated using observed time
series. A large part of this literature involves studying under which conditions learning
will converge to the rational expectations equilibrium. When the perceived law of motion
(PLM) of agents is correctly specified, convergence of adaptive learning to an REE can
occur. However, in general the PLM will be misspecified. As shown in White (1994),
an economic model or a probability model is only a more or less crude approximation to
whatever might be the "true” relationships among the observed data and consequently it
is necessary to view economic and/or probability models as misspecified to some greater or
lesser degree. Whenever agents have misspecified PLMs a reasonable learning process may
settle down to some sort of misspecification equilibrium. In the literature, different types
of misspecification equilibria have been proposed, e.g. Restricted Perceptions Equilibrium
(RPE) where the forecasting model is underparameterized (Sargent, 1991; Evans and
Honkapohja, 2001; Adam, 2003; Branch and Evans, 2010) and Stochastic Consistent
Expectations Equilibrium (SCEE) (Hommes and Sorger, 1998; Hommes et al., 2013),
where agents learn the optimal parameters of a simple, parsimonious AR(1) rule.!

A SCEE is a very natural misspecification equilibrium, where agents in the economy
do not know the actual law of motion or even recognize all relevant explanatory variables,
but rather prefer a parsimonious forecasting model. The economy is too complex to fully
understand and therefore, as a first-order approximation, agents forecast the state of the
economy by simple autoregressive models (e.g. Fuster et al., 2010). In the simplest model
applying this idea, agents run an univariate AR(1) regression to generate out-of-sample
forecasts of the state of the economy. Hommes and Zhu (2014) provide the first-order

SCEE with an intuitive behavioral interpretation and refer to them as a Behavioral Learn-

'Branch (2006) provides a stimulating survey discussing the connection between these types of mis-

specification equilibria.



ing Equilibrium (BLE). Although it is possible for some agents to use more sophisticated
models, one may argue that these practices are neither straightforward nor widespread.
A simple, parsimonious BLE seems a more plausible outcome of the coordination process
of individual expectations in large complex socio-economic systems (Grandmont, 1998).

Hommes and Zhu (2014) formalize the concept of BLE in the simplest class of models
one can think of: a one-dimensional linear stochastic model driven by an exogenous linear
stochastic AR(1) process. Agents do not recognize, however, that the economy is driven
by an exogenous AR(1) process y;, but simply forecast the state of the economy x; using
an univariate AR(1) rule. The parameters of the AR(1) forecasting rule are not free,
but fixed (or learned over time) according to the observed sample average and first-order
sample autocorrelation. Within this simple, but general, class of models Hommes and
Zhu (2014) fully characterize the existence and multiplicity of BLE and provide stability
conditions under a simple adaptive learning scheme —Sample Autocorrelation Learning
(SAC-learning). Although this class of models is simple, it contains two important stan-
dard applications: an asset pricing model driven by autocorrelated dividends and the New
Keynesian Philips curve with inflation driven by autocorrelated output gap (or marginal
costs). As shown in Fuhrer (2009), however, the skeleton model of the New Keynesian
Philips curve with AR(1) driving variable leaves implicit the determination of real output
and the role of monetary policy in influencing output and inflation.

In this paper we extend the BLE concept to a general n-dimensional linear stochastic
framework. As an application we consider the standard two-dimensional dynamic stochas-
tic general equilibrium (DSGE) model-the New Keynesian model-and study the role of
monetary policy under BLE. Agents are boundedly rational. They do not know the exact
form of the actual law of motion because of cognitive limitations or simply prefer a par-
simonious prediction rule. Agents’ perceived law of motion (PLM) is a simple univariate
AR(1) process for each variable to be forecasted. The same consistency requirements are
imposed upon BLE to pin down the parameters of the forecasting model: for each endoge-
nous variable observed sample averages and first-order sample autocorrelations match the
corresponding parameters of the forecasting rule.

Numerous empirical studies show that overly parsimonious models with little parame-
ter uncertainty can provide better forecasts than models consistent with the actual data-
generating complex process (e.g. Nelson, 1972; Stock and Watson, 2007; Clark and West,
2007; Enders, 2010). In a similar vein (but without analytical results) Slobodyan and
Wouters (2012) study a New Keynesian DSGE model with agents using an AR(2) fore-
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casting rule. Chung and Xiao (2014) and Xiao and Xu (2014) study learning and predic-
tions with an AR(1) or VAR(1) model in a two dimensional New Keynesian model with
limited information and show, based on simulations, that the simple AR(1) model is more
likely to prevail in reality when they make predictions. Laboratory experiments in the
NK framework also show that simple forecasting rules such as AR(1) describe individual
forecasting behavior surprisingly well (Assenza et al., 2014; Pfajfar and Zakelj, 2016).
The main contributions of our paper are fourfold: (1) existence proofs of BLE in a
general linear framework, (2) stability conditions of BLE under sample autocorrelation
(SAC-) learning, (3) persistence and volatility amplification, and (4) monetary policy
stabilization analysis under BLE. Many models of learning lead to excess volatility, that
is, volatility under learning is typically much higher than under REE. Our BLE model
exhibits another novel feature, persistence amplification: the persistence of inflation and
output gap under BLE is significantly higher than under REE. In fact, even when auto-
correlations of the exogenous shocks to fundamentals are small, inflation and output gap
along BLE are near unit root processes. Monetary policy through inflation and output

targeting may have strong effects upon this persistence and volatility amplification.

Related literature

The issue of persistence has been of great interest to macroeconomists and policy-
makers. A number of models of frictions have been proposed to replicate persistence,
such as habit formation in consumption, indexation to lagged inflation in price-setting,
rule-of-thumb behavior, or various adjustment costs (Phelps, 1968; Taylor, 1980; Fuhrer
and Moore, 1992, 1995; Christiano et al., 2005; Smets and Wouters, 2003, 2005; Boivin
and Giannoni, 2006; Giannoni and Woodford, 2003). These papers essentially improve
the empirical fit by adding lags in the model equations. Estimating these rich models
with frictions under the assumption of rational expectations one typically finds that sub-
stantial degrees of habit persistence and inflation indexation are supported by the data.
Those additional sources of persistence appear, therefore, necessary to match the iner-
tia of macroeconomic variable. These estimations also typically involve highly persistent
structural shocks. Our BLE model is applied to a frictionless New Keynesian framework,
but nevertheless exhibits strong. Learning causes persistence amplification: small auto-
correlations of exogenous shocks are strongly amplified as agents learn to coordinate on

a simple AR(1) forecasting rule with near unit root parameters consistent with observed



sample average and sample autocorrelations. The high persistence of inflation and output
thus arises from a self-fulfilling mistake (Grandmont, 1998).

Our BLE concept fits with the literature employing adaptive learning to analyze the
evolution of U.S. inflation and monetary policy. Adaptive learning can help in under-
standing some particular historical episodes, such as high inflation in the 1980s, which
are often harder to explain under rational expectations. For example, Orphanides and
Williams (2003) consider a form of imperfect knowledge in which economic agents rely
on adaptive learning to form expectations. This form of learning represents a relatively
modest deviation from rational expectations that nests it as a limiting case. They find
that policies that would be efficient under rational expectations can perform poorly when
knowledge is imperfect. Milani (2007) also assumes that agents form expectations through
adaptive learning using correctly specified economic models and updating the parameters
through constant-gain learning (CGL) based on historical data. He shows empirically
that when learning replaces rational expectations, the estimated degrees of habits and
indexation drop closer to zero, suggesting that persistence arises in the model economy
mainly from expectations and learning. Fuhrer (2009) provides a good survey on inflation
persistence. He examines a number of empirical measures of reduced form persistence
including the first-order autocorrelation and the autocorrelation function of the inflation
series. He also investigates the sources of persistence, including learning of agents in a
rational- expectation setting.

Our behavioral learning equilibrium concept is closely related to the Exuberance Equi-
libria (EE) in Bullard et al. (2008), where agents’ perceived law of motion is misspecified.
However, because of difficulty of computation, in Bullard et al. (2008) there are only
numerical results on the exuberance equilibria, while here we analytically show the exis-
tence of BLE, its stability under learning and the persistence amplification in a general
linear framework with application to the New Keynesian model. Another related mis-
specification equilibrium is Limited Information Learning Equilibrium (LILE) defined in
Chung and Xiao (2014), which is defined by the least-squares projection of variables on
the past information of the actual law of motion equal to that in the perceived law of
motion. Different from the LILE, our general Behavioral Learning Equilibrium is defined
by the conditions that sample means and first-order autocorrelations of each variable of
the actual law of motion are consistent with those corresponding to the perceived law of
motion. We further study the effects of monetary policy under the more plausible BLE.
The concept of natural expectations in Fuster et al. (2010) and Fuster et al. (2011,



2012) is another misspecification concept, where agents use simple, misspecified models,
e.g., linear autoregressive models. Natural expectations, however, do not pin down the
parameters of the forecasting model through consistency requirements as for a restricted
perceptions equilibrium nor do they allow the agents to learn an optimal misspecified
model through empirical observations. Cho and Kasa (2015) study model validation in
an environment where agents are aware of misspecification and try to detect it through
adaptive learning. In our BLE misspecification is self-fulfilling and the outcome of the
SAC-learning process.

The paper is organized as follows. Section 2 introduces the main concepts of BLE and
Section 3 generalizes the existence and stability of BLE to a general n-dimensional linear
system. Section 4 applies BLE to the two-dimensional New Keynesian model and studies
existence of BLE, their stability under learning and the persistence amplification. Section
5 studies whether monetary policy can mitigate persistence and volatility amplification

for different specifications of the Taylor rules. Finally, Section 6 concludes.

2 Main concepts

In Hommes and Zhu (2014), we introduced BLE in the simplest setting, a one-
dimensional linear stochastic model driven by an exogenous linear stochastic AR(1) pro-
cess. In this paper we generalize BLE to n-dimensional (linear) stochastic models driven
by exogenous linear stochastic AR(1) processes of multiple shocks.

Let the law of motion of an economic system be given by the stochastic difference

equation
x, = F(zi,,, w, v), (2.1)

where z, is an n X 1 vector of endogenous variables denoted by [z14, To, -+ -, Zpe) and ¢ i
is the expected value of  at date ¢+ 1. This denotation highlights that expectations may
not be rational. Here F' is a continuous n-dimensional vector function, u; is a vector of
exogenous stationary variables and v, is a vector of white noise disturbances.

Agents are boundedly rational and do not know the exact form of the actual law
of motion (2.1). They only use a simple, parsimonious forecasting model where agents’
perceived law of motion (PLM) is a simple univariate AR(1) process for each variable
to be forecasted. As shown in Enders (2010, p.84-85), coefficient uncertainty increases

as the model becomes more complex, and hence it could be that an estimated AR(1)
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model forecasts a real ARMA(2,1) process better than an estimated ARMA(2,1) model.
Numerous empirical studies also show that overly parsimonious models with little pa-
rameters uncertainty can provide better forecasts than models consistent with the actual
data-generating complex process (e.g. Nelson, 1972; Stock and Watson, 2007; Clark and
West, 2007). Thus agents’ perceived law of motion (PLM) is assumed to be the simplest

VAR model with minimum parameters, i.e. a VAR(1) process

T, =o+ ,3(.'Bt_1 — a) + (St, (22)
where « is a vector denoted by [ay,am, -, ), B is a diagonal matrix? denoted by
Bi 0 -+ 0
0 B -+ 0 . . . : .
with 8; € (—1,1) and {4} is a white noise process; a is the uncon-
0 0 --- B,

ditional mean of x, and B; is the first-order correlation coefficient of variable z;. Given the
perceived law of motion (2.2), the 2-period ahead forecasting rule for z;,; that minimizes

the mean-squared forecasting error is
2, = ot Bz - ). (2.3

Combining the expectations (2.3) and the law of motion of the economy (2.1), we obtain

the implied actual law of motion (ALM)
= Fla+ Bz —a), u, v,). (2.4)

In the case that the ALM (2.4) is stationary, suppose the variance-covariance matrix
I'0) := E[(z;—Z)(z; —Z)'] and the first order covariance matrix I'(1) := E[(2; —T) (241 —
T)'], where T is the mean of z;. Let  be the diagonal matrix in which the ith diagonal
element is the variance of the ith process, that is @ = diag[vy11(0), ¥22(0), - - - , Yn(0)],
where 7;;(0) is the ith diagonal entry of I'(0). Let E be the diagonal matrix in which
the ith diagonal element is the first-order autocovariance of the ith process, that is £ =
diag[v11(1), ¥22(1), - - -, Yun(1)], where 7;;(1) is the ith diagonal entry of I'(1). Let G denote
the diagonal matrix in which the ith diagonal element is the first-order autocorrelation

coefficient of the ¢th process z;;. Hence

G=EQ " (2.5)

2Chung and Xiao (2014) also argue using simulations that the simple AR(1) model is more likely
to prevail in reality because of limited information restrictions when they model predictions in a two

dimensional New Keynesian model.



Behavioral Learning Equilibrium (BLE)

Extending Hommes and Zhu (2014), the concept of BLE is generalized as follows.

Definition 2.1 A vector (u,a,B), where p is a probability measure, e is a vector and
B is a diagonal matriz with B; € (—=1,1) (i = 1,2,--- n), is called a behavioral learning

equilibrium (BLE) if the following three conditions are satisfied:

S1 The probability measure p is a nondegenerate invariant measure for the stochastic

difference equation (2.4);

S2 The stationary stochastic process defined by (2.4) with the invariant measure j has

unconditional mean e, that is, the unconditional mean of x; is «;, (i =1,2,---,n);

S3 Each element x; for the stationary stochastic process of x defined by (2.4) with the
invariant measure p has unconditional first-order autocorrelation coefficient B;, (i =

1,2,---,n), that is, G = B.

