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Abstract

When comparing predictive distributions, forecasters are typically not equally in-
terested in all regions of the outcome space. To address the demand for focused
forecast evaluation, we propose a procedure to transform strictly proper scoring rules
into their localized counterparts while preserving the score divergence and strict pro-
priety. This is accomplished by applying the original scoring rule to a censored distri-
bution. Our procedure nests the censored likelihood score as a special case. Among
a multitude of others, it also implies a class of censored kernel scores that offers a
(possibly multivariate) alternative to the threshold weighted Continuously Ranked
Probability Score (twCRPS), extending its local propriety to more general weight
functions than single tail indicators. Within this localized framework, we obtain a
generalization of the Neyman Pearson lemma, establishing the censored likelihood
ratio test as uniformly most powerful. For other tests of localized equal predictive
performance, results of Monte Carlo simulations and empirical applications to risk
management, inflation and climate data consistently emphasize the excellent power
properties of censoring versus other localization methods.

Keywords: Density forecast evaluation; Tests for equal predictive ability; Censoring; Like-

lihood ratio; CRPS.

1 INTRODUCTION

Over the past decades, probabilistic forecasts have garnered increasing attention across a
variety of disciplines, primarily because they provide a more comprehensive understanding
of the stochastic nature of a random variable under scrutiny than point forecasts (Dawid
1984). A cornerstone for the effective evaluation of such probabilistic forecasts is the use
of strictly proper scoring rules (Gneiting and Raftery 2007; Brehmer and Gneiting 2020;
Patton 2020), which have been widely advocated for their ability to ensure fair comparative
assessments of different forecast methods. Scoring rules are inherently connected with
divergence measures; under the restriction of strict propriety, these measures are subsumed
under Bregman divergences (Dawid 2007; Ovcharov 2018; Painsky and Wornell 2020).
While the usefulness of unweighted probabilistic forecasting is well-recognized and well-
understood, various applications, such as the analysis of large financial portfolio losses,
inflation targets or temperature ranges, require a focused, localized evaluation of predictive

distributions.



In this paper, we introduce a natural localization mechanism for strictly proper scoring
rules that preserves the score divergence and strict propriety. By censoring (Bernoulli 1760;
Tobin 1958) the observation and distribution before applying the original scoring rule, we
find a sweet spot between retaining and discarding information when focusing on a region
of interest. Crucially, unlike existing approaches that employ conditional distributions, our
method preserves the overall probability of receiving an observation in (or outside) the
target region, obviously relevant when comparing various candidate distributions focused
on the same area. Moreover, within the region of interest, our mechanism maintains the
original distribution’s shape. This is particularly beneficial when evaluating functionals in
this region, such as quantiles or conditional expectations. Our procedure can be used to
generate a multitude of strictly locally proper scoring rules. These include the censored
likelihood (CSL) score, proposed by Diks et al. (2011), and the threshold weighted Contin-
uously Ranked Probability Score (twCRPS), put forward by Gneiting and Ranjan (2011),
for weight functions for which Holzmann and Klar (2017a) have shown that the twCRPS
is strictly locally proper. On the other hand, for weight functions for which the twCRPS
is not strictly locally proper, our analysis provides a strictly locally proper alternative.

The information retained by our censoring approach translates into advantageous power
properties of tests aimed at comparing density forecasts in regions of interest. We prove a
generalization of the Neyman Pearson (1933) lemma, revealing that the censored likelihood
ratio leads to a Uniformly Most Powerful (UMP) test. By contrast, we provide explicit
evidence that the conditional likelihood (CL) score does not admit a UMP test. Monte
Carlo simulations and empirical applications analyze the power properties of the Diebold
and Mariano (2002) (DM) type test statistic, within the framework of Giacomini and
White (2006), based on censored vis-a-vis alternative localized scoring rules. Censored
scoring rules have competitive power properties in all Monte Carlo experiments conducted.

In multiple empirical experiments, involving financial, macroeconomic and climate data,



we utilize the DM tests in the Model Confidence Set (MCS) procedure of Hansen et al.
(2011). The MCSs resulting from censored scoring rules are typically smaller than those
arising from alternative localization procedures, broadly aligning with the power properties
displayed by the Monte Carlo results.

Our research contributes to the literature on focused scoring rules, initiated by the
weighted likelihood score (WLS) of Amisano and Giacomini (2007). Diks et al. (2011)
and Gneiting and Ranjan (2011) sought to correct the (regular) impropriety of this scoring
rule by introducing the CL, CSL and twCRPS, respectively. Holzmann and Klar (2017a)
substantially advanced focused scoring rules, using conditioning to construct proportionally
locally proper scoring rules from unweighted scoring rules other than the logarithmic score.
They also showed that strict local propriety of the ensuing scoring rules can be restored
by adding an auxiliary weighted scoring rule, based on an arbitrary strictly proper rule
for the probability of an observation landing in the region of interest. Our work differs
importantly by opting for censoring rather than conditioning as localization mechanism.
Through censoring, we enable the direct application of the original scoring rule to the
localized measure, thereby avoiding the need for an auxiliary scoring rule and preserving the
original Bregman divergence. As detailed by Brehmer and Gneiting (2020, Theorem 1), the
conditional scoring rules of Holzmann and Klar (2017a) can also be viewed as an extension
of the WLS refined through a ‘properization’ process. Consequently, properization is not
a viable mechanism for retaining strict propriety of the original scoring rule. Recently,
Allen et al. (2023) introduced a framework to create strictly locally proper scoring rules
from the class of kernel scores. Furthermore, Mitchell and Weale (2023) proposed using
censored density forecasts, to perform statistical inference based on a central region of
the forecast distribution; they do not aim to evaluate competing candidate densities. We
provide a detailed comparison of our censoring approach with these alternative localization

procedures in Section 3.5.



Our research also rests upon a substantial body of research concerning unweighted
strictly proper scoring rules and their associated divergence measures. Although the for-
malization of strict propriety was rigorously achieved by Gneiting and Raftery (2007),
scoring rules satisfying this property date at least to the Quadratic Scoring rule of Brier
(1950). The literature in this domain has evolved from an initial focus on discrete settings
to a more general treatment. In this vein, we rely on the expanded frameworks of the Power
(PowS,) and PseudoSpherical (PsSphS,) families as advocated by Gneiting and Raftery
(2007) and Ovcharov (2018) rather than their discrete foundations.

Interest in targeting specific regions of predictive distributions has surged across diverse
fields, including meteorology, climatology, hydrology, finance, and economics. In financial
risk management, attention is particularly concentrated on the left tail of return distribu-
tions, according to mandated risk measures such as Value-at-Risk and Expected Shortfall
(Cont et al. 2010; Fissler et al. 2015). Analogously, in macroeconomics, ‘Growth-at-Risk’
and ‘Inflation-at-Risk’ are emerging concepts, signifying values that deviate significantly
from benchmarks established by institutions such as Central Banks (Adrian et al. 2019;
Lopez-Salido and Loria 2020; Iacopini et al. 2023). In other scenarios, the emphasis might
rest on the central region or on another specific region of the distribution, often dictated by
external constraints or objectives. Examples range from optimizing growing conditions for
specific crops such as tubers, to calibrating wind speeds for peak wind turbine performance,
and regulating blood sugar levels for effective diabetes management. All these applications
require region-specific performance evaluations aligned with the interest in particular out-
comes. Accordingly, as illustrated by Lerch et al. (2017), it is crucial to distinguish between
strict propriety and strict local propriety; failing to do so can result in misleading results.

The paper is organized as follows. Section 2 provides the foundational concepts. Sec-
tion 3 introduces the censored scoring rule and establishes its strict local propriety. This sec-

tion also contains guidance for the practical use of the censoring procedure, a generalization



of the Neyman Pearson lemma, and a comparison with alternative weighted scoring rules.
Section 4 discusses the empirical performance of our approach. Section 5 concludes. Proofs,
derivations of theoretical properties, results of the Monte Carlo study, and additional em-
pirical results are provided in the accompanying Supplementary Material. Data and codes

are available from the paper’s GitHub: https://anonymous.4open.science/r/LSPS/.

2 SCORING RULES AND DIVERGENCES

2.1 Unweighted scoring rules and score divergences

Consider a random variable Y : Q@ — )Y from a complete probability space (2, F,P) to a
measurable space (Y, G). Denote by P a convex class of probability distributions on (Y, G).
A scoring rule S assigns numerical values (scores) to observations y € ) and distributions
F € P, through a mapping S : P x Y — RU {—o00} =: R. Following Holzmann and Klar
(2017a), we assume that S is measurable w.r.t. G and quasi-integrable w.r.t. all P € P,
for all F € P, and such that EpS(F,Y) < oo and EpS(P,Y) € R. The latter condition
guarantees that the score divergence, Dg(P||F) := EpS(P,Y) —EpS(F,Y), exists and maps
onto (—oo, 00]. Adhering to Gneiting and Raftery (2007), a minimal requirement for S is

that it is strictly proper.

Definition 1 (Strictly proper scoring rule). A scoring rule S : Px)Y — R is proper relative
to P if Dg(P||F) > 0, VP,F € P, and strictly proper if, additionally, Dg(P||F) = 0 if and

only if P=F, VP, F € P.

Equivalently, a score divergence is a divergence measure (see, e.g., Eguchi, 1985) if and
only if S is strictly proper; here, a divergence measure D : P x P — (—o00, 00| satisfies
(i) D(P||F) > 0, VP,F € P, and (ii) D(P||F) = 0 if and only if P = F, VP, F € P, by

definition. For distributions on (Rd, B (Rd)), where B()) denotes the Borel o-algebra on ),


https://anonymous.4open.science/r/LSPS/

such a score divergence is known to be a Bregman (1967) divergence (Ovcharov 2018). This
excludes f-divergences other than the Kullback-Leibler divergence (Kullback and Leibler
1951). Two remarks are in place. First, distributions F € P are compared in terms of
their P-expected score differences, so that uniqueness of members in P should formally be
interpreted in terms of P-a.s. equivalence classes of P. Similarly, P = F is formally defined
as P(F) = F(F), VE € G. For ease of exposition, we henceforth omit technicalities about
P-a.s. equivalence. Second, if there exists a o-finite measure p such that F < u, VF € P,
with < denoting absolute continuity, then scoring rules and associated definitions and
results can easily be formulated relative to the class of induced p-densities f := %, also
denoted by P, like classes of distribution functions F.

Gneiting and Raftery (2007) provide an extensive list of strictly proper scoring rules,
which can be divided into local scoring rules and distance-sensitive scoring rules (Ehm and
Gneiting 2012). We use the same distinction when discussing examples, yet allowing local
scoring rules to also depend on the density via a global norm of the density, and refer
to these henceforth as semi-local. In this subcategory, our focus lies on the Logarithmic
(LogS), Quadratic (QS) and Spherical (SphS) scoring rules, along with their extensions to
the Power (PowS,) and PseudoSpherical (PsSphS,) families; see Table 1. For distance-
sensitive scoring rules we confine ourselves to the rich class of kernel scores. This class
has been shown to be strictly proper under known conditions (Gneiting and Raftery 2007;

Steinwart and Ziegel 2021), nesting the multivariate Energy Score family, which in turn

includes the univariate Continuously Ranked Probability Score (CRPS) as a special case.

2.2 Minimal localization and censoring

In this paper, we suppose the application at hand introduces a region of interest A C Y,
which is assumed to be measurable, i.e., A € G. Following Holzmann and Klar (2017a),

we adopt the strict perspective that outcomes y in the complement A = Y\ A are of



no interest. In terms of events £ € G, we interpret focusing on A such that only the
information generated by events intersecting with A are relevant. To formalize this, we
consider the smallest o-algebra on ) containing all events intersecting with A: Gmin :=
c({ENA:FE €G}) CG. Note that G also includes A° since o-algebras are closed under
complements. We refer to the restriction of F to the minimal o-algebra G3"  denoted
F‘ggin, as the coarsest restriction or minimal localization of F to A.