That is to say, a BLE is characterized by two natural observable consistency require-
ments: the unconditional means and the unconditional first-order autocorrelation coef-
ficients generated by the actual (unknown) stochastic process (2.4) coincide with the
corresponding statistics for the perceived linear VAR(1) process (2.2), as given by the pa-
rameters a and B. This means that in a BLE agents correctly perceive the two simplest
and most important statistics: the mean and first-order autocorrelation (i.e., persistence)
of each relevant variable of the economy, without fully understanding its structure and
recognizing all explanatory variables and cross correlations. Along a BLE the two param-
eters of each linear forecasting rule are pinned down by simple and observable statistics.
Hence, agents do not fully understand the linear structure of the stochastic economy, e.g.
they do not take the cross-correlation of state variables into account, but rather use a
parsimonious univariate AR(1) forecasting rule for each state variable. A simple BLE may
be a plausible outcome of the coordination process of expectations of a large population.
Laboratory experiments within the New Keynesian framework also provide empirical ev-
idence of the use of simple univariate AR(1) forecasting rules to forecast inflation and

output gap (e.g. Adam, 2007; Pfajfar and Zakelj, 2016; Assenza et al., 2014).

Sample autocorrelation learning

In the above definition of BLE, agents’ beliefs are described by the linear forecasting

rule (2.3) with fixed parameters @ and #. However, the parameters a and 8 are usually
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unknown. In the adaptive learning literature, it is common to assume that agents behave
like econometricians using time series observations to estimate the parameters as addi-
tional observations become available. Following Hommes and Sorger (1998), we assume
that agents use sample autocorrelation learning (SAC-learning) to learn the parameters
a; and fB;, i = 1,2,--- ,n. That is, for any finite set of observations {z; o, i1, -, s},
the sample average is given by

1
Qi P Tik (2.6)

k=0
and the first-order sample autocorrelation coefficient is given by

t—1

iy = ==

(g — i) (Tigr1 — Qit)

Zk o(Tigk — Qiy)?

Hence «;,; and f3;; are updated over time as new information arrives. It is easy to check

(2.7)

that, independently of the choice of the initial values (z; 0, a0, fio), it always holds that
Bi1 = —%, and that the first-order sample autocorrelation g;; € [—1, 1] for all ¢t > 1.
As shown in Hommes and Zhu (2014), define

t
1
R; :—E ik — Qg 27
it t+1k_0($,k Oé,t)

then the SAC-learning is equivalent to the following recursive dynamical system

( 1
iy = Qg1+ t+1(xz~,t — Qig-1),
1 Tio tP43t+1 1
i R_1|:i_i— it— — — it— Z;
Bia = Bims g Big | (i = @) (@i + 75 1)z T )2 i)
t
t+1ﬁzt 1($zt ai,t—1>2]v
Riy= Ripy+ — [ ' = Ripi]
\ it — dlit—1 t—l—l t+1 — O t—1 i, t—1 -
(2.8)
The actual law of motion under SAC-learning is therefore given by
z, = Floy1 + By (T — 1), g, vy), (2.9)

with a4, Bi+ as in (2.8).
In Hommes and Zhu (2014), F' is a one-dimensional linear function. In this paper F

may be a general n-dimensional linear vector function.
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3 Main results in a n-dimensional linear framework

Assume that a reduced form model is a n-dimensional linear stochastic process x;,
driven by an exogenous VAR(1) process u;. More precisely, the actual law of motion of

the economy is given by?

x, = F(xi,,, w, v;) =by+bixy | + bou, + vy, (3.1)

U = a-+ pu_1 + &y, (32)

where x; is an n x 1 vector of endogenous variables, by and a are n x 1 vectors of constants,
b1, by, p are n X n matrices of coefficients, u; is an n x 1 vector of exogenous variables which
is assumed to follow a stationary VAR(1) as shown in (3.2), and v; is an n x 1 vector
of i.i.d. stochastic disturbance terms with mean zero and finite absolute moments, with
variance-covariance matrix ,. That is, here all of the eigenvalues of p are assumed to be
inside the unit circle. In order to study BLE and REE more conveniently, we also assume
all of the eigenvalues of b; lie inside the unit circle?. In addition, &; is assumed to be
an n X 1 vector of i.i.d. stochastic disturbance terms with mean zero and finite absolute

moments, with variance-covariance matrix Y, and is independent of v;.

3.1 Rational expectations equilibrium

Under the assumption that agents are rational, assume the perceived law of motion

(PLM) corresponding to the minimum state variable REE of the model
x; =&+ nu+ v, (3.3)

Assuming that shocks u; are observable when forecasting ;1 the one-step ahead forecast

is
By =& +na+npu, (3.4)
and the corresponding actual law of motion is

x; = by +b1(§ +na +npu,) + bou; + v, (3.5)

3 As shown in Section 4 for the alternative case with lagged Taylor rule, our results on BLE still hold

for the more general model including the term of lagged z;_; in the RHS of Eq. (3.1).
4In the case when b; has an eigenvalue outside the unit circle a typical time series will be exploding

under naive expectations 7, ; = ;1. BLE under an AR(1) rule and SAC-learning then typically become

non-stationary and exploding.
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The rational expectations equilibrium (REE) is the fixed point of

£ = by+b&+bma, (3.6)
n = binp+by. (3.7)

A straightforward computation (see Appendix A) shows that the mean of the REE z*

satisfies
F = (I — bl)_l[bo + bg(I —p)_la], (38)

where I denotes a comfortable identity matrix throughout the paper.

In the special case p = pI °, the rational expectation equilibrium z; satisfies
xf = (I —by) "oy + (I —b1) " 'by(I — pby) 'boa + (I — pby) ‘bou, + v;. (3.9)
Thus its unconditional mean is
T = Bw}) = (1— p)""(I = b)) [bo(1 — p) +bal. (3.10)
Its variance-covariance matrix is
S = Bl(w; — )@} —79)] = (1= p) 7 (I — pb) 5,56 (I — pb1)"'ba] + . (3.11)
Furthermore, the first-order autocovariance is,
Soar, = Bl(zf —27) (@i, —27)] = p(1 — p*) 'L — pb1) "'0sTe[(I — pb1)"'bo] . (3.12)

The first-order autocorrelation of the i-element z of * is the i-th diagonal element of
matrix g« divided by the corresponding i-th diagonal element of matrix Y.

Note that in the special case ¥, = 0 and the first-order autocorrelation of the i-
element u; of u is equal to p, the persistence of the i-th variable z} in the REE coincides
exactly with the persistence of the exogenous driving force u;;. That is, in this case the

persistence in the REE only inherits from the exogenous driving force.

3.2 Existence of BLE

Now assume that agents are boundedly rational and do not believe or do not recognize

that the economy is driven by an exogenous VAR(1) process u;, but use a simple univariate

5Note that p is a matrix while p is a scalar number throughout the paper.

12



linear rule to forecast the state x; of the economy. Given that agents’ perceived law of

motion is a special VAR(1) process as shown in(2.2), the actual law of motion becomes
T, = bo + b1 [a + ,32($t_1 — a)] + bg’Uat + Uy, (313)

with u, given in (3.2). If all the eigenvalues of b;8° for each 8; € [~1,1](i = 1,2,--- ,n)
lie inside the unit circle, then the system of x; is stationary and hence its mean  and
first-order autocorrelation G exist.

The mean of x; in (3.13) is computed as
T=(I—b,8)""by+ b — b8 + by (I — p)'al. (3.14)

Imposing the first consistency requirement of a BLE on the mean, i.e. T = a, and solving
for a yields
a* = (I —by) by +by(I —p)_la]. (3.15)

Comparing with (3.8), we conclude that in a BLE the unconditional mean a* coincides
with the REE mean. That is to say, in a BLE the state of the economy z; fluctuates on
average around its RE fundamental value a*.

Consider the second consistency requirement of a BLE on the first-order autocorrela-

tion coefficient matrix B of the PLM. The second consistency requirement yields

G(B) =B (3.16)

Recall from Section 2, both G and B are diagonal matrices. For convenience let G;
denote the i-th diagonal element of the matrix G in (2.5). Under the assumption that
all of the eigenvalues of b;8° for each f; € [~1,1](i = 1,2,---,n) lie inside the unit

circle, from the theory of stationary linear time series, G;(01, 52, -+, Bn) € [—1,1] and
is a smooth function with respect to (f1, 52, -+, ,) and other model parameters, see
Appendix B°. Based on Brouwer’s fixed-point theorem for (G4, Gs,- - ,G,), there exists

B = (B;,53,---,0;) with each 3 € [-1,1], such that G(8) = 8. We conclude:

Proposition 1 If all the eigenvalues of p and biB* for each f3; € [—1,1] are inside the

SFor example, refer to the expression (3.9) in Hommes and Zhu (2014) for the special 1-dimensional
case n = 1. In Section 4 we consider the two-dimensional New Keynesian model and will compute the

(complicated) expressions of G1 (81, 82) and Ga(51, B2).
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unit circle’, there exists at least one behavioral learning equilibrium (BLE) (a*,B*) for

the economic system (5.13) with o = (I —by) " [by + bo(I — p)~ta] = .

3.3 Stability under SAC-learning

In this subsection we study the stability of BLE under SAC-learning. The ALM of

the economy under SAC-learning is given by

& =bo + byl 1+ B7 (B11 — )] + bouy + vy, (3.17)

U = a+ puy_q + &;.
with ay, 8; updated based upon realized sample average and sample autocorrelation as in
(2.8). Appendix C shows that the E-stability principle applies and that the stability under
SAC-learning is determined by the associated ordinary differential equation (ODE)®

Zl_a =Z(o,B) —a = (I —b.8°) " '[by + bia — byf%a + by(I — p)~'a] — a,
- (3.18)

where ZT(a, 8) is the mean given by (3.14) and G(B) is the diagonal first-order autocorre-
lation matrix. A BLE (a*, 8%) corresponds to a fixed point of the ODE (3.18). Moreover,
a BLE (a*,8%) is locally stable under SAC-learning, if it is a stable fixed point of the
ODE (3.18). Therefore, we have the following property of SAC-learning stability.

Proposition 2 A BLE (a*,B") is locally stable under SAC-learning if

(i) all the eigenvalues of (I —b,B**)~1(by — I) have negative real parts®, and

(11) all the eigenvalues of DGg(B*) have real parts less than 1, where DGg is a Jacobian

0G|
9B; *

matriz with the (i,j)-th entry

Proof. See Appendix C.
Recall from Subsection 3.2 that G;(81, Ba,- -+, Bn) € (—1,1) so that at least one BLE
exists. If the BLE is unique, the BLE may be (locally) stable under SAC-learning. In the

next section, we study BLE in a two-dimensional New Keynesian model.

"The Schur-Cohn criterion theorem provides necessary and sufficient conditions for all eigenvalues to
lie inside the unit circle, see Elaydi (1999). For specific models, one may find sufficient conditions to
guarantee all eigenvalues of b1ﬂ2 for each 3; € [—1,1] are inside the unit circle, as shown below for the

NK model.
8See Evans and Honkapohja (2001) for discussion and a mathematical treatment of E-stability.
9The Routh-Hurwitz criterion theorem provides sufficient and necessary conditions for all the n eigen-

values having negative real parts, see Brock and Malliaris (1989).
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4 Application: a New Keynesian model

4.1 A baseline model

Now apply these results within the framework of a standard New Keynesian model
along the lines of Woodford (2003) and Gali (2008). Consider a simple version, linearized

around the zero inflation steady state, given by

Ye = Yppq — P(ie — Ty 1) + Uy, (4.1)

T = ATiy + VY + Uny,

where y, is the aggregate output gap, m; is the inflation rate, y;,, and 7, are expected
output gap and expected inflation. Following Bullard and Mitra (2002) and Bullard et
al. (2008) we study the NK-model (4.1) with adaptive learning. The terms wu,, u,; are

stochastic shocks and are assumed to follow AR(1) processes

Uyt = P1Uyt—1 T €14, (4.2)

Urt = PoUri—1 T+ €, (4.3)

where p; € [0,1) and {e;;} (i = 1,2) are two uncorrelated i.i.d. stochastic processes with
2

zero mean and finite absolute moments with corresponding variances o;.

The first equation in (4.1) is an IS curve that describes the demand side of the economy.
In an economy of rational or boundedly rational agents, it is a linear approximation to
a representative agent’s Euler equation. The parameter ¢ > 0 is related to the elasticity
of intertemporal substitution in consumption of a representative household. The second
equation in (4.1) is the New Keynesian Phillips curve which describes the aggregate supply
relation. This is obtained by averaging each firm’s pricing decisions, while the parameter
~y is related to the degree of price stickiness in the economy and the parameter A € [0, 1)
is the discount factor of a representative household.

We supplement the equations in (4.1) with a policy rule, which represents the behavior

of the monetary authority in setting the interest rate. In this section we assume a Taylor-

type policy rule setting the nominal interest rate

it = PrTy + OyYe, (4.4)

where i, is the deviation of the nominal interest rate from the value that is consistent
with inflation at target and output at potential and the parameters ¢, ¢,, measuring

the response of i; to the deviation of inflation and output from long run steady states,
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are assumed to be nonnegative. The policy rule (4.4) is a contemporaneous Taylor rule,
responding to current inflation and output, 7, 3;. In the next sections we will also discuss
lagged and forward-looking Taylor rules.

Substituting the Taylor-type policy rule in equation (4.4) into the equations in (4.1)

and writing the model in matrix form gives
x; = Bxj | + Cuy,

(4.5)
U = pU;_1 + &,

. 1 o(1 = Apr)

where z; = [ytaﬂt]/>ut = [U ,taumt]/aet = [51,t>52,t]/> B=—"——+
y 1+ypdr+pdy o + )\(1 +30¢y)

1 —po, 0
C: 1 <,0§Z5 p= P1

1+'Y4P¢)‘rr+4p¢y 1 ‘l’ S0¢y ’ 0 p2
Before turning to BLE, we consider rational expectations equilibrium first.