Minimal localization naturally gives rise to censoring, formally via a pushforward mea-
sure of F, from G to G}". Censoring (Bernoulli 1760) refers to the statistical concept used
to model a variable under scrutiny whose value, upon measurement or observation, is only
partially known (Tobin 1958). Under censoring, for realizations of a random variable Y
that occur in A€ it is only known that they are not in A. Realizations in A¢ are hence indis-
tinguishable under censoring and ‘A°’ may therefore be viewed as a single realization of the
censored random variable. We censor all outcomes in A° to a single abstract outcome ‘x’,
which may be interpreted as ‘NaN’, uniquely identifying A°. The importance of allowing x
to be outside ) becomes clear in Section 3.1. In Section 3.2, we discuss distance-sensitive
scoring rules, which replace * by a suitable y, € ). Formally, the censored random variable

Y5 : Y — V) is defined as the G/G’-measurable function

Yy, y€EA,
Yi=Yi(y) = (1)
x, Y€ A

with G == c({ENA: E € G}U{x}) on )’ := AU {*}. The distribution F’ of Y} is
referred to as the censored distribution of F. It is the pushforward measure of F by Y7,

equal to F|gmin up to relabeling the event A° € Ggmin by {+} € G%. In concise form,
F)y:=Fig, = Fa + Fad,, (2)

where FA(E) := F(ANE),VE € G* .= 0({G, *}), F4 := F(A°) and 4, denotes the Dirac

measure at *, i.e., 0,(F) = 1g(x), VE € G. The indicator function 14(y) equals unity if
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y € A and zero otherwise. An illustration of minimal localization is given in Example 1.

Example 1 (Minimal localization). Jim draws a ball from a vase containing six balls, one
of which is silver, two are orange, and three are blue. He wins a car if, and only if, he draws

the silver ball. This game can be described by a random variable Y, on the outcome space

Y = {s, 0, b} with power set o-algebra G = {0, {s},{o}, {b}, {s, o}, {s, b},{0, b}, {s, 0, b}},
having probability mass function (pmf) p(y) = %]l{s}(y) + %]l{o}(y) + %]l{b}(y), y € ).
Suppose Jim only cares about whether he wins the car or not (and not how he loses). Thus,
his region of interest is A = {s}, which induces )}’ = {s,*}, where {x} corresponds to

{o0,b}, and G = o({s,*}) = {0, {s}, {x}, {s,*}}, corresponding to o({s}) on Y. The pmf

p(y) localizes to Py (y) = 2114 (y) + 210q(y), y € {s,=}.

2.3 Local and localized divergences and weighted scoring rules

Example 2 (The need to focus). Continuing Example 1, suppose Jim and his friend Pam
know that the vase contains six balls colored silver, orange and blue, but do not know their
exact numbers. Jim suspects one silver, four orange, and one blue ball, while Pam believes
there are two silver, one orange, and three blue balls. Let Jim’s and Pam’s implied pmfs be
[ and g. One finds KL(p| f) — KL(pllg) = §1og(3) > 0, where KL(p||f) := E,(logp(Y) —
log f(Y)) denotes the Kullback-Leibler (KL) divergence from p to f. Hence, Pam’s belief is
statistically closer to the truth in absence of a region of interest. However, since Jim only
cares about winning the car, Pam’s accurate belief of the blue balls’ count, with a relatively
high true probability p({b}) = 1/2, is irrelevant and even misleading. Her close fit outside
the silver outcome obscures her inaccuracy where Jim is correct. This illustrates the need

to localize the KL divergence to align with Jim’s focus on winning.

As demonstrated by Example 2, it is imperative to adapt the divergence when particular

outcomes are of importance. Otherwise, an excellent fit in non-critical regions of the
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outcome space may obscure a poor fit in regions of relevance. We describe the relative
importance of outcomes y € Y by a weight function w € W, where W is a set of G-
measurable mappings w : ) — [0, 1]. Then the question arises how to accordingly transform
the divergence and the scoring rule.

Censoring as defined in Section 2.2 pertains to the weight function w(y) = 1a(y).
To simplify the notation, we often use the subscript A in place of 1, when referring to
indicator functions. Censoring transforms the class of distributions from P to P’ where
P’ = {F’,F € P}. As we will see in the next section, censoring induces a divergence on
P’ x P’ that equals 0 if and only if P’ = F’. This, in turn, is equivalent to the measures
coinciding (only) locally on A, i.e., P(ANE) =F(ANE), VE € G, for which we introduce
the short-hand notation P 2 F.

Let us consider a general divergence measure D, i.e., not necessarily a score divergence.
In Definitions 2 and 3 below, we introduce a local divergence and (the more specific) localized
divergence. Both definitions are given for general weight functions, corresponding to the

region of interest A, defined as
Ay ={y €Y :w(y) > 0}.

On A,, we again use the short-hand notation F L G for F(A,NE)=G(A,NE), VE € G.

Censoring will yield not just a local divergence but even a localized divergence.

Definition 2 (Local divergence). A map D, : P x P — (—00, 00| is called a local di-
vergence (w.r.t. Ay) if (i) F 2 G implies Dy(P||F) = Dy (P|G), VP,F,G € P, (ii)

D, (P||F) > 0, VP,F € P, and (iii) D,(P||F) = 0 if and only if P 2 F, VP,F € P.

Definition 3 (Localized divergence). Let P, denote a class of distributions obtained by a
map []w @ P — Py coinciding with the identity map [Fl, = F,VF € P forw = 1. A

local divergence Dy, : P x P — (—00,00] is called a localized divergence of D (w.r.t. Ay )

10



if VP, Fyy € Py, IP,F € P
Dy (P[|F) = D(Py[[Fu).

Condition (i) in Definition 2 ensures invariance w.r.t. (information generated by the)
events that are not intersecting with A,,, hence are irrelevant. Furthermore, condition (iii)
applies only locally on A,. Definition 3 introduces the subclass of local divergences that
preserve the unweighted divergence measure D by applying it to a weighted transformation
of the distribution space.

Just as strictly proper scoring rules give rise to divergence measures, local divergences
emerge naturally from weighted scoring rules that are strictly locally proper relative to
some class of distributions P and weight functions W. For all w € W, we define a weighted
scoring rule as the map S, : P x J — R such that S,(-,-) is a scoring rule. A weighted
scoring rule is said to be localizing if measures coinciding on A, receive the same score
for any realization; formally, VP, F € P, S,(P,y) = S, (F,y), Yy € ), whenever P v p
Definition 4 extends strict propriety to localizing weighted scoring rules and is equivalent
to that given by Holzmann and Klar (2017a, p. 2414). Here, Dg, (P||F) := Ep(S,(P,Y)) —

Ep(Sy,(F,Y)).

Definition 4 (Strictly locally proper scoring rule). A weighted scoring rule S, : PxY — R
is locally proper relative to (P, W) if it is localizing and S,(-,-) is proper for all w € W.
Aw

Furthermore, it is strictly locally proper relative to (P, W) if, additionally, P = F if and

only if Dg, (P||F) =0, Vw € W.

Clearly, the score divergence Dg, (P||F) is a local divergence for all w € W if and only if
Sy is strictly locally proper relative to (P, W). As a general note, we remark that focusing
on particular (subsets of) outcomes using a strictly locally proper scoring rule represents
a strict modeling perspective; possibly non-localizing scoring rules, such as the twCRPS,

can have their own merits in specific applications, by taking additional information into
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account; see also Example D.3 in the Appendix and its discussion. As such, non-localizing
scoring rules may statistically be competitive to strictly locally proper scoring rules as

evidenced by our Monte Carlo simulations.

3 THE CENSORED SCORING RULE

In this section, we introduce the censored scoring rule. To this end, we first generalize the
censored distribution in Equation (2) to general weight functions, and next to arbitrary
nuisance distributions that suitably replace the Dirac measure in Equation (3) below, to
accommodate distance-sensitive scoring rules.

For the definition of the censored distribution, it is helpful to first extend w and F to
w* and F* on (V*,G*), where Y* := Y U {x}, such that w*(y) = w(y)ly(y), Yy € Y*
and F*(E) = F(ENY), VE € G*. In the original measurable space, * is then already
an outcome, associated with the event {x}, albeit assigned with weight and measure zero.
For ease of notation, we henceforth drop the superscripts *. The censored distribution in

Equation (2) generalizes to

dF’ .= dF, + F, dé., where dF,, := wdF, Fy:=1- / wdF, (3)
Yy

defining a probability measure on (3’ ,G% ), with G = c({EN A, : E € G} U {x})
and ) := A, U {x}. In contrast to indicator functions, the probability of the censoring
event F, is generally different from F(AS) = 1 — / Ay dF, rendering the identification
Yf‘w (y) = x <= y € AS infeasible. However, Appendix C shows that identification
is recoverable by introducing an auxiliary random variable Z|(Y = y), which is B, =
Bernoulli(w(y))-distributed, to define Y> = Y(y, 2) as being y if z = 1 and * otherwise,
since then Y’ (y, )= * <= z = 0. The distribution F? admits the (y+d,)-density /> (y) =

w(y) f(y)La, (y) + Fulpg(y), y € Y, provided that F < p; see Appendix B.1 for details.
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For indicator weight functions, the density simplifies to f%(y) = f(y)1a(y) + Falac(y),
y € ), similar to Borowska et al. (2020).

A critical difference from the (generalized) conditional distribution

1
dF? .= _— dF,,
1—F,

assuming F,, < 1, is that F*(A4) # F(A) = F%(A). In other words, conditioning does not
preserve all probabilities of interest and does accordingly not coincide with the minimal lo-
calization of F to A. The symbols ‘sharp’ (#) and ‘flat’ (b) reflect their respective operations:
conditioning sharpens the density on A by a factor 1/(1 — F), whereas censoring flattens
the shape outside A into a point mass. The associated scoring rule S (F, y) := w(y)S(F%,, y)
fails to be strictly locally proper. Holzmann and Klar (2017a) remedy this by adding an
auxiliary scoring rule for the missing information about A°. However, by this addition, the

corresponding score divergence generally fails to be a localized divergence; see Section 3.5.

3.1 Censored scoring

Ideally, the censored scoring rule would be given by the identity S%(F,y) = S(F’, "), as
this would fully respect the forecaster’s specific choice of the unweighted scoring rule S.
The censored scoring rule given by Definition 5 below indeed reduces to this definition
for the indicator weight function w(y) = 1a(y). It is also attractive for general weight
functions, for which the randomization perspective based on the auxiliary random variable

7 in Appendix C yields the similar identity S’,(F,y) = IE',Bw(y)LS”(Fb Y2 (y,Z)).

wr T w

Definition 5 (Censored scoring rule). Let S : P’ x Y — R, P* = {F>,F € P,w € W},
denote a scoring rule. Then, for all w € W, the corresponding censored scoring rule is

given by the map S°, - P x Y — R,

S (F,y) = w(y)S(Fo,y) + (1 — w(y))S(F,, *),

13



where the censored distribution F°, is given in Equation (3).
Theorem 1 establishes that the censored scoring rule is strictly locally proper.

Theorem 1. If the scoring rule S is strictly proper relative to P°, the censored scoring
rule S° in Definition 5 is strictly locally proper relative to (P, W). Moreover, its associated

score divergence Dg, 15 a localized divergence of Dg, for all w € W.

Theorem 1 is a special case of the more general Theorem 2 below, hence its proof is
subsumed in the proof of Theorem 2. The assumption required in Theorem 1 ensures that
the unweighted scoring rule is well-defined w.r.t. mixed continuous-discrete distributions
on measurable spaces extended by *. For the PsSphS, family, this is explicitly verified in
Example 3; the same argument applies to all semi-local scoring rules considered, mutatis
mutandis.

Let us provide some intuition for the result of Theorem 1, relying on the established
mathematical identity Dg, (P||F) = Dg(P},||F},). Since S is assumed to be strictly proper
relative to P’, its score divergence Dg defines a divergence on P2, x P’ for all w € W. How-
ever, when viewed as a composite map, first censoring and then computing the divergence,
it is no longer a divergence on the space of uncensored measures, as the censoring map
is generally non-invertible. Nonetheless, by maintaining the probability of the censoring
event, censoring preserves identifiability on A, i.e., P 4w B if and only if P°, = F* . Hence,
under censoring, the strict propriety of the scoring rule and the associated divergence are
retained locally. For the Logarithmic scoring rule, the censored scoring rule coincides with

that of Diks et al. (2011).