4.1.1 Theoretical results

Comparing the NK model (4.5) with the general framework (3.1), we note that a = 0
and by = 0. The rational expectation equilibrium (REE) fixed point in (3.6-3.7) then
simplifies to

(I-B) =0 (4.6)

n = Bnp+C. (4.7)

Bullard and Mitra (2002) show that the REE is unique (determinate) if and only if
Y(pr — 1)+ (1 — X)¢, > 0. The REE is then the stable stationary process with mean

x* =0. (4.8)
In the symmetric case p; = p for i = 1,2, .- | n, the REE x; satisfies
x; = (I - pB) 'Cu;. (4.9)
Thus its covariance is
T =E(x; —X)(x{ —x) = (1-¢")7"(I-pB)'CE[(I-pB)"'C]. (4.10)

Furthermore, the first-order autocorrelation of the i-element x; of x is equal to p. That
is, in this case the persistence of the REE coincides exactly with the persistence of the
exogenous driving force u; and the first-order autocorrelations of output gap and inflation
are the same, i.e. symmetric, equal to the autocorrelation in the driving force. Inflation

and output gap only inherit the persistence of the shocks.
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Behavioral learning equilibria

Bullard and Mitra (2002) study adaptive learning in this NK setting. They consider

a PLM which coincides with the minimum state variable solution (MSV) of the form
x :5+E:pf+1+ﬁ‘ut, (4.11)

where 13, E and F are conformable matrices. We will consider learning with misspecifica-
tion. As in the general setup in Section 3, we assume that agents are boundedly rational
and use simple univariate linear rules to forecast the output gap y; and inflation 7; of the
economy. We therefore deviate from Bullard and Mitra (2002) in two important ways:
(i) our agents can not observe or do not use the exogenous shocks u;, and (ii) agents
do not fully understand the linear stochastic structure and do not take into account the
cross-correlation between inflation and output. Rather our agents learn a simple AR(1)
univariate forecasting rule for each variable as shown in (2.2). This AR(1) rule however
indirectly, in a boundedly rational way, takes exogenous shocks and cross-correlations of
endogenous variables into account as agents learn the two parameters of each AR(1) rule
consistent with the observable sample averages and first-order autocorrelations. The use
of simple AR(1) rules is supported by evidence from the learning-to-forecast laboratory
experiments in the NK framework in Adam (2007), Assenza et al. (2014) and Pfajfar and
Zakelj (2016). The actual law of motion (4.5) becomes

z; = Blo+ *(z,_1 — )] + Cuy, (4.12)

U = PU;_q + Ey.

For the actual law of motion (ALM) (4.12), the REE determinacy condition (¢, —
1)+ (1 — X)¢, > 0 implies the ALM is stationary, see Appendix D. Thus the means and

first-order autocorrelations are

Z = (I-Bp*)"'(Ba—- Bf‘a),

Claf) — G1(B1, B2) 0 _ corr (Y, Y1) 0
; 0 G (Br, o) 0 corr (7, m—1))

In order to obtain analytic expressions for G1(f1, 52) and Go(f1, f2) we focus on the

symmetric case with p; = py = p. The first-order autocorrelations of output gap and
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inflation are obtained through complicated calculations (see Appendix E)!°:

Gi1(B1,62) = g (4.13)

Gy(B1,62) = = (4.14)

where

h

[

fa

g2

= U%{(P + A1+ A = AB[L = ABZ(p+ M+ A2)] + A5 (pA1 + e + Aids) —
PA[(0M + pha+ Aiha) = ABpA N | + 03] (96, (0 + A1 + o) = 0B3))
[0dr — 035 (p+ X1 + X2)] + [055 (PA1 + pha + A da) — ©drpAi o]
[pdn(pA + pAa + Mida) — oA Nl .
= [0+ X280 = 208 (0 + A+ o) + (14 N2) (ph1 + pha + ko))
oAl A28 (0 + A1+ M) — 2082(pA1 + pha + Aihe) + (1 + mg)pmg]}
+o3{ [((00n)? + ¢288) = 2060830 + M + Xa) + ((902)” + B2 (M1 + pha + M)
—pAAa[((002)” + ©283) (0 + M1 + Xa) — 200055 (pA1 + pAa + A hs)
+((pdr)” + @25§)pxlx2]},

= 03{72[@ + A1+ A2) = pAide(pAr + pAo + >\1>\2)]} + 0’3{[(1 + 90y (p+ M+ X)) — BT -
(14 py) = BE(p + A+ Aa)] + [B7 (pA1 + pha + Mida) — (1 + 9o, )pAida] -
[(14+60,) (P + pAa + Mida) = BEpAika] .

- 03{72[1 F A+ pa+ Ade — pA (o + A+ ) — (pmg)ﬂ}
a3 [((L+ 90,) + BY) = 201+ 98,)B2(p + Ay + 2a) + (1 + 06, + 57)
(P + pA2 + Mda)] = pAAo[((1 4 9oy)* + B1)(p + A+ A2) — 2(1 + 96,) 57 -
(P21 + pra+ o) + (1 +9g,)? + 5f)P>\1>\2]},

BT+ (vo + A+ Apo,) 53
L+ v9dr + po,
AG3 B3

1+ v90r + 0oy

Y

10Numerical computations of the first-order autocorrelation coefficients of output gap and inflation are

easily obtained from simulated time series generated by the system (4.12), and confirm the complicated

expressions (4.13-4.14).
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From these expressions, it is easy to see G1(f1, 52) and Gy(f1, f2) are analytic functions
with respect to 8; and s, independent of a.

The actual law of motion (4.5) depends on eight parameters ¢, A, v, ¢, ¢x, p, o7 and
o3. Only the ratio 07/03 of noise terms matters for the persistence G;(8;, 32) in (4.13)
and (4.14). Hence, the existence of BLE (a*, 8*) depends on seven structural parameters
©, A\, 7, Py Gy, Or and o7 /o3 of the NK-model.

Using Proposition 1 and Proposition 2 we have the following properties for the New

Keynesian model:

Corollary 1 Under the contemporaneous interest rate rule, if y(¢r — 1)+ (1 — X)¢p, > 0,

then there exists at least one BLE (o, B*), where a* =0 = x*.

Corollary 2 Under the contemporaneous interest rate rule and the condition y(¢. — 1)+
(1=X¢, >0, a BLE (a*,B7) is locally stable under SAC-learning if all eigenvalues of

DGs(B*) = <gg;>,3:,3* have real parts less than 1.

Proof. See Appendix F.
It is useful to discuss the special case in which shocks are not persistent, that is, p = 0

(no autocorrelation in the shocks). It is easy to see that

G1(0,0)] 0,  G1(0,0)] 0.

p=0 — p=0 —

That is to say (0,0) is a BLE for p = 0. Hence, when there is no persistence in the
exogenous shocks, the BLE coincides with the rational expectation equilibrium.

It is also useful to discuss the non-stationary case, that is, when the coefficient matrix
B for expectations x7, ; in (4.5) has at least one eigenvalue outside the unit circle. In that
case, SAC-learning of an AR(1) rule typically leads to explosive dynamics with o — F00
and #; — 1. In the non-stationary case, learning of BLE thus typically leads to explosive

time paths of inflation and output.

4.1.2 Persistence amplification

We illustrate these results by some typical numerical calculations for empirically plau-
sible parameter values. We calibrate the parameters in order to match the stylized facts
of autocorrelation functions of output gap and inflation. As in the Clarida et al. (1999)
calibration we fix ¢ = 1, A = 0.99. We fix v = 0.04, which lies between the calibrations
v = 0.3 in Clarida et al. (1999) and v = 0.024 in Woodford (2003). For the exogenous
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shocks, we set the ratio of shocks = =0.5, which is within the possible range suggested
in Fuhrer (2006). We consider the symmetric case p; = ps = p = 0.5, with weak persis-
tence in the shocks. The baseline parameters on the policy response to inflation deviation
and output gap follow a broad literature, ¢, = 1.5, ¢, = 0.5, see for example Fuhrer
(2006, 2009). The numerical results shown below are robust across a range of plausible
parameter values.

Figure 1 illustrates the existence of a unique BLE (85, 8;) = (0.9,0.9592)''. In or-
der to obtain (ff,;), we numerically compute the corresponding fixed point (55(5;)
satisfying Go(B1,85) = B3 for each B, and the corresponding fixed point [57(f52) satis-
fying G1(67,B2) = By for each [ as illustrated in Figure 1. Hence their intersection
point (57, 33) satisfies G1(B7,03) = B7 and Go(f57,05) = p3. A striking feature of
the BLE is that the first-order autocorrelation coefficients of output gap and inflation
(87, B5) = (0.9,0.9592) are substantially higher than those at the REE, that is, persis-
tence is much higher than the persistence p(= 0.5) of the exogenous shocks. We refer
to this phenomenon as persistence amplification. Agents fail to recognize the complete
linear structure of the economy, but rather learn to coordinate on a simple AR(1) rule
consistent with simple observable statistics, the mean and the first-order autocorrelation.
As a result of this self-fulfilling mistake, shocks to the economy are strongly amplified.

To illustrate the persistence amplification more clearly, Figure 2 shows the autocor-
relation functions of output gap and inflation at the BLE and the REE. Compared with
REE, both the autocorrelation functions (ACF) of output gap and inflation at the BLE
decay considerably slower. The autocorrelation functions of output gap and inflation are
similar to empirical data. Along the BLE, the first-order autocorrelation coefficients of
output gap is about 0.9, while after about 5 periods its values decay to about 0.5, which
is consistent with empirical work, see for example Fuhrer (2006, 2009). Furthermore,
the autocorrelation function of inflation with very high persistence is also close to em-
pirical work for inflation data. That is, for plausible parameters the BLE are capable of
reproducing a data-consistent degree of inertia.

Figure 3 illustrates how these results depend on the persistence p of the exogenous
shocks. The figure shows the BLE, i.e. the first-order autocorrelations 7 of output
gap and (3 of inflation, as a function of the parameter p. This figure clearly shows the

persistence amplification along BLE, with much higher ACF than under RE, for all values

HNote that (af,a3) = (0,0).
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Figure 1: A unique BLE (8], 55) = (0.9,0.9592) obtained as the intersection point of the
fixed point curves £5(3;) and ff(52). The BLE exhibits strong persistence amplification
compared to REE (red dot, with p = 0.5). Parameters are: A =0.99, 0 = 1,7 =0.04,p =
0.5, ¢ = 1.5, 6, = 0.5, 2 = 0.5.
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Figure 2: Autocorrelation functions of output gap y and inflation 7 for contemporaneous
Taylor rule at the BLE (57, 85) = (0.9,0.9592) (blue plot) and at the REE (5], 55) =
(0.5,0.5) (red plot, dotted line). Parameters are: A = 0.99, 0 = 1,7 = 0.04,p = 0.5, ¢, =
1.5,¢, =0.5,2 =0.5.
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Figure 3: BLE (87, 8;) as a function of the persistence p of the exogenous shocks, for the
contemporaneous Taylor rule. (a) 8(i = 1,2) with respect to p; (b) the ratio of variances
(02/02., 02/02.) of the BLE (5, 3;) w.r.t. the REE. Parameters are: A = 0.99,¢ =
1,7 =0.04,6, = 1.5,¢, = 0.5, = 0.5.
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Figure 4: Time series of 3 ; and 2, under SAC-learning converging to the BLE (37, 53) =
(0.9,0.9592). Parameters are: A = 0.99,¢0 = 1,7 =0.04,p = 0.5, ¢, = 1.5,¢, = 0.5, 2 =
0.5.
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of 0 < p < 1. Especially for p > 0.5 we have 7 > 0.9 and 35 > 0.95, implying that
output gap and inflation have significantly higher persistence than the exogenous driving
forces. Moreover, Figure 3 also indicates an asymmetry, namely that the persistence of
inflation is always larger than the persistence of output gap, which is consistent with
empirical data. Figure 3 (right plot) also illustrates the wolatility amplification under
BLE compared to REE. For output gap the ratio of variances 05 / 05* reaches a peak of
about 2.5 for p &~ 0.75, while for inlfation the ratio of variances o2 /02, reaches its peak
of about 3.5 for p ~ 0.65.

Finally, Figure 4 shows that the BLE is stable under SAC-learning, with 5, — 7 ~ 0.9
and By — (5 ~ 0.9592. In fact, based on our calculation, the two eigenvalues of the
Jacobian matrix DGg(B*) are 0.5012 £ 0.7348i (the real parts less than 1), which shows
the stability of the BLE under SAC-learning based on our theoretical results.

5 Monetary policy

BLE are characterized by persistence amplification, with much higher persistence in
output and inflation than in the exogenous driving forces. This leaves an important role
for monetary policy to stabilize inflation and output. In this section we study the effects
of monetary policies on the persistence of inflation and output gap in the New Keynesian
model for the same benchmark parameter values as before. Figure 5 shows how the BLE
depend on the policy parameters ¢, and ¢,, measuring how strongly the interest rate
responds to deviations of inflation and output from target.

Figure ba shows that the first-order autocorrelation of output gap i becomes smaller
as policy-makers respond more aggressively to output deviations (i.e. the curve shifts
down as ¢, increases), while Figure 5b suggests that the first-order autocorrelation of
inflation 35 becomes smaller as policy-makers more aggressively respond to inflation devi-
ations (i.e. the curves are decreasing in ¢, ). This illustrates the direct stabilizing effects of
monetary policy: persistence of output (inflation) decreases in response to more aggressive
output (inflation) targeting. This is in line e.g. with the results in Fuhrer (2009): when
policy is more aggressive to adjust inflation to targets, the inflation tends to fluctuate
more frequently and thus becomes less persistent. Furthermore, we find that if ¢, = 0,
that is, policy makers only care about inflation, the effects of adjustment are relatively
large (the decrease of f; is relatively large for ¢, = 0 compared to ¢, = 0.5; Figure 5b).
A similar result holds for the direct effect on output. If ¢, = 1, that is, policy makers
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Figure 5: Effects of monetary policy with contemporaneous Taylor rule on BLE persistence
of output 8} (a) and persistence of inflation 35 (b). Parameters are: A =0.99,0 = 1,7 =
0.04,p=0.5,22 = 0.5.

mainly care about output, not inflation, the effects of increasing ¢, are relatively large;
for ¢ = 1 the decline of 3} is relatively large when ¢, increases compared to ¢, = 2
(Figure 5a).