Example 3 (Censored PsSphS). Consider a class of u-densities P, on (V,G,n) with
finite L*-norm, i.e., || flla = (fy fo‘d,u)l/a < o0, Vf € P,. The PseudoSpherical family
PsSphS,(f,y) = f(y)* Y/ fI*7F, « > 1, as advocated by Gneiting and Raftery (2007), is

strictly proper relative to P,. To verify its strict propriety relative to P’ as required for

14



Theorem 1, we write ||f2]| < 1+ || f]|2 < 00, Vf € P, Yw € W, hence S (f,y) is strictly
locally proper relative to (P,W). Notably, while S°(f,*) = Fo™' /(| wf| o+ F2) @D/ does

not depend solely on F,, it holds that S°,(f,*) = S° (g, %), if f = g a.s. on A,.

In Theorem 1, we assume that the scoring rule S is well defined relative to a class
of distributions P” with a point mass at *. Distance-sensitive scoring rules are generally
incompatible with such measures, since the distance to * is undefined. Section 3.2 shows
that, in typical applications, * can then be replaced by any yo € )Y, provided that all
F € P assign zero mass to yo or all w € W assign zero weight to yo. Then, F,(yo) = 0,
which ensures identifiability of the censoring event. Here, we introduce the short-hand
notation Fy(yo) to indicate the measure F,, of the event {yo}. In Example 1, the above
condition would prevent choosing yy = s, avoiding (Y})™'(s) = s U A° = ). When using
semi-local scoring rules, labeling the censored outcome as * ¢ ) ensures this identifiability
by construction, even if all outcomes in ) have positive mass under all distributions in P

and w(y) > 0 for all y € V.

3.2 Generalized censored scoring

This subsection introduces a more flexible censoring framework. Suppose that a weight
function introduces k pivotal points r1,...,7, € V. Then a natural generalization of the
censored distribution in Equation (3) reads

k
dF, o, = dFy + F, > %dd,, = (..., m) € Ak), (4)

i=1
where A(k) denotes the unit (k—1)-simplex and Ry, := {r;}*_,, with r; € Y, Vi. Section 3.3
provides guidance on choosing (r;,7;). Definition 6 formalizes the adaptation of the cen-
sored scoring rule to generalized censored measures, nesting FEURk for H = Zle ViOr,; -
Here, we refer to H as a nuisance distribution since its sole role is to suitably allocate the

probability mass F,.
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Definition 6 (Generalized censored scoring rule). Let S : P* x Y — R, denote a scoring
rule, where P° = {Fva,F € P,w e W,H € H}, in which dFEU’H .= dF,, + F,dH denotes
the generalized censored distribution and H C P a class of nuisance distributions. Then

for all w € W and H € H the associated generalized censored scoring rule is given by the

mapva’H:ny% R,

Seont(Fsy) = w(y)S(F, 1, 9) + (1 — w(y)) EuS(F, 4, Q),
where H denotes the distribution of the random variable QQ, distributed independently of y.

Since both F and H are defined relative to (¥, G), F’,  is defined relative to (¥, G) too,
for all w € W, H € H. The dependence of P” on (P, W, H) in Definition 6 is notationally

suppressed.

Assumption 1. The weight function w € W and nuisance distribution H € H C P are

such that 3FE € G : F,(E) =0 and H(E) > 0, VF € P,H € H.

The following theorem, the proof of which is contained in Appendix A.1, establishes

the strict local propriety of the generalized scoring rule.

Theorem 2. Suppose that: (i) the unweighted scoring rule S in Definition 6 is strictly
proper relative to P°, and (i) W and H are such that Assumption 1 is satisfied. Then, the
generalized censored scoring rule SZ,}H in Definition 6 1s strictly locally proper relative to

(P, W, H). Moreover, its associated score divergence Dgs L isa localized divergence of Dg,

forallw e W, HeH.

The intuition behind Theorem 2 builds on that of Theorem 1, by the extended identity

Dsb

 (PF) = Ds (P, [[F, ). (5)
Assumption 1 implies that PEU’H = FZ}H if and only if P v B For any weight function, this

holds trivially for H = 0., while H = ¢,,, with yo € Y, requires the measure F to satisfy
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Fu(yo) = 0. For H = ~0,, + (1 —v)d,,, 1,72 € YV, and v € [0, 1], Assumption 1 demands
Fu(r;) =0 for at least one i € {1,2}; so, if both r; and 75 belong to A, then at least one
must not carry mass under F. This readily generalizes to finitely many points r;. Indeed,
Appendix C shows that by writing S{LH(F, y) = EBw<y>,HS(F27H, Yo (y, Z, Q)), identifiability
of the censoring event under a single realization of () suffices, since strict local propriety
is retained if at least one scoring rule in a sum of proper scoring rules is strictly locally
proper.

A rich class of scoring rules obtained by the generalization of the censored scoring rule is
that of kernel scores (Gneiting and Raftery 2007). Kernel scores depend on a negative defi-
nite kernel p : Y xY — R, i.e., a symmetric function satisfying > " "7 | aia;p(yi, y;) <0,
forall n € N, aq,...,a, € R that sum to 0 and all yq,...,y, € Y. These include popular
examples such as the Euclidean distance on R? and the angular distance between two points

on a circle. Example 4 displays the general expression for the generalized censored kernel

score and corresponding localized divergence for H = 9,.