We provide some further intuitive explanations of these effects. Since monetary au-
thorities are usually more concerned about inflation, we first discuss some intuitive ex-
planations of the effects of policy parameters on the persistence of inflation. Using the
model (4.1), (4.4) and (4.12), inflation dynamics is governed by

_ Bilve+ AL+ ¢d,)] By v 1+ ¢,

T1+ Yi—1+ Uy ¢+ Ut
L+ 700s + 00y ' L4+ y9hs + 00, 1+ 700 + 0y 1+w¢w(+s)o¢y !
5.1

This equation is similar to the New Keynesian Philips curve with inflation driven by an

t

exogenous AR(1) process for output gap (or marginal costs) as in Hommes & Zhu (2014),
where the persistence of inflation increases as one of the coefficients (except for the white
noise term) increases. But different from that case, here in (5.1) the persistence of the
driving process y; is not exogenous and constant, but rather output gap ¥, is endogenous
and its persistence varies with policy parameters. In fact there exists intricate interaction
between y and 7 and all the four coefficients might change simultaneously, but with
different directions as one policy parameter varies. The overall effect is a balance of
various effects with different magnitude, as discussed below.

It is easy to see that all four coefficients in (5.1) are positive and decrease as ¢,
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B3yt A(1+9dy)] By v 1+pdy
1+vpdr+ody 1+vpdr+ody 1+vpdr+ody 1+vpdr+ody
¢ —B3velretA(1+pdy )] B’y - —ve(1+9oy)
“ (A+ypdr+pdy)? (A+yodrt9dy)? | A+r9dntedy)? | A+redr+ody)?
& B3y?(Apn—1) —Bive —vp Y02 P
Yy (A+ypdr+pdy)? (A+yodrt9dy)? | A+r9dntedy)? | A+redm+ody)?

Table 1: The derivatives of the coefficients in (5.1) with respect to ¢, and ¢, and given
A=0.99,0=1,7v=0.04,p=05,22 =05, = 05 = 1.

o1

Vet A(+edy) o Y 1+pgy

1+79Pr +9dy 1+70Pr +0Py 1+700rt+ody 1+70Pr+0dy
¢, =0 | [0.9904,,,0.9537] | [0.0385,\,0.0370] | [0.0385,\,0.0370] | [0.9615,,0.9259]
¢y:O.5 [0.9903,\,0.9652] [0.0260,\,0.0253] [0.0260,\,0.0253] [0.9740,\,0.9494]

Table 2: The changing ranges of the coefficients of 7 in (5.1) with ¢, increasing from 1
to 2 and given A =0.99,p = 1,7y =0.04,p = 0.5, 22 = 0.5, 3 = B2 = 1.

o1

increases, as summarized in Table 1. To simplify the discussion below, we fix (3}
(2 =1 at their upperbounds. Table 2 summarizes the ranges of the decrease of the four
coefficients for the benchmark parameters A = 0.99,0 = 1,v = 0.04,p = 0.5, = = 0.5,
as ¢, increases from 1 to 2. The dominating coefficient is the coefficient of m;_, which
decreases from 0.9904 to 0.9537 (for ¢, = 0), and all other coefficients are relatively small.
This explains why the persistence of inflation decreases as ¢, increases from 1 to 2, as in
Figure 5b. Furthermore, the changing range of the coefficient of m,_; for ¢, = 0 is larger
than that for ¢, = 0.5 as ¢, grows from 1 to 2.

In addition, from Table 3 it can be seen that for ¢, = 1, or ¢, very close to one,
the coefficient of 7;_; is also very close to one and decreases from 0.9904 to 0.9903 for
¢y € [0,0.5], which plays a dominant role in determining the persistence of 7. This may
explain why in Figure 5b for ¢, very close to one, the persistence of 7 for ¢, = 0 is larger
than for ¢, = 0.5 while for large ¢, (e.g. ¢ = 2) the persistence of 7 for ¢, = 0 is smaller
than for ¢, = 0.5.

Similar intuition may be provided for the persistence of output gap. Using (4.1), (4.4)
and (4.12), output dynamics becomes

= y_ 7T_+ u,_ u7r,’
1+ 790x + 00," " 1+ 700 +0b, = 1+700r +@p, O 1+w¢w+¢(¢y)t
5.2

The following Table 4 indicates the derivatives of the coefficients in (4.12) with respect to

Yt

¢, and ¢. For given ¢, (= 0 or 0.5), all coefficients decrease within some ranges as shown
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YP+A(L+pdy) v Y 1+edy
1+70dx +0dy 1+vpdr+ody 1+70dr+9dy 1+vpdn+ody

dr =1 || [0.9904,\,0.9903] | [0.0385,\,,0.0260] | [0.0385,,0.0260] | [0.9615, 7, 0.9740]

dr =2 || [0.9537, *,0.9652] | [0.0370,\,,0.0253] | [0.0370,,0.0253] | [0.9259, 7, 0.9494]

Table 3: The changing ranges of the coefficients of = in (5.1) with ¢, increasing from 0

to 0.5 and given A = 0.99,¢p = 1,7 = 0.04,p = 0.5, 2 = 0.5, 7 = 5 = 1.

67% M I S b
1+7pdr+ody 1+70Pr+0dy 1+70Pr+0dy 1+70Pr+0dy
¢ —Bi¢ —B30%(1-Ar) — e
Y | A+yodrt+ody)? (I+v9drtody)? (I+rppntedy)? | (At+ypdrtedy)?
¢ —B2vp —B3oA(1+0ey)+1¢] —yp —o(1+pdy)
T | A+vodr+ody)? (1+v9drtody)? (I+rppntedy)? | (At+ypdrtedy)?

Table 4: The derivatives of the coefficients in (5.2) with respect to ¢, and ¢, and given
A=099¢0=1,7=004,p=052 =054 =3 = 1.

o1

in Tables 4 and 5. However, different from the coefficients of 7, here the coefficients of
m—1 and u,, may become negative as ¢, grows from 1 to 2, as shown in Table 5. As ¢,
grows from 1 to 2, in fact, the absolute value of the coefficient of m;_; decreases first and
then increase and the absolute value of the coefficient of u,, increases'?. Hence here the
persistence of y is determined by complex interactions. It is possible that in some cases
(e.g. ¢, = 0) the persistence of y changes little (basically slightly decreasing for increasing
¢r), while in some other cases (e.g. ¢, = 0.5) the persistence of y increases much as ¢,
grows from 1 to 2, as shown in Figure 5a. Although the effect of ¢, on the persistence
of y is complex, the direct effect of ¢, is rather clear. From Tables 5 and 6 it is easy to
see that the absolute values of the four coefficient decreases as ¢, grows from 0 to 0.5 for
given ¢,. For ¢, = 1, not only all the absolute values of the four coefficients decreases as
¢, grows from 0 to 0.5, but also the persistence of m_; decreases, as shown in the above
paragraph. Hence for ¢, = 1 and other given parameters, the persistence of y decreases
much from about 0.96 to 0.71, as shown in Figure 5a. However, for ¢, = 2 although all
absolute values of the four coefficients decreases as ¢, grows from 0 to 0.5, the persistence
of the driving process of m;_; increases, as shown in the above paragraph. In view of this
and the changes of the coefficients, the persistence of y for ¢, = 2 decreases less than that

for ¢, = 1, consistent with Figure 5a.

12Note that in the model of Hommes & Zhu (2014), from the expression of first-order autocorrelation
coefficient of Eq.(4.16) on p.795, it can be seen that the first-order autocorrelation coefficient in fact

depends on the absolute value of the coefficient.
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1 P(1=Apr) 1 —pPr

1Yo +0dy 1+Yppr+ody 1+v0¢r+9dy 1Yo +pdy

¢, =0 | [0.9615,\,,0.9259] | [0.0096,\,, —0.9074] | [0.9615,,0.9259] | [~0.9615,\,, —1.8519)]

¢, = 0.5 || [0.6494,,,0.6329] | [0.0065, \,, —0.6203] | [0.6494, N\, 0.6329] | [—0.6494, \,, —1.265]

Table 5: The changing ranges of the coefficients of y in (5.2) with ¢, increasing from 1 to
2 and given A =0.99,9p = 1,7 =0.04,p=0.5, 2 = 0.5,8=p2=1.

1 99(1_)‘¢7r) 1 —pPr

1+7pdn +ody 1+700r+0dy 1+70Pr+0dy 1+70Pr+0dy

dr =11 [0.9615,\,0.6494] | [0.0096,\,0.0065] | [0.9615,,,0.6494] | [~0.9615, ', —0.6494]

¢r =2 | [0.9259,,0.6329] | [-0.9074, 7, —0.6203] | [0.9259,\,0.6329] | [-1.8519,\,, —1.2658]

Table 6: The changing ranges of the coefficients of y in (5.2) with ¢, increasing from 0 to
0.5 and given A = 0.99, 0 = 1,7 = 0.04,p = 0.5, 2 = 0.5, 87 = 52 = 1.

o1

Therefore, for the contemporaneous Taylor rule monetary policy can mitigate persis-
tence amplification in inflation (output), when the policy maker is more aggressive to
adjust inflation to its target (output to potential output). While the direct effects of
monetary policy upon the persistence of inflation or output are clear, the indirect effects
are more subtle. Stabilizing both inflation and output requires careful balancing of the
direct and indirect effects and depends upon the relative importance of inflation versus
output stabilization. In the following we will check if there exist the similar effects for

different Taylor-type interest rules

5.1 Alternative specifications for setting interest rates

The monetary policy Taylor rule (4.4) sets the interest rate in response to contem-
poraneous output gap y; and inflation ;. This contemporaneous rule assumes that the
monetary authority observes current output gap and inflation. Here we consider two alter-
native specifications for setting interest rates, widely used in the literature, and perhaps
under more realistic informational assumptions of either forward looking expectations

(e.g. through survey data) or observing lagged variables.
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5.1.1 A forward-looking monetary policy rule

As shown in Bullard and Mitra (2002) and Bullard et al. (2008), another Taylor-
type interest rate rule is to assume that the monetary authorities set their interest rate
instrument in response to the forecasts of output and inflation deviations. This leads
to the forward expectations specification for the interest rate equation, where (4.4) is

replaced with
i = ¢nEtWt+1 + ¢yEtyt+1- (5.3)

Thus the system (4.5) becomes
Xy = BEtXt+1 + Cut7
Ut = pui—1 + €,

1 — g, (1 — ¢r) C— 10

YA —pdy) vo(l—dr) + A v 1
Similar to the above contemporaneous data interest rate rules, if the actual law of

where B =

motion with the PLM in (2.2) is stationary, the first-order autocorrelations (4.13) and
(4.14) become’®

Gi(B1, Ba) = 7 (5.5)
Go(Br, B2) = % (5.6)

where

Fio= oo M+ e = ABIL = A0+ A+ da)] + N (oA + pha + Aiks) -
pPALA2)[(PA1 + pAa + A1) — A5§p>\1>\2]} + U%{(@(l — ¢x)B3)[(p+ M 4 A2)
—pAda(pAs + pho + AlAg)]},

G = o100+ A28 = 2080 + A+ da) + (L+ ABD (oA + pha + Mido)]

oA A(1+ A2 (p+ A1+ Ao) — 2XB2(pA1 + pho + Mdo) + (1 + )\2B§)p)\1)\2]}

+U§{(<P(1 — &) B33)%[1 + pA1 + pAa + Aida — pAida(p + Ar + Ag) — (P)\1>\2)2]},

13 As in the baseline model above, the first -order sample autocorrelations of output gap and inflation
computed based on the time series generated by the model are consistent with the complicated expression

for Gy and G; in Egs. (5.5-5.6).
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o= o3 {5lo+ M+ ) = pxidaloh + pa + Mda)lf +03{ [0+ A+ 2a) = (1= 90,)85]
[1— (1= 9p,)B87 (0 + At + Xo)] + [(1 = 0¢y) BT (pA1 + pAa + Mida) — pAia] -
[P+ P + Aida) — (1= 96,) B oA Nl |,

G = 05{72[1 oM e A e — pAda(p A+ Ae) — (pmm}

+o3{ 1+ (L= 00,)80)% =201 = 00,83 (p+ M1 + X) + (1+ (1= 26,)5D)%) -

(PAL A+ Ao+ Mda)] = pAida[(1+ (1= 98,) B7)) (p + A+ o) — 2(1 — 9,) 57 -

(P21 + P + M) + (1+ (1= 96,)8)%) phao] |

M4+ = (1= 99,)8] + (vo(l — ¢r) + N)B3,
My = >\(1 - 4P¢y)ﬁ%ﬁ§

In this case we have some similar results on the existence and stability as in the baseline
model. Since the coefficients matrices are different, the corresponding sufficient conditions

change.

Corollary 3 Under the forward looking interest rate rule, if ¢, < é and 1 < ¢, <

1+ %, then there exists at least one BLE (a*,8*), where @ = 0 = x*. Furthermore,
the BLE (a*, B") is locally stable under SAC-learning if all the eigenvalues of DGg(B*) =

(aG?) have real parts less than 1.
i) p=p*

Proof. See Appendix G.

For the same benchmark parameter values as before, the system has a BLE (5], 53) =
(0.8326,0.9605), with output and inflation much more persistent than the REE bench-
mark (with p = 0.5), as illustrated in Figure 6. Figure 7a illustrates how these results
depend on the parameter p, the persistence of the exogenous shocks. As before, for the
forward looking Taylor rule, the system also displays persistence amplification, with the
persistence of inflation and output gap along BLE much higher than the persistence p of
the exogenous shocks. Similarly, Figure 7b illustrates the excess volatility of inflation and
output compared to the REE benchmark.

We also find similar results concerning the effects of monetary policy. Figure 8 illus-
trates how the BLE depend upon the the monetary policy parameters ¢, and ¢, under
the forward-looking Taylor-type interest rule. The direct effects are similar as before: an
increase of ¢, strongly reduces the persistence of output gap (i.e. the curve in Figure 8a

shifts down as ¢, increases from 0 to 0.5), while an increase of ¢, strongly reduces the
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Figure 6: Autocorrelation functions of output gap y and inflation 7 with forward looking
Taylor rule at the BLE (57, 85) = (0.8326,0.9605). Parameters are: A = 0.99,¢ = 1,v =
0.04,p=0.5,¢, = 1.5, ¢, = 0.5,02/01 = 0.5.
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Figure 7: BLE (51, 85) as a function of the persistence p of the exogenous shocks with
forward-looking Taylor rule a) S/ (i = 1,2) with respect to p; b) the ratio of variances
(07/02., 02/02.) with respect to p at the corresponding BLE (87, 53). Parameters are:

A=099,0=1,7 =004 6, = 1.5,¢, = 0.5, 2 = 0.5,

1
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(1 —py)B7 | o(1—=¢x)B5 | 110
by —f3 0 00
Or 0 — 3 00

Table 7: The derivatives of the coefficients in (5.7) with respect to ¢, and ¢, for forward-

looking Taylor rule.

persistence of inflation (i.e. the curves in Figure 8b are decreasing as ¢, increases from
1 to 2). The cross effects are smaller and ambiguous. As ¢, increases, the persistence
in output may either decrease somewhat (for ¢, = 0) or may increase (for ¢, = 0.5 in
Figure 8a); as ¢, increases, the persistence in inflation may either decrease somewhat (for
¢r = 1) or may increase (for ¢, = 2 in Figure 8b).

These graphical illustrations may be explained intuitively by looking at the output-

inflation dynamics for the forward-looking Taylor rule, given by

b = (1 - 90¢y)512yt—1 + 410(1 - ¢7r>ﬁ227rt—1 + Uyt (5'7)
T o= (yo(l—ér)+ )‘)5227Tt—1 +(1 - ¢¢y)ﬁ%yt—l + YUyt + Ur - (5.8)

Similar to the contemporaneous case, consider f; = f = 1 and A = 0.99, ¢ = 1,7 =
0.04, p = 0.5, Z—f = 0.5. Tables 7 and 8 show the partial derivatives of y and 7 w.r.t. the
parameters ¢, and ¢,. From Table 7 it is easy to see that for the equation (5.7) of y;,
the coefficient of y,_; decreases from 1 to 0.5 as ¢, grows from 0 to 0.5 and the coefficient
of m_1 equals 0 if ¢, = 1 and —1 if ¢, = 2. Also at ¢, = 2, the persistence increases
a little as ¢, grows from 0 to 0.5. Therefore as ¢, grows, the persistence of y decreases
and the decreasing range becomes smaller as ¢, grows from 1 to 2, as shown in Figure
8a. Furthermore, for the equation (5.8) of m;, the coefficient of m,_; decreases from 0.99
to 0.95 and the coefficient of y,_; equals 0.04 if ¢, = 0 and 0.02 if ¢, = 0.5. Thus as ¢,
grows from 1 to 2, the persistence of 7™ decreases. Note that for ¢, = 0 the persistence of
y decreases and for ¢, = 0.5 the persistence of y increases as ¢, grows as shown in Figure

8a. Hence the decreasing range for ¢, = 0.5 is smaller than ¢, = 0, as shown in Figure

8b.
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(vo(1 = ¢x) + NG5 | 7(1—0oy)B7 | 7 | 1
O —y0P3 0 010
Py 0 —ypBi |00

Table 8: The derivatives of the coefficients in (5.8) with respect to ¢, and ¢, for forward-

looking Taylor rule.
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Figure 8: Effects of monetary policy with forward looking Taylor rule on BLE persistence
of output 8} (a) and persistence of inflation 35 (b). Parameters are: A =0.99, 0 = 1,7 =
004, P = 05, 0'2/0'1 =0.5.
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5.1.2 A lagged monetary policy rule

As argued e.g. in Bullard and Mitra (2002), it may be viewed as realistic for central
bank practice to posit that the monetary authorities must react to last quarter’s obser-
vations on inflation and the output gap as contemporaneous values are not known yet.
This leads to the lagged data specification for the interest rate equation, where (4.4) is
replaced by

it = QrTi—1 + beyt—l- (5-9)

Due to the lagged monetary policy rule the system (4.5) includes an additional lagged

term x;_; and becomes

xy = Az, + Bzj | + Cuy,

(5.10)
U = PU_1 + &y,
_ e 1 10
where A = & a4 , B= 7 , C =
—VPPy —VPPx Yo+ A v 1

Similar to the above two interest rate rules, if the actual law of motion with the PLM

in (2.2) is stationary, the first-order autocorrelations (4.13) and (4.14) become

G1(ﬁ1,52) = a (5-11)
G2(ﬁ1,52) = % (5-12)

where

o= ot{(o+ A+ 2o = AL = AB3(p+ A+ Xa)] + VB (pAs + o + A kg) —
pPALA2)[(PA1 + pAa + A1) — Aﬁgp)u)\ﬂ} + U%{(@cbn —B3)*[(p+ A1+ X2)
—mM&@M+p&+AMM}

G = o101+ A28 = 2080 + A+ da) + (L+ AB) (oA + pha + M)

—mM&KL+V@Mﬂ+M+AQ—2M§@M+p&+AMﬂ+(LHV@WM&Q

+U§{(<P¢n — ©B3)°[1 + pA1 + pAa + Mda — pAida(p + AL+ Ag) — (p>\1)\2)2]},
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Boo= o+ M+ %) = phidalphi + pds + M) | + a3 { [0+ A+ Xa) — (8 — )]
[1— (87 — @dy)(p+ A1+ X)) + [(BF — @by (A1 + pAa + MiAa) — pAidg] -
[(pA1 4 pAa + Mdo) — (57 — <P¢y),0)\1>\2]},

G = 05{72[1 oM e A e — pAde(p A+ Ae) — (pmm}

a2 { 11+ (82 = 98,)) = 2082 = 90) (p+ M + o) + (1+ (B = 96,)%)
(PA1+ pAa + Ade)] = pAidol(1+ (8] — 98,)*) (0 + A1 + A2) — 2087 — ¢y) -
(pX1 + o+ Aka) + (L+ (8 — ) )pidal |

M4 = B — 0oy —v0dr + (vo + N3,
A2 = >\(512 - 90¢y)522-

Note that, because of the additional lagged term x;_, the rational expectations equi-
librium is different compared to the system without this lagged term x;_; in the previous
two cases. The proofs concerning existence and stability of BLE, however, are straight-
forward extensions of the proofs without the additional term z;_;'*. In this case we have

similar results on the existence and stability on BLE as in the baseline model.

Corollary 4 Under the lagged interest rate rule, if ¢, < i and 1 < ¢, < 1_;;%, then

there exists at least one BLE (a*,B*). Furthermore, the BLE (a*,B") is locally stable
under SAC-learning if all the eigenvalues of DGg(B*) = (6Gi>ﬂ 5 have real parts less

9B,
than 1.

Proof. See Appendix H.

Figure 9 illustrates the ACF of output and inflation along the BLE and shows that
they are much more persistent as the autocorrelations in the exogenous shocks. Figure 10
illustrates that the model with a lagged Taylor rule also exhibits persistence amplification.

Figure 11 suggests similar results for monetary policy with the lagged Taylor-type
interest rule. There are strong direct effects, with the persistence of output (inflation)

declining when ¢, (¢.) increases. The indirect effects are again ambiguous.

1n particular, the system (5.10) can be rewritten in the form of Eq. (E.1) in appendix E, when
BLE is considered. The difference from the baseline case lies in different coefficient matrices z; =
(A+ BB?)z;_1 +Ce; +Cple;_1 + - -- with matrices A, B, C as in the system (5.10). Then following the
same idea of the proof, the first-order autocorrelations for the lagged monetary policy rule in (5.11) and
(5.12) are obtained. Similar proofs of propositions 1 and 2, concerning existence and stability of BLE,

can then be obtained.
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Figure 9: Autocorrelation functions of output gap y and inflation © with lagged Taylor
rule at the BLE (57, 55) = (0.7746,0.9628). Parameters are: A = 0.99,¢p = 1,7 =
0.04,p = 0.5,¢, = 1.5, ¢, = 0.5, 05/01 = 0.5.

Figure 10: Effects of p with lagged Taylor rule, i.e. [3f(i = 1,2) with respect to p.
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—pdy + 07 | —por 4+ 9B5 | 1

Py —¥

0 0

Pn 0

Table 9: The derivatives of the coefficients in (5.13) with respect to ¢, and ¢, for forward-

looking Taylor rule.

For the lagged monetary policy rule, output-inflation dynamics is given by

Yy = (—po, + 512).%—1 + (—por + @622)@_1 + Uy 1,
= (—9dx + (ve + N B3 )1 + (=790 + V01 + Yy + Uny.  (5.14)

From Tables 9 and 10, it can be seen that the monetary policy parameters ¢, and ¢, have

similar effects as in the forward-looking case.

—ypdr + (Yo + N3 | —ved, +87 | v
O —Yp 0
by 0 —e 0

Table 10: The derivatives of the coefficients in (5.14) with respect to ¢, and ¢, for

forward-looking Taylor rule.
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6 Concluding remarks

We have generalized the behavioral learning equilibrium concept to a general n-
dimensional linear framework and applied it to the two-dimensional New Keynesian model.
Boundedly rational agents use univariate AR(1) forecasting rules for all endogenous vari-
ables. Along a BLE the two parameters of each rule are pinned down by two observable
statistics: the unconditional mean and the first-order autocorrelations. Hence, to a first-
order approximation the simple linear forecasting rule is consistent with observed market
realizations. Agents gradually update the two coefficients —sample mean and first-order
autocorrelation— of their linear rule through sample autocorrelation learning. In the long
run, agents thus learn to coordinate on the best univariate linear forecasting rule, without
fully recognizing the more complex structure of the economy. In higher-dimensional sys-
tem BLE exist under fairly general conditions and we provide simple stability conditions
under learning. Coordination on a simple, parsimonious BLE is self-fulfilling and seems a
plausible outcome of the coordination process of individual expectations in large complex
socio-economic systems.

A striking feature of BLE is the strong persistence amplification: the persistence of
output and inflation along a BLE is much higher, often near unit root, than the persistence
in the exogenous shocks driving the economy. This leaves an important role for monetary
policy with the goal of stabilizing inflation and output. We study monetary policies with
a Taylor interest rate rule. There are strong direct effects: more aggressive inflation
(output) targeting weakens the persistence in inflation (output). Indirect effects may
be destabilizing however: more aggressive inflation (output) targeting may lead to more
persistent output (inflation). To stabilize both inflation and output, monetary policy
must therefore carefully balance between inflation and output targeting. More generally,
to check the robustness of policy analysis under RE future work should study policy under

more plausible behavioural learning equilibria.
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Appendix

A Mean of the rational expectations equilibrium
Using (3.1-3.2) and (3.6-3.7) the mean satisfies

x* = E+nu
= (I—by)'bo+ (I —by) bina+n(I—p)a
= (I=b1)"'bo+ (I—b1) ' bin(I—p) + (I —bi)yp(I-p) 'a
= (I—by) [bo + by(I—p)~'a].

B Autocorrelation in the n-dimensional case

We rewrite model (3.13) as

5~ = b @ ) + bl ) +v, (5.1
U —uU = P(ut—l _ﬂ) + &
That is,
2, —T = b1 (x1 — F) +bop(ur1 — W) + bogy + s, (B.2)
U — U = P(ut—l _ﬂ) + &t

I(-1) = El@ —7)(z-1 —7)]
- E[blﬂz(xt_l —F) (@1 —F) + bopr —T) (@1 —F) +bogi(Tr —F) (T —F)
= b,BT(0) + bopE[(uy_1 — T)(@1_1 —T)]
— b,8%0(0) + bopE|(u, — T)(z: — F). (B.3)

L) = Elz —7)(z —7)]
= E[bif @1 —F)(@ —F) +boplwi s — W)@~ F) +boei(m — F) +vilo, - T |
= bS°T(1) +bypE[(u_y — 1) (x — F)] + boEles(z, — )] + Elvy(zy — T)']
= bB°T(1) +bypE[(u_y — 1) (xy — F)] + boTcb, + I, (B.4)

Note that Ele(z; — :1:)] E

1

5t(b1ﬂ (.’L’t 1— m)) +€t<b2p(ut_1 —ﬁ)>/+5t(b2€t>/+5t(vt),:| =
Y., and E[v,(z,—Z)] = F|v,(b,f*(x,_1—TF))’ —i—vt(bgp(ut_l—ﬂ))’+vt(b25t)’+vt(vt)’} =3,.
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Based on (B.3), (B.4) and I'(—1) =T'(1)’,

L0) = bBT(0)b:B%) +bf°El(z: —T)(w —a)](bap)
+b2pE[(ut_1 — ﬂ) (IL‘t — E)/] + bgng; + 2.,,.

In order to obtain the expression of I'(0), we use column stacks of matrices. Suppose
vec(K) is the vectorization of a matrix K and ® is the Kronecker product!®. Under the

assumption that all the eigenvalues of b,8? are inside the unit circle, based on the property

t16

of Kronecker product'®, it is easy to see all the eigenvalues of (b;8%) ® (b8%) lie inside

the unit circle and hence [I — (b;8%) @ (by8%)]~" exist. Therefore,

vee(T(0)) = [I = (0:8") @ (bs8")] 7' [((b2p) ® (b:8°))vec(E(w: —T)(w —W)'])
+(I @ (bop))vec(E[(ur—1 — ) (z; — F)']) + vec(brBeby + £,)].  (B.5)

Thus in order to obtain T'(1) and T'(0), we need calculate E[(z; —F)(u, —8)'] and E[(u,_; —
) (e - 7))
El(z, — ) (w — )]
— E [blﬂz(zt_l —F) (s — @)+ bop(te_r —T) (s —T)' + boes (s —T) + vty — u)’]
= b [blﬂQ(Zt—l —T)[(ur-1 —@)'p" + ;] +bop(ury —W)[(u—1 —@)'p" + €]
+boei[(ui—1 —u)'p’ + &} + v (w1 —u)'p" + ¢}
— BB El(@i 1 — )t — 1))+ bap Bl — ) (w — 1)) + B

Correspondingly,

vee(E(z, — T)(u, —0)')
= [I—p® (b5:18*)) " [vec(bop El(u; — ) (u, — B)']p) + vec(byE.)]
= [I—p® B:8%)) ' [(p © (bop))vec(E(ur — T) (w, —@)')) + (I ©by)vecE,)]
= T—pa®B°)] (p@ (bap)I —p@p]™" + (I @by)]vec(E.). (B.6)

150ne property of column stacks is that the column stack of a product of three matrices is vec(ABC) =

(C'®A)vec(B). For more details on this and related properties, see Magnus and Neudecker (1988, Chapter
2) and Evans and Honkapohja (2001, Section 5.7).