Example 4. Consider a class of distributions P, on some measurable space (Y,G), such
that F(r) = 0,VF € P,, where r € Y, including all (absolutely) continuous distributions on
Y. Consider the kernel score family S,(F,y) := sEpp(X, X')—Eprp(X,y)+1p(y, y) with di-
vergence Dg, (P||F) = Ep pp(X,Y ) —3Epp(X, X')— 1Epp(Y,Y”), nesting the CRPS(F,y) :=
— Jo (F(s) — ]l[yvoo)(s))zds as a special case for p(x,z') = |x — 2’| on R. The associ-

ated generalized censored scoring rule for H = 6, reads S, (F,y) = 1Ep p(X,X') —

paw,r o,
w(y) (EFW)(X, y) — %p(y,y)) — (1 = w(y)) (EFEU,TIO(Xa r) = 3p(r, 7")>~ Assumption 1 is
clearly satisfied for all weight functions w € W and distributions ¥ € P.. Therefore,
the score divergence ]Dsz,w(PHF) =Ep; m, p(X,Y) — %Epﬂmp(){, X' — %EFZ,,Tp(Y’ Y') is
a localized divergence if S, is strictly proper relative to P>, which follows from the con-

ditions under which S, is strictly proper relative to P,. For one-sided indicator weight

functions 1(_oo ) (y) and 1(,,)(y), the censored CRPS coincides with the twCRPS(F,y) :=
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— Jpw(s)(F(s) — ]l[yyoo)(s))st (Gneiting and Ranjan 2011). More details are given in

Appendix E.4.

From Example 4, we have that CRPSEW = twCRPS for all weight functions for which
Holzmann and Klar (2017a, Theorem 5) proved that the twCRPS is strictly locally proper.
For A = (r,79), Af = (—o00,11], A = [r2,00), 11,72 € R, the twCRPS decomposes the
mass Fy into F(A$) and F(AS), hence would coincide with Fi‘ﬂnhm = Fa + Fa(v6,, +
(1 =7)8,), v € [0,1], when v = F(A§)/Fa. However, this choice of v — which we do
not allow — introduces a dependence on outcomes outside A, rendering the twCRPS non-
localizing. For weight functions for which the twCRPS loses its strict local propriety due

to its non-localizing nature, CRPSQR may serve as a strictly locally proper alternative.

k

3.3 Practical guidance

The censoring procedure proposed in this paper is sufficiently general to enable researchers
who aim to compare competing forecasts to construct censored counterparts of their pre-
ferred scoring rules, for practically any chosen family of weight functions. With competing
density forecasts at hand, the (generalized) censored scoring rules may be readily applied to
obtain scores that can serve as input in a DM type test statistic; see Section 4. The GitHub
page associated with this paper provides code for all 18 focused scoring rules considered
in our simulations and empirical applications. In particular, for semi-local scoring rules,
Definition 5 provides an analytic expression for the censored scoring rule for any choice of
weight function. Table 1 lists the resulting (simplified) formulas for the unweighted, con-
ditional and censored LogS, PowS, and PsSphS, families of scoring rules, as well as their
localized divergences derived from the identity Dg, (P[|[F) = Dg(P}[|F},). The table also
displays the generalized censored scoring rules of Definition 6, which for semi-local scoring

rules exhibit insensitivity to the nuisance distribution, as long as the nuisance distribution
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is normalized to ||h|l, = 1.

For distance-sensitive scoring rules, such as the kernel scores discussed in Example 4,
we use the generalized censoring approach in Definition 6 based on the censored measure
in Equation (4). The localized versions of distance-sensitive scoring rules thereby depend
on the choice of the pivotal points and associated weights. As illustrated by Examples D.1
and D.2 in Appendix D, weight functions often suggest natural choices for pivotal points,
and it is these points we recommend incorporating into the censored measure in practice.
Specifically, for the real-valued weight functions Iy,(y;7) = 1(—oor)(y), Ir(¥;7) := L(r.00)(y),
Aop(y;r) = m, a > 0, the choice r € R is considered pivotal. Similarly, for
the weight functions on y € R? given by IZ(y;r) := IL(y1;71) X IL(y2;7m2), I3(y;T) =
Ig(y1;m1) X Ir(y2;r2) and A2 (y;r) := Aapn(y1:71) X AqpL(y2:i72), the use of r € R? is
considered natural. For the center indicator, Ic(y;¢,r) := ]1(5_7,7g+r)(y), there are two
pivotal points 72 = £ £ 7. In Section 4, we use the fraction of observations smaller than
r1 to tune the weight v in (4). For its complement, I&(y; €, r) == 1 — Ic(y; ¢, ), we adopt
the single pivotal point /.

As clarified in Section 3.2, Assumption 1 is easily satisfied by the censored distribution
in Equation (4). For instance, if the underlying distributions are (absolutely) continu-
ous, any value of r is valid; this includes Gaussian density and distribution functions. If
the distribution is discrete or discrete-continuous, any r at which the distributions under

consideration exhibit no point mass may be chosen.

3.4 Localized Neyman Pearson

Anticipating the applications in the next section, we now consider an explicit time-series
context. Specifically, we consider a stochastic process {Y; : Q — Y}, from a complete
probability space (€2, F,P) to a measurable space (Y7,G7), where YT and GT denote the

product outcome space and o-algebra of the individual outcome spaces Y and o-algebras
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G, respectively. The process generates the filtration {F;}L,, where F; = o(Y7,...,Y;) is
the information set at time ¢. The random variable of interest is Y;,; conditional on F;,
indicated by a subscript ¢ to the (predictive) distributions, u-densities and objects related
to Q¢11. The regions of interest A; C ) are assumed to be F;-measurable.

This subsection aims to derive a uniformly most powerful (UMP) test for the hypotheses
Ho : pela, = forla,, V& vs. Hy : pla, = frla, Vi, (6)

with fo; and f1;, fixed. Despite the densities fo; and fi; being fixed, the test concerns a
multiple versus multiple hypothesis test due to the lacking specification of the densities
outside the regions of interest A;. Moreover, replacing A; by A,,, for an F;-measurable
weight function w,, yields equivalent hypotheses in terms of w,, specifically, Hy : pyw;, =
forwy, Vt, versus H : p,w, = fr,wy, Vi. Consequently, the UMP test for these hypotheses is
equivalent to that for (6).

Theorem 3 reveals that (6) admits a UMP test, reducing to the Neyman and Pearson

(1933) lemma when A; = Y, Vt. A proof of this result is deferred to Appendix A.2.

Theorem 3 (Localized Neyman Pearson). For any given o € (0, 1), the UMP test of size

« for testing problem (6) reads

;

1, ifAy)>c
W) =9 4, ifAy)=c  Ay):

ol
0, ifAy)<e

~
L

b
. fl,A(Y§7 ;’A(y>

f;t,At<yt+l>7 j < {07 1}7

<
iy
o

\

where ¢ : YT — [0,1] denotes a test function specifying the rejection probability, c is the
largest constant such that ¥ ,(My) > ¢) > a and F§ 4(My) < ¢) > 1 —a, and v € [0, 1]

1s such that o = F%,A ()\(y) > c) + vF%A ()\(y) = c).

For T' = 1, the test reduces to the UMP test of Holzmann and Klar (2017b). Corollary 1

reveals that it can alternatively be formulated in terms of the CSL introduced by Diks et al.
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(2011). Corollary 2 endorses that conditioning does not bear a UMP test. The proofs of

Corollaries 1 and 2 are deferred to Appendices B.2 and B.3, respectively.

Corollary 1. An alternative formulation of the UMP test for testing problem (6) is given
by the test defined in Theorem 3 with \(y) replaced by N (y) = tT:_Ol (LOQSbAt(fu, Yis1) —

LongAt(fOt,ytH)), i.e., in terms of the CSL.

Corollary 2. For testing problem (6), the test defined in Theorem 3 with A(y) replaced by

:\ﬁ(y) = tT:_Ol (LogSﬁAt(ﬁnytH) — Logs’dAt(fot, yt+1)> is not UMP.

Insisting on fully specified models under H, and H; as in the classical Neyman and
Pearson (1933) framework, even if only on the restriction to A, can be too demanding in
practice. In the empirical applications in Section 4, for instance, we consider a hypothesis
where, under the null, two models are ‘equally wrong’. Then, generally, no UMP test is

available, motivating the adoption of alternative scoring rules in addition to the CSL.

3.5 Related weighted scoring rules

In this subsection, we compare our approach to three alternative localization procedures.
First, we consider Holzmann and Klar (2017a), who base their procedure on the conditional
distribution F%. As P! = F! if and only if P 2 T does not hold, the score divergence
Dg (P|IF) = (1 - P,)Ds(P? ||F% ) generally fails to satisfy condition (ii) of Definition 2,
unless P, = F,,, hence is not a local divergence; see Example F.1 for a specific case. To
resolve this, Holzmann and Klar (2017a) add an auxiliary scoring rule s, enforcing the score
divergence to be zero if and only P o, Example 5 describes their composite scoring rule,

for which the score divergence is a local divergence but not in general a localized divergence.

Example 5. Holzmann and Klar (2017a) propose a class of weighted scoring rules defined
as gwﬁ(F, y) = S:(F,y) +w(y)s(Bi_g,, 1)+ (1 —w(y))s(Bl_pw, 0), assuming F,, < 1, and

where By denotes the Bernoulli(§) distribution with pmf b(z;0) = 0*(1 — 0)' =%, z € {0,1}.
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For any s, gms is strictly locally proper (Holzmann and Klar 2017a, Theorem 2) and hence

Ds-

St )(PHF) = (1 — P,)Dg(PL||F:) + Dy(By_p, |B1_z,) is a local divergence, but generally

not a localized divergence due to the dependence on Dy. Moreover, Dg(P%||F%) = 0 if P
and F are proportional on A, ; then, D§<w )(P||F) =D,(B,_5,1|B1_f,), which depends only

on the auxiliary scoring rule.

Holzmann and Klar (2017a) provide two specific choices for s: (i) slog(B,_z,,2) =
zlog(l — F,) + (1 — 2)log F,, and (ii) sbar(B,_z,,2) := 2(log(1 — F,) + 1) — (1 — F,).

The combination S = LogS and s = slog recovers LogS&U and hence a localized divergence,

whereas S = LogS and s = sbar leads to the weighted likelihood score by Pelenis (2014), for

which the score divergence Dy (P||F) = Dyogs (P [|F2,) — Py, log % + (1 - P,)log }:II?Z +
(P, — F,) is not a localized divergence of Dpogs.

The arbitrariness of s allows for weighted scoring rules beyond the scope of (generalized)
censored scoring rules. For example, S = QS and s = slog, yields Dqs,, .. (pl[f) = (1 —
P19, ~ F4113-+ Daog(By_p, [By_p, ). A key distinction from Deg,  (pllf) = [ — Fiul?
is the role of the auxiliary KL-divergence, Dyoe in ID)QS(w which will become dominant

slog)?
for large F,,. Censoring is also not nested within the framework of Holzmann and Klar
(2017a). To see this, note that unlike censoring (see Example 3), S, o(F,y) in Example 5
enforces S'MS(F, y) to be only a function of F, if y € AS,.

The second comparison concerns the threshold weighted kernel score twS, introduced
by Allen et al. (2023), generalizing the twCRPS by introducing the kernel p(v(y),v(y'))
based on a measurable chaining function v : Y + ). With formalities presented in their
Propositions 4.4 and 4.5, the twS, is strictly locally proper if v is injective on A, and
p(v(y),v(-)) = p(v(y),v(-)), Vy,y € AS. For indicator weight functions, both conditions
are easily satisfied with v(y) =yl 4, (y) + volae (y), for any yo € Y such that F,,(yy) = 0.
In that case, the twS, reduces to the S;% score given in Example 4.

Our censoring approach also admits center indicator functions with two pivotal points,
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as in Example D.2; these are not considered in the kernel score framework of Allen et al.
(2023). For non-indicator weight functions, Allen et al. (2023) provide a specific multi-
variate example that meets their requirements for strict local propriety, and which can be
extended to other non-indicator weight functions that are specified as a product of marginal
weight functions, including the multivariate logistic weight functions considered here (see
Section E.4 for details). For more general non-indicator weight functions, specifying the
chaining function as required for the approach of Allen et al. (2023) is a less trivial task.
Our procedure foregoes specifying the chaining function and, moreover, is not restricted to
kernel scores.