16The eigenvalues of A® B are the mn numbers Mphs, 7 =1,2,--- m,s=1,2,--- ,nwhere A,--- , Ay
are the eigenvalues of m x m matrix A and W1, , pn are the eigenvalues of n xn matrix B ; see Lancaster

and Tismenetsky (1985).
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Furthermore,

El(x; — ) (w1 — )]
— B0zt — F) (s —T) + boplus1 — ) (s —T) + bogs (wr1 — ) + v (s —u)']
— bBPE[(x: — F)(us — @) + bopE(u; — T)(us — T)).

Thus based on (B.6),

vec(El(z; —T)(ui—1 —)'])
= (I ® (b:8%)vec El(w: — B)(w —w)]) + (I © (bop))vec(El(u; — W) (u; 7))
— TGN —po BB (e ® Bp)I — p @ p ™ + (I ® by vec(E.)
+(I ® (b)) I — p® p] vec(E.). (B.7)

Therefore based on (B.7), the expression of matrix E[(z; — T)(u¢—1 — @)’ can be ob-
tained. Then by transposing the matrix E[(z; —%)(u;—; —@)’, we can obtain vec(E|(u;—1 —
u)(z; —)']). Furthermore, combining this with (B.6), we obtain the variance-covariance
matrix I'(0) from (B.5) and further I'(1) from (B.3). Based on the properties of ma-
trices operations, it is easy to see that the entries of matrices I'(0) and I'(1) are smooth
functions with respect to (f1, B2, - - , 5,) and the other related parameters. Thus the first-
order autocorrelation coefficients of the nontrivial stochastic stationary system (3.13) are

continuous functions with respect to (51, 52, -, 8,) and the other related parameters.

C Proof of Proposition 2 (stability under SAC-learning)

Set v = (1 +t)~'. For the state dynamics equations in (3.17) and (2.8)'7, since all
functions are smooth, the SAC-learning rule satisfies the conditions (A.1-A.3) of Section
6.2.1 in Evans and Honkapohja (2001, p.124).

In order to check the conditions (B.1-B.2) of Section 6.2.1 in Evans and Honkapohja
(2001, p.125), we rewrite the system in matrix form by

X, = ;{(et—l)Xt—l + E(et—l)wta

ITFor convenience of theoretical analysis, one can set S¢_1 = Ry.
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where 0, = (o, 8, R:), X, = (1,z},x,_,,u}) and W} = (1,v},¢€}),

0 0 0 0
~ by (I — B2 b2 0
A) - bo +bi(I — *)a+ba b1 bap |
0 I 0O 0
a 0O 0 »p
1 0 0
~ 0I b
B(9) = g
00 O
0 0 I

Based on the properties of eigenvalues, see e.g. Evans and Honkapohja (2001, p.117), all
the eigenvalues of A() include 0 (multiple n 4 1), the eigenvalues of p and by82. Thus
based on the assumptions, all the eigenvalues of 2(9) lie inside the unit circle. Moreover,
it is easy to see all the other conditions for Section 6.2.1 of Chapter 6 in Evans and
Honkapohja (2001) are also satisfied.

Since z; is stationary, then the limits

ol = tlggo E(z;y — )%, O-S%z‘xi,—l = tlgglo E(xiy —a;) (w1 — o)

exist and are finite. Hence according to Section 6.2.1 of Chapter 6 in Evans and Honkapo-

hja (2001, p.126), the associated ODE is

(da  _
d_’T :"l’.(ahB) —Q,
% — R 'E-BQ =R'QEQ -4, (C.1)
dR

|, =9-R

where R is a diagonal matrix with the i-th diagonal entry R; and Q, E are also diagonal
matrices as defined in Section 2. As shown in Evans and Honkapohja (2001), a BLE
corresponds to a fixed point of the following ODE (C.2).

d_a :E(anB) - a,
% (C.2)

Note that 8 and G are both diagonal matrices. The Jacobian matrix of C.2 is, in fact,
equivalent to
(I =087 (b1 — 1) 0
0 DGg(B*) — 1

)
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0G,

where DGy is a Jacobian matrix with the (7, 7)-th entry Zz¢ and the form of matrix

J

o is omitted since it is not needed in the proof. Therefore, if all the eigenvalues of
(I —b,B**)~ (b, — I) have negative real parts, and all the eigenvalues of DGg(8*) have
real parts less than 1, the SAC-learning (o, 8;) converges to the BLE (a*, 8%) as time t

tends to oo.

D Eigenvalues of matrix BS

The characteristic polynomial of BA2 is given by h(v) = v? + civ + ¢y, where

_ Bithet AMt+ed)lds MBS
L+ v900x + 9o, C T L 0o + 0oy

Both of the eigenvalues of B3? are inside the unit circle if and only if both of the following
conditions hold (see Elaydi, 1999):

h(1) >0, h(—1)>0, [h(0)]<1.

It is easy to see h(—1) > 0,|h(0)| < 1 for any f; € [—1,1]. Note that

(1= B (1 = AB3) + 790 + 9oy — (Yo + Ao, ) 3
1+ vpdr + 0o, ’
elv(dr — 1) + (1 = Ny
1 + ’YSO¢7r _'_ ngﬁy .

Thus if v(¢r — 1) + (1 — X\)¢, > 0, then h(1) > 0. Therefore, both eigenvalues of BA? lie

h(l) =

inside the unit circle.

E First-order autocorrelation coefficients of output

gap and inflation

Now we calculate G(a, B). Define z; = ; — Ex;. Then in order to obtain G(e, ), we
first calculate E(z:2,_,) and E(z:z;). Rewrite model (4.12) into

2, =BB%%,  +Ce, +Cple, 1 +--- . (E.1)
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Thus

2z, = BB%%_1+4+Cei+Cpleg_q+---

= (BB*?2_9+ BB*(Cei_1+Cpley_g++--)+Cei + Cpley_y + - - -

= Ce; + [CpI + BB*Cles—1 + [Cp*I + BB*CpI + (BB?)*Cles—a + - - -
+[CP"T + BACp™ I + - -+ (BB?)"1CpI + (BB)"Clesn + - -

_ Ce,+ Clpl — C-'BRCI oI — C~(BBY)2Clers
+ClpI — C'BRCT o T — C-(BB2*Clern + - - -
+ClpI — C-'BBAC] [ — C-Y(BAY) ™ Clepn + - - -

Note p is a scalar number and I is a 2 X 2 identity matrix. Based on i.i.d. assumption of

6t7

Ezz, = E{Ce+---+C[pI — C'BB*C|![p"'I — CY(BB*)""'Clegn + - -+ }-
{eiC' + - - + el [p"' I — (CTH(BB*)™'CY]lpI — (C'BB*C)]'C" +---}
= CXC'+---+Cpl — C™'BR2C| ' [p"*'I — C~{(BB*)"*'(C]x
[o"*1 — (C~1(BB*)™'C)][pI - (CT'BA*C)]7'C" + -
= ClpI —-C'Bp*C)™ i[p"“l — C7H(BB)"HOIE[p" T - (¢ (BBY)"C)] -

n=0

[pI _ (C‘IB,B2C)']‘IC',

2
o; 0

0 o3
In the following we try to obtain the expression of the matrix Ez;z; and hence we first
calculate the matrix Y oo [p"T1] — C~Y(BB?)"HCIE[p" T — (C~H(BB*)"'C)]. Note
that

where ¥ =

1
T 14 ypda + oy

B o(1 = Apr) B3

BB .
Y8 (v + A1+ 9oy)) 53

Bf? has two eigenvalues'®

(82 + (v + X+ Mooy ) B3] + VIBF + (o + X + Mooy ) B3] — 4B B3 (1 + 10 + 0y)

2(1 4 i + 0dy) ’
N = (e A Medy)B) = VIBE T (e + A+ Ao ) B — INBTB(L+ 100n + 00,)
2(1 +v9dx + pdy)

8In the special case A\; = g, although BfB? is not diagonalizable, the expressions of first-order auto-

correlations (4.13) and (4.14) still hold based on the Jordan normal form of matrix B2 Without loss

)\1:

of generality, in the following we assume A; # Ag.
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Their corresponding eigenvectors are

Pl - [ ) )\1 - )
L+ 999 + ¢, L+ 999 + ¢,
P2 = 5 )\2 - .
L+ 999 + ¢, L+ 999 + ¢,
Let P =[Py, P5]. Then
A O
cBgic=cp| ! (c'p),
A2
where
c'p
[ (14+pdy)p(1-2éx)B3 B2 (14+pdy)p(1-Adx) B3 83
_ Tpontes, T PO <>\1 B 1+w¢71r+so¢y) Tpontes, T PO <)\2 e
o —ve(1-A¢r)B3 4 ( _ B3 ) —ve(1=A¢r)B3 4 ( Ay — B3 )
1+vpdr+ody 1 I+ypdr+pdy 1+vpdr+ody 2 1+v9pr+pdy
B di dy
ol dy o4y |
Correspondingly
_ 1 dy —dy
c'pyt=—— )
( ) didy — dads |: —ds d; ]
where
d1d4 - d2d3 = det(C_lP) = QO(l - A¢ﬂ)ﬁ22(>\2 - >\1)
Hence
A0
C_I(B,B2)n+10 — C—IP B (C—IP)—I
Ay

1 Ay da N7 — dopds AT dydp (AT — AT
d1d4 — dgdg d3d4()\711+1 o )\;H-l) d1d4)\3+1 _ dgdg)\?—i_l ’

Thus

pn+lI _ C_I(B,B2)n+10 _
d1d4(pn+1 _ )\?-1-1) o d2d3(pn+1 _ )\;H—l)
_d3d4()\711+1 _ )\;H-l)

1 —dydy (N3 T = AT

didy — dods
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Therefore

[pn+lI _ C_I(Bﬂ2)"+10’]2[p"+11 _ (C—I(Bﬂ2)n+10)l] _ y 1 |: zlgz 1 1; 22EZ i

(dvdy — daods)?
where

sin+1) = o2[dida(p" — A7) = dods (0" = MO + 02[drda (A7 — AT,

so(n+1) = oddsda(N = N [didi (07 = N — dada(p = X5 ] +
adidy (N = N5T)[dida(p" T = N5 — dads (0" = AT,

ss(n+1) = ofldsda(Ng™H = AP 4 03[dida(p"™ T = N5 — dads (0" — AT

Thus in order to obtain Y oo ([p"t] — C~1(BB%)"H1CIE[p" ] — (C~1(BB*)"1C)], in
the following we first try to calculate the values of Y7 /s;(n+ 1), (i = 1,2,3).

Since

o0

Z[d1d4(pn+l _ )\?—H) _ d2d3(pn+1 _ )\;L+1)]2’
n=0

= (dids — dods)*p* "V — 2dydy(dydy — dads) (ph)" " + (didy) 2N

n=0

+2dyds(dydy — dads)(pro)™F = 2didadzdy (M Ae)" ! + (d d )2)\3(’”1)]

= (dids — dzdg)Q(Lp2 — 1) — 2d1dy(dydy — dods ( 1) + (dld“)Q(%ﬁ _

1—

)
_ 1) _ 2d1d2d3d4<

1 (1
+2dads(didy — dads) (1 o T— Mo ) + (dods) (1 — A\ a
1 1
= (d1d4 — d2d3)217p2 - 2d1d4(d1d4 - d2d3> 1 p}\ (d1d4) 1 )\2
— - 1 M
1 1 1
+2dyds(dydy — d2d3)1 o — 2d1d2d3d41_7)\1)\2 + (d2d3)21 vl

similarly,

Z d3d4()\g+1 _ )\111+1)[d1d4(pn+1 _ )\;L—I—l) _ d2d3(pn+1 _ )\;L+1)]

n=0

B 1 1 didy  dydy+dydy  dods
B d3d4{(d1d4 dads) (1 —phy 11— p)\1> 1—X 1— XA\ L A2 }
e 1 2 1
d d >\n+1 - )\n-‘rl 2 — d d 2 o
;[34(2 i) (dsda) [1—Ag 1—A1A2+1—A§]’
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=+
=
@
=

ni.;o sin+1) = o} [(d1d4 — dads)? 1 —1p2 — 2dydy(d1dy — dad3) : _1p)\1 + (d1d4)21%)\%
+2dzd3(didy — dads) — . 2d1d2d3d4%)\1)\2 + (d2d3)21%)\%}
+03 [(d1d2)2(1 _1)\5 7 _2)\1)\2 + 1 _1)\%)} =: s}
N 1 1 dqd dydy + dod
;:()sz(n+1) = o} [d3d4{(d1d4—d2ds)(1 o 1 —,0)\1> 11% _ 114_1;23
o3 |didof (drls — dady) (5 _lml - _1%) 1did§§ B dlldij; fl;jg
= 8
gsg(njL 1) = of [(d3d4)2(1 _1)\5 — 1 _2)\1)\2 + 1 _1)\%)}
+03 [(d1d4 — dydy)? -2 2dydy(dydy — dads) = n + (d1d4)21_7)\%
2oy dady) 7~ 2d1d2d3d41%)\1)\2 + (d2d3>21%ﬁ} s

Therefore it is natural to have

f: [pn-l-lI _ C_I(B,B2)n+10']2[pn+l.[ _ (O—l (B,B2)n+10),]

n=0

1 Yoo osin4+1) D% sa(n+1)
(didy = dads)? | S sy(n41) S22 s3(n + 1)

B 1 51 S5
(didy — dods)? | g3 51 |
where s (i = 1,2,3) is shown in (E.2)-(E.4). Based on this, thus we can further obtain

the expression of Ez.z).

Since

pl — C~Y(BB*)C

- 1 dida(p — A1) — dadz(p — A2) —dida (A2 — A1)
didy — dads —d3d4()\1 — )\2) d1d4(p — )\2) — dgdg(p — )\1) ’
then
1 | dida(p — Ag) — dads(p — A dida(Ag — A
[pI—C'_l(B,B2)C']_1 _ - 1 4(P 2) 2 3(P 1) 1 2( 2 1) ’
m d3d4()\1 - )\2) d1d4(P - )\1) - d2d3(P - )\2)
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where m = (dy1dy — dad3)(p — A\1)(p — A2). Furthermore,

_ _ 1 ky ko
Clpl = CT(BFCI™ = (1 +vpdr + ©oy) { ks Ky ] ’
where
by = didy(p— X)) — dads(p — M) — @bndsdi(N — Ao), (E.5)
ky = didy(Na — M) — @beldida(p — M) — dads(p — Aa)], (E.6)
ks = Aldids(p — M) — dads(p — M) + (1 + 96, )dsds (A — ), (E.7)
ki = ~dids(As — A1) + (1 + 0oy [dids(p — \) — dads(p — As)).- (E.8)
Therefore,
Bz

— Clpl - BRI S - O BEPCIE T - (C (B OY )
n=0

oI - (C7H(BB*)C)]7'C"

. 7{:« ]{31 ]{72 ST S; ]{31 ]{73
k‘g ]{34 S; S§ k‘g ]{34

. 7{:« ]{Z%ST + 2]{31]{3283 + ]{?%83 ]{31]{7381< + (]{31]{34 + ]fg]fg)sg + k2k48§
krksst + (kyka + koks)s + kokasy k25t + 2kskyst + k2s3 ’

where k = 7%2(HW%JFSD(Z;U)Q(d1d4_d2d3)2, st is given in (E.2)-(E.4) and k; is given in (E.5)-
(E.8).

With the expression of covariance matrix Ez;z}, in order to obtain the expression of
first-order autocorrelation coefficient of output and inflation, we need to further calculate
the first-order autocovariance Ezz; ;.

Similar to the calculation of Ez;z}, we have
Ezz, , = E{Ce +---+C[pl — C'BB*C] ™ [p"t'I — C~Y(BB*)"'Cletn + -+ }-

{eiC" + -+ + e, [0"] = (CT(BB)C)llpl — (CT'BF*CY|7'C" +--+}
= ClpI —-C'BA*CI™ ) [p"'I - (BB CInp"I — (C7(BB*)"C)']-
n=1

[oI — (C~'BF*C)|'C".

and

[pn+lI _ C_I(Bﬁ2)"+10]2[p"1 _ (C_I(B,B2)n0),] _ (d1d4 _1d2d3)2 ' [ ’LUl(TL) w2(n) :I :
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wi(n) = of{{dida(p" = N7 = dods (" = Ag)][drdu(p" — AT) — dads(p" — N3)]}
+0o3(dida)* (A5 = NTTH (A3 = AD),
wa(n) = of{dsda(Ny — AP)[dida(p" ™ = NTH) — dady (" — A5TH)]}
+oa{ dida (N = X5 ™) [dada(p" = N5) — dads(p" — A})]},
wy(n) = oi{dada(NgT = N [dida(p" — A7) — dads(p" — N5)]}
+oy{dida(A} = N)[dida(p" T = N H) — dady(p" T = AT,
wa(n) = of{(dsda)*(N3TH = AN = A}
o3 {[dida(p" = NgTH) = dadz (0" = AU [dada(p" = A3) — dads(p" — AT)]

Since
f: wl(n) = U%{(dldzl — d2d3)2 P - d1d4(d1d4 - dgdg) P + )\1 + (d1d4)271
— 1—p? 1—p\ 11—\
p+ A AL+ Ay A
+d2d3(d1d4 — dgdg) 1 p)\2 — d1d2d3d41_7)\1)\2 + (d2d3)21_7)\%}
A AL+ A A
2 2 2 N 1 2 1 ok
+02(d1ds) [1 T T A%] w, (E.9)
= s _ PP didghy didydy + dadsho | dadshs
;W(") - “1d3d4{(d1d4 dads) [1 — o 1-— pAJ 1— 22 I 1= }
A A dads\ dyidy\1 + dadsA didg\
2 B 1 2 20d3A1  d1d4A 203 A2 104 A2
+“2d1d2{(d1d4 dady) [1 — o\ 1— pAJ 1— X2 (VS Ve A2 }
= w,, (E.10)
- A A didihy  dydgdg + dads)y  dads)
o B 2 1 104A1  d104A2 2031 2032
;w?’(”) - “1d3d4{(d1d4 dady) [1 “oh 1 pAJ 1- 22 — e 1-N }
2 B PP didsgAy  didgds + dadszhy | dadsh
+U2d1d2{(d1d4 dady) [1 —ph 11— pAJ R A2 1— Ao 1— A2 }
= wi, (E.11)
- A A+ A A p
- 2 2 2 M 2 1 2 o 2
;’LU4(7’L) = 01(d3d4) [1 — )\% 1— )\1)\2 + 1— )\%} +O’2{(d1d4 dgdg) 1 —p2
—dydy(dydy — dads) P + (6151014)2L + dads(dydy — dads) Pt
1—p)\2 1—)\% 1—p)\1
AL+ A s AL o
_d1d2d3d41_7)\1)\2 + (dgdg) 1_7)\%} = Wy, <E12)
then
= n+1 -1 2\n+1 n -1 2\n 1\ 1 Wy wy
> " - T (BA)ICIE " — (CTH(BBY)"C)] = ——— :
oy (d1d4 - dgdg) 1U§ wz

48



Therefore,

Ezz,
= Clpr - c7(BAYCI{ DI - T (BB CIEIT - (CTH(BAYC)]}

k‘lk’gwf + k2k3w§ + k1k4w§ + k‘gk‘4'wz k:gwf + ]<?3]'{54('LU>2k + ’LU;) + k‘iwj

where k = fﬁz(1+~/go¢ﬁ+go¢1y)2(d1d4—d2d3)2’ w} is given in (E.9)-(E.11) and k; is given in (E.5)-

(E.8).

Therefore based on the expressions of the first-order autocovariance Ez;2z;_; and co-

variance Ez;z}, we can obtain the first-order autocorrelation coefficients G1(f;, 52) and

Go(f, P2) of output gap and inflation, i.e.,

kiws + kyko(wh + w3) + k3w;
kisy + 2kikosy + k3sy 7

k2w; + ksky(wh + w3) + k3w;
k2st + 2kgkysy + k3sy

G1(B1, Ba)

Ga(Br, B2) =

where sf is given in (E.2)-(E.4), k; is given in (E.5)-(E.8) and w} is given in (E.9)-(E.11).

From the expressions of sf and w}, it can be seen that G1(f1,52) and Ga(fB1, 52)
are extremely complicated. Hence in the following we try to simplify the expressions of
G1(f1, B2) and Ga(B1, 52) so that the separate expressions of A; and Ay are not needed
(i.e. Gy and Gg just depend on A\; + Ay and A1 - Ay). We first simplify the expression of
the first-order autocorrelation G1(f1, 52) of output gap.
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k%wl + kle(w2 + wg) + k2W4

+A
o7 [kf(d1d4 — dads3)? 1 _Pp2 (didy — dods3)(krdidy + k2d3d4)_110_ p)\ll
)\ 1% + )\2
kdads + kadydy ) T +hdids = dady) (adods + kadyds) g
~ — pA2
Ay A+ A
+(kydads + kodsdy)? - — (krdydy + kodsdy)(kidods + k2d3d4)11_7)\1)\22]
+A
oA 80— s pr (s = dods) (s + o) =
_ — PA2
+A
+(kodydy + k;ldldQ) - )\2 + ko(dydy — dods)(kedads + kidyds) 1P_ p)\ll
Al A+ A
+ (kadsds + kydydy)? Y — (kadydy + kydydy) (kadads + k‘ldld2)ﬁ]
_ — A1A2
1

(1= ) (1= pA) (1= A (1 = pAo)(1 = AB)(1 = Mda)

[/ﬁ (dids — dads)p(1 — AT (1 — A3)(1 — MA9) [kr (didy — dad) (1 — pAr) (1 — pAs)

(k1dydy + kadady) (1 — p*) (1 — pAa) + (kadads + kadzda) (1 — p?)(1 — pA1)]

—(krdydy + Kadzdg) A (1 — p*) (1 — pA2)(1 — A2) [k (dids — dads)(1 — AT)(1 — A \o)

—(kidydy + kodsdy) (1 — pA1)(1 — A Ae) + (kydads + kodsdy)(1 — pAy)(1 — )\f)]
( )
( )

/—/H

)
(
+(k1dads + kodsdy) Ao (1 p2)(1 — pA1)(1 = AD) [kr(dady — dads3) (1 — A3) (1 — M Ao)
—(kydydy 4 kadsdy) (1 — pAa) (1 — A2) + (kydads + kadsdy)(1 — phs)(1 — AlAQ)H

+03 [/fg(dm — dadz)p(1 — AT)(1 = A3)(1 — A Ao) [ka(didy — dods) (1 — pAr) (1 — pAa)
—(kadidy + kidida) (1 — p*)(1 — pA1) + (kadads + kididz)(1 — p?)(1 — pAo)]
—(kadydy + kydydy) Mo (1 — p?)(1 — p)\l)(l — A [a(drdy — dodg) (1 — A2)(1 — A Do)
—(kadidy + kidida) (1 — pAa) (1 — MA9) + (kadods + kidida)(1 — pAa) (1 — A3)]
+(kadads + kydida) A (1 — p2)(1 — pAa) (1 — A2) [ka(didy — dads)(1 — A2)(1 — A Ao)

( ) (

~(kadidy + krdvds)(1 — pA)(1 — A2) + (kadads + krdyds) (1 — pAi)(1 — mz)ﬂ }
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Since

then

ky(dydy — dads)(1 — pA) (1 — pAy) — (krdidy + kadsds) (1 — p?)(1 — pAy)
+(k1dads + kadsdy) (1 — p?) (1 — pAy)
= ki(didy — dods)p? — (krdydy + kadsdy)phy + (krdads + kodsdy) phe
ki (didy — dods)p* M Ny — (kydidy + kadsdy)p* Mo + (kidads + kodsdy) p* M
= plki(dids — dody)p — (krdidy + kodsda) M + (kidady + kadzds) Ao
+0° [k1(didy — dod3)Aide — (kididy + kadzds) pAs + (kridads + kodzda) pAi],

ke (dydy — dods) (1 — N2)(1 — MAe) — (krdyda + Eadsdy) (1 — pA)(1 — A Aa)
+(kydads + kadsds) (1 — pAr) (1 — A2)

= M [k (dydy — dads)p — (kydydy + kadsdy) Ay + (kydads + kadsdy) As]
A2 [k (dydy — dods) DA — (Kydydy + kadsds)phy + (kidads + kadsdy)phy],

ke (dydy — dods) (1 — A2)(1 — Mde) — (krdydy + kadsda) (1 — pAa)(1 — A2)
+(kydads + kadsds) (1 — pA2)(1 = M he)

= No[ki(didy — dods)p — (krdidy + kadsdi) My + (krdads + kadsds) As]
A2 [k (dydy — dods)M A — (Kydydy + kadsds)phy + (kydads + kadsdy)py],

k2w + ko (wh + w3) + kjw}
1
L= p?) (L= pA)(1 = AD(L = pA2) (1 — A)(1 — Aiha)

( (

{af [ ka(dydy — dads)p — (kadydy + kadsdi) s + (krdads + kadsd) o] [k (dyds — dods)p*(1 — A2)
(
(

1= M) — (kndady + kadsd) N2(1 — p2)(1 — pAo)(1 — A2) + (krdads + kadsds) N2

1= pA) (1= A2)] + [ky(dydy — dads) Mg — (kydydy + kadsds)phs + (krdads + kadsd,)
1] [k (dydy — dads)p®(1 — A2)(1 = A2)(1 = M Ao) — (kadady + kadsdi) XE(1 — p?)

(1 — pA2)(1 = A3) + (krdads + kadzdy) N5 (1 — p*) (1 — pA1)(1 — A%)H +

o2 [[k2(d1d4 — dyds)p — (kadydy + kadyda) Ny + (kadads + kydyda) M] [ka(dady — dads)p*(1 — A2)
(1= A)(1 = MAo) — (kedady + krdyda)X2(1 — p?)(1 — pA)(L — A2) + (kadady + ydydo) 2

(1= p2)(1 = pAo)(1 = A2)] + [ka(dady — dads) A ho — (kadydy + kydyda) phy + (Kadads + kydydy)
pha] [ka(dydy — dads)p®(1 — A2)(1 = A2)(1 = A Ag) — (kadydy + kydyda) Xi(1 — p?)

(1= pA)(1 = A2) + (kadads + kydydo)N3(1 — p2)(1 — pho)(1 — A%)H }
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Note that

Fa(didy — dads) p(1 = X2)(1 = A2)(1 = Aha) — (krdads + kadsd) N2(1 — p)(1 = pAo)(1 — A2)
+(kydads + kadsds) N5 (1 = p*)(1 = pAr) (1 = A7)

= [ki(didy — dods)p® — (kydidy + kodsdy) AT + (krdads + kodsdy) N3] — [ky(didy — dads)p?
(2 4+ M do + A2) — (krdads + kodsdi)A2(0 + pho + A2) + (krdads + kadsda) X2(p° + pht + A2)]
oA Nk (dydy — dods)p(N2 + A2) — (kndady + Eadsdi) M (0% + A2)
(krdads + kadsd)Aa(0? + A2)] = XNk (dady — dads) M — (kvdida + kadsds) phs
+(krdads + kadsds) ph],

and

ke (didy — dadz)p*(1 — AT)(1 = A3)(1 = Mde) — (krdida + kadada) Ai (1 — p?)(1 — pAa) (1 = A3)
+(kidads + kadsda) A5 (1 — p?) (1 — pA) (1 — A7)

= [k (didy — dads)p® — (krdydy + kadsdy) X} + (kydads + kadsdg) A — [k (dydy — dads)p®
(A2 Mg + A2) — (kydydy + kadsdy) N3 (0% + pha + M) + (kidads + kadsdy) N3(p? + phi + A2)]
oM Xofkr (didy — dods) p? (A2 4+ Mo + A2) — (kydydy + kadsd )N (p% + pAa + A2)
+(kydads 4 kadsdy) N3 (p* + pAi + A2)).

Because ]{?1 = d1d4(p — )\2) — dgdg(p — )\1) — (p¢ﬂd3d4(>\1 - )\2),/{72 = d1d2(>\2 - )\1) -
¢orldida(p — A1) — dadz(p — A2)], e can obtain

kididy + kodsdy, = (d%d4 + @wadgd% — dydads — pordidsdy)dy(p — o)
(didy — dads)(didy — pdrdsda)(p — Aa2),
(didy — dads)(dads — pdrdads)(p — A1),
(didy — dads)(didz — prdida)(p — A1),
(didy — dad3)(didy — @drdads)(p — Aa2).

kidads + kadsdy =
kadidy + kydyidy
kadads + kydyids
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Thus

kit (didy — dods)p — (kadydy + kadsdi) M + (krdads + kadsdy) s

= (dydy — dad3)[d1ds(p — A2) — dads(p — A1) — @prdsds(N — A2)]p — (didy — dads3) -

(didy — @prdsdy)(p — Ao) A1 + (didy — dods)(dads — @drdsdy)(p — M)Az

= (didy — dad)(drds — pdrdsds)(p — A2)p — (didy — dads)(dads — prdzds)(p — A1)p

—(dydy — dod3)(drdy — p@rdsdy)(p — Ao) A1 + (didy — dads)(dads — pordsdy)(p — A1) Ao

= (didy — dad3)(drds — pdrdsds)(p — X2)(p — A1) — (didy — dods)(dads — @drdsds)(p — A1) (p — A2)
= (dids — dad3)*(p — Xa)(p — M)

= (p(1 = 2x)B3)° (A2 = M)2(p — Xa) (p — M),

k1(didy — dad3) M Ay — (krdidy + kodsdy) phe + (k1dads + kadsdy) pAy

(dvdy — dad3)[drds(p — A2) — dods(p — A1) — @Prdsdy(A — A2) A Ae — (didy — dads)

(d1d4 — @Ordsds)(p — A2)pAa + (didy — dads)(dads — ©Prdsds)(p — A1) pAs

(didy — dods)(didy — pdrdsdy)(p — A2) A A — (didy — dads)(dads — @Prdsdy)(p — A1) A1 e
—(dydy — dads)(dids — pPrdsds)(p — A2)pAe + (drdy — dads)(dads — pdrdsdys)(p — A1) ph
= —(didy — dad3)[(drds — pPrdsds)(p — A2)(p — M)Az — (dods — prd3ds)(p — A1)(p — A2)Ad]
= (dids — dods)(p — A2)(p — M)[=(drds — ©Prdsdi) Az + (dods — ©Prdsd) M]

= (dids — dads)(p — Xo)(p — M) [=(1 — Apr) B3daa + (1 — Aor) Byds ]

= (p(1 = 2x)B3)° (A2 = M) (p — Xa) (p — M) [=AB3),

ke (dydy — dods)p? — (krdidy + kadadg) N2 + (kydads + kadydy) N2
= (o1 >\¢w)52)( )(/) A2)(p—M)[p+ M+ X — )\53]7

ki(didy — dods)p® — (krdydy + kodsdy) N + (krdads + kadsdy) N
= (o1 = Apx)B3)* (A2 — A1)%(p = A2)(p — A)[P® + pAr 4 pAa + AT+ Mdo + X3 — M35 (0 + M + o)),

ky(didy — dads) p* (N2 4+ Mg + A2) — (kidydy + kadsd ) N2 (p? + phg + A2)
+(kydyds + kadsdg) N2 (p? + pAy + A2
= (o1 = Adx)B3)* (A2 — M)*(p — M) (p — A)[AB3 (pA1 + pAa + A Aa)],
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ki (didy — dads)p> (A2 + Mo + A2) — (kudidy + kadsd ) N3 (0% 4 pha + N2)
+(kydyds + kadsd )N (p® + phy + \2)
= (0(1=2d2)B3)2 (N2 — A1) (p — A2)(p — M)[PPAT + p° A1 da + PP A5 + pA2 g + pAi A3 + ATAS],

pA o[k (dydy — dods) p(A] + N3) — (kidydy + kadsdy) M (p? + A3)
+(kidads + kadsdy) Ao (p® + A3)]
= (p(1 = Ax)B3)* (A2 — M)%(p — Aa)(p — M) [ABap i Aa(p + A+ A2) — pAida (M Az + pAr + pAa)],

pAAe[ky(didy — dads) p? (N2 + Ao + A2) — (kydidy + kodsdg) N2 (% 4 pAg 4+ A2)
+(kydayds + kadsdy) N2 (p* + phy + \2)]
= (p(1 = Ax)B3)* (A2 — M)%(p — Aa) (p — M) [ABIpA A2 (pAr + pAa + A Ag)],

(p)\l)\2)2[/€1 (d1d4 — dgdg))\l)\g — (k1d1d4 + k2d3d4)p)\2 + (k‘ldgdg + k2d3d4)p)\1]
= (p(1 = 20x)B35)* (A2 = M)*(p = A2)(p = M)[=AB3 (pPAi k)],

and

ko (dydy — dods)p — (kadydy + kydyda) Ay + (kadads + kydida) M\
= (p(1 = Ax)35)* (N2 = M1)*(p — A2)(p — M) (—9n),

k2<d1d4 — dgdg))\l)\g — (k2d1d4 + ]{Zldldg)p)\l + (kzdgdg + ]{Zldldg)p)\g
= (o1 = Ax)B3)* (A2 = M) (0 = A2) (p — M) 0B,

ko (dydy — dods)p* — (kadydy + kidido) N2 + (Kadads + Kidyda) A2
= (p(1 =208 (A2 = M)2(p — M) (p — M) [—9bx(p + M1 + Ao) + B3],

kg(d1d4 — d2d3>p3 — (k2d1d4 + k1d1d2))\3 + (kgdgdg + k1d1d2))\i’
= (p(1 = 29x)B3)* (A2 — A1)2(p — M) (p — A1) [—9x (P> + pA1 + pha + AT + A dg + )3)
+§052 (10 + )‘1 + )‘2)]>

ko(dydy — dods)p* (N3 + Mg + A1) — (kadydy + kydido) N3 (0% + pAi + \3)
+(kadods + kydida) N2 (p* + pha + \2)
= (p(1 = Apx)B3)° (A2 — M)%(p = A2) (p — M)[—83 (pA1 + pAa + MAo)],

o4



ko(didy — dads)p> (A2 + Mg + \2) — (kadidy + kydido)N3(p° + pAi + A2)
+(kodads + kydida) N3 (p? + phg + A2
= (p(1 = 20x)B2)* (A2 = A1) (p = A2)(p = M)[PPAT + P Mida + p° A3 + pATA

+oMA3 + AN (),

pAM N[k (didy — dods)p( N3 + N3) — (kadidy + kidida) Aa(p* + \3)

+(kadads 4 kydida) A (p* 4+ A\2)]
= (p(1- )@w)ﬁz) (A2 ) (p—=A)(p—\)[— @5220)\1>\2(P+ AL+ o) +

©PrpA1A2( A1 A2 + pA1 + pAa)],

pAAe[ka(dydy — dads) p? (N2 + Ao + A2) — (kadydy + krdyda) N2 (p® 4 pAy 4+ A2)

"‘(kzdgdg + ]{ildldg))\2 (p2 -+ p)\g + )\2)]
= (p(1 = 2¢x)53)* (A2 — A1)2(p — A2)(p — M) [=@B3pA Ao (pA1 + Ao + Mi o)),

(p)\l)\2)2[k‘ (d1d4 — dgdg))\ )\2 — (k2d1d4 + k’ldldg)p)\l + (k‘gdgdg + k’ldldg)p)\g]
= (e(1 A@r)ﬁz) (A2 ) (p—A2)(p— Al)[@ﬁz (P)\1)\2) J-

Hence

k2wl + kiko(wh + w}) + k3w

_ (p(1 = Agr)53)* (N ) (p = X)2(p— \)? 2 a2\ a2
= T AT (= T T AT = gy 0 e = AL 05
(P4 A1+ X)) + ABZ (A1 + pAa + Mida) — pAido][(pA1 4 pA2 + Ada) — AB3pAAo]] + 03 -

[(0dr(p+ M+ A2) — ©83))[0dr — ©B3(p + M1+ X2)] + [9B5 (A1 + pra + M As)
—pdrpMA2] [0 (PA1 + pAa + MiA2) — @B A Ao]] }

Following the similar procedures, we can obtain

k25t 4 2k1kosh + k3sh
_ (e(1 = Ad2)B3) (A2 — M) (p — A2)*(p — M)?
(1=p?)(1=pA)(1 - A2)(1 — pA2)(1 = A3)(1 = M hs)

{03 [0+ X263) = 2282 (0 + X1 + ho) + (1L+ X268 (PAs + pha + A )
—PAA(L+ A28 (0 Ar + Aa) = 2AB3(ph1 + pAs + Aika) + (14 A28D)pA A

+03 [[((@%)Q + ©*B3) = 200085 (p + A1+ A2) + ((9dx)? + ©*B2) (PA1 + pAa + A1 A2)]
—pAixe[((0dx)? + ©*82) (P + M1 + A2) — 2002063 (pA1 + pAa + A1 A2)
()2 + B phare] | |-
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2,k * * 2,k
Therefor, from G1(81,B2) = klwgg; ;ff;k(ﬂz;;fgs?w“, we can obtain the expression of
G1(P1, B2) as shown in (4.13). Similarly we can obtain the expression of Gy(f1,32) as

shown in (4.14).

F Stability for the contemporaneous Taylor rule

Based on Proposition 2, we only need to show that both of the eigenvalues of (I —
BB*)~'(B — I) have negative real parts if 7(¢r — 1) 4 (1 — \)¢, > 0.

The characteristic polynomial of (I —BB*)~1(B —1I) is given by h(v) = 1> — cv + ¢4,
where ¢; is the trace and ¢, is the determinant of matrix (I — BB*)~'(B — I). Direct

calculation shows that

(T (Y. T U DR RO C L. TR,
& (14 v90r + ody) ’

Plv(dr = 1) + (1 = Mgyl (F.2)

A (L4 v0dx+0dy) '

(1=B)A=AB)+v0dx+ody —(votAody ) B3

I4+ypprtpdy '

Both of the eigenvalues of (I — BB?)~!(B — I) have negative real parts if and only if

C2

where A=

¢; < 0 and ¢y > 0 (these conditions are obtained by applying the Routh-Hurwitz criterion
theorem; see Brock and Malliaris, 1989). If v(¢. — 1) + (1 — X)¢, > 0, from Appendix D
it is easy to see A> 0. Furthermore,

< 220[0(¢r = 1) + (1 = N
b= A (14 vp0x + poy)

<0, c9>0.

G Proof of Corollary 3

Under the forward looking expectations interest rate rule, the characteristic polynomial

of BB? is given by h(v) = 12 + c1v + co, where

cr = —[(1—9dy)Bi + (rp(1 = ¢x) + N)B3], 2 = M1 — 90,) 513

Similarly, both of the eigenvalues of BB?* are inside the unit circle if and only if the
following conditions hold (see Elaydi, 1999): h(1) > 0, h(—1) >0, |h(0)] < 1. Based
on our assumption ¢, < é and 1 < ¢, < 1+ %, it is easy to see ¢; < 0 and 0 < A(0) < 1,

and hence h(—1) > 0 for any f; € [—1,1]. Furthermore

h(1) = (1= BE)(L = AB3) + y9(dn — 1)B3 + 06,7 (1 — AB3) > 0. (G.1)
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In addition, for the stability of BLE, we need to show both eigenvalues of (I —
BfB*)~Y(B — I) have negative real parts if Oy < é and 1 < ¢, < 1+ %. The char-
acteristic polynomial of (I — B*)~'(B —1I) is given by h(v) = 1> — ¢;v + ¢,, where

6 = ﬁ[_a = N1 = BY) = vo(dr = DL+ B7) — 0oy (1 + B7) + Aoy (5] + 53)],
1

<y 1e0e = D+ 5 — 00, (1+ 51 + Agdy (14 )] < 0
= %h(%—l>+<1—x>¢y]>o,

where here h(1) is given in (G.1). Therefore, based on the Routh-Hurwitz criterion theorem
(see Brock and Malliaris (1989)), both eigenvalues of (I — BB*)~'(B — I) have negative
real parts. Then following the same ideas of Propositions 1 and 2, we obtain Corollary 3

on the existence and stability of BLE under the forward looking interest rate rule.

H Proof of Corollary 4

Under the lagged interest rate rule, the characteristic polynomial of A 4+ BS? is given
by h(v) = v* + c1v + ca, where

o = —[—pdy + B; —v00r + (Yo + N)B3l, 2 = (—pdy, + BN

1

Based on our assumption ¢, < " and 1 < ¢, < L=pdy

S, it is easy to see h(—1) =

(I = 9oy — v99r) + BF(1 + AB5) + (v + M1 — 9¢,))B5 > 0 and [h(0)| < 1 for any
B; € [—1,1]. Furthermore

h(1) = (1= B7)(1 = AB) + 9oy (1 — AB3) + 7(dx — 53) > 0. (H.1)

In addition, for the stability of BLE, direct computations suggest that we need both
cigenvalues of (I — A — BB*)"'(A + B — I) have negative real parts if ¢, < é and
1< o¢r < %. The characteristic polynomial of (I — A — BB*)"'(A+ B —I) is given
by h(v) = v* — cv + ¢y, where

‘ -

a = Fpl- =N =8 = 2= ML+ 8))ed, — ve(20x — (1+ ) <0,

@ = ph@ =D+ 20] >0,

where here h(1) is given in (H.1).

>
<2

>
~—
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