Third and finally, we compare with Mitchell and Weale (2023), who, for real-valued,
unimodal densities and with the center as the region of interest, also consider censored
density forecasts based on LogS. However, unlike our setting, they do not aim to evaluate
multiple candidate densities. As illustrated by Example 6, the dependence of their region
of interest on the candidate distribution renders the resulting scoring rule improper, thus

not suitable for our aim of evaluating multiple density forecasts.

Example 6. Mitchell and Weale (2023) consider the alternative censored likelihood score
Logt™ (f,vy) == log f(4) L ar.a)(y) + 1og() L a(ray(y), where A(F;a) is the central region
of interest. A key difference with the censored likelihood score log f*(y) is the dependence
of A(F;a) on f, by which LogWV (f,y) is improper. Indeed, for symmetric densities,
A(F;a) = [F Y a/2), F7Y(1 — a/2)]. Then, letting p and f be the N'(0,1) and N(0,3)
density, respectively, we have E,LogSM™ (p,Y) — E,LogSMV(f,Y) < 0, for all a > oy with

ag =~ 0.052.
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4 EMPIRICAL PERFORMANCE

We assess the empirical performance of the censoring approach to focus scoring rules on
regions of interest by evaluating its ability to discriminate between different forecast meth-
ods. We compare the performance of censored scoring rules with conditional scoring rules
and with the composite scoring rules proposed by Holzmann and Klar (2017a). For the
latter, we augment the conditional scoring rule with the auxiliary rule sbar or slog, see
Section 3.5. We consider applications in financial risk management, macroeconomics, and
climate, evaluating the focused scoring rules in a similar manner, as described below.
Following Giacomini and White (2006), we treat all components underlying a den-
sity forecast, including its estimation procedure, as integral parts of the forecast method.
Let ft and ¢; denote density forecasts resulting from competing methods, each estimated
with a rolling window of length m. We test the null hypothesis of equal predictive abil-
ity, Hy : ]EptSw(ft,KH) = E,,Su(gt, Yit1),Vt, by means of the DM type test statistic
tn = %Zf;}l (Sw(ft,Y;H) — Sw(Gt,Yi41)) /)62 0/, where n = T — m is the number

of observations used for evaluation and 62 is a heteroskedasticity and autocovariance-

n
consistent (HAC) variance estimator.

The null hypothesis is equivalent to Dg, (p||f;) = Ds, (pe]|g:) and is rejected if it is
sufficiently unlikely that the weighted score divergences from p; to ft and p; to g; coincide.
This null differs from that in (6), obstructing theoretical results on the power properties
of the test. However, because censoring preserves more information than conditioning, we
generally expect higher power for test statistics based on censored scoring rules. This is
supported by the Monte Carlo results in Appendix G. In these simulation experiments, we
also find that the composite scoring rules of Holzmann and Klar (2017a) generally result

in test statistics with comparable power. However, further analysis shows that this cannot

be attributed to the localization method but rather to the advantageous properties of the
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logarithmic score that forms the basis for the auxiliary rules sbar and slog.

In practice, including the empirical applications discussed below, one commonly has
more than two candidate forecast methods. We therefore start with a collection M, of
forecast methods, and then use the iterative procedure proposed by Hansen et al. (2011)
to reduce My to a Model Confidence Set (MCS) of methods for which the null of equal
predictive ability cannot be rejected. Elimination in round k£ is based on the statistic TR:=
max; jem, |t§fﬂ72|, where () corresponds to the pairwise tm n-statistic between forecast
methods ¢ and j introduced above. Favorable power properties of censoring in the pairwise
tests intuitively accelerate elimination in the MCS procedure, resulting in smaller p-values
and, consequently, reduced MCS cardinality. We present MCS results at the 0.90 confidence
level, with results for the 0.75 confidence level deferred to Appendix 1.1, using a block
bootstrap with block length b = 5 and B = 10,000 replications, unless stated otherwise.
Our results are robust to variations in these parameters, see Table 1.3.

In each application below, the unweighted scoring rules are given by LogS, QS, SphS
and S,,, with kernel p;(x,x’) := [|[x — x|, where || - || the Euclidean norm, i.e., S,, is the
Energy Score that reduces to the CRPS in univariate examples. These scoring rules are
localized by (i) conditioning, (ii) censoring, (iii) conditioning with sbar and (iv) conditioning
with slog. The twCRPS and twS,, are included only in cases where they differ from
CRPS’. Hence, we consider 16 or 17 weighted scoring rules per application. There are
|Mo| = 6 candidate forecast methods, with specifications differing by application. For
reproducibility, Appendix H includes details on the specification of the individual methods.
Moreover, Appendix I reports the MCS p-values per individual scoring rule and weight

function underlying the summary results presented in this section.
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4.1 Financial risk management

Measuring and forecasting the downside risk of asset returns is crucial in risk management,
particularly for compliance with regulatory requirements related to measures such as Value-
at-Risk and Expected Shortfall. We evaluate density forecasts constructed for daily log-
returns g; on the S&P500 index over the period from January 2, 1996, to December 30,
2022 (6, 777 observations), sourced from Yahoo Finance. To achieve the required focus on
the left tail of the density forecast, we use the indicator weight function Iy,(y;; 7 ), where 7{
denotes the ¢-th empirical quantile of y;, based on the same fixed rolling window of length
m = 1,000 used for estimation of the forecast methods.

All forecast methods used conform to Y;|F;_y ~ D(u,0?,9), denoting a parametric
family of distributions with constant mean y, time-varying variance o2, and any additional
parameters collected in 9. Although we tested AR(1) and AR(5) models for the condi-
tional mean, neither improved significantly over a constant mean. We consider three con-
ditional variance models: GARCH, threshold GARCH (TGARCH) and realized GARCH
(RGARCH), proposed by Bollerslev (1986), Glosten et al. (1993) and Hansen et al. (2012),
respectively. We combine each of the volatility models with standard normal and Student-t,
distributions. Density forecasts are constructed for horizons 7 = 1 and 5 days.

Table 2 reveals stark differences in the cardinality of MCS” and MCS¥, particularly at
7 = 1. In case no correction is applied to the conditional scoring rules, MCS’ is strictly
smaller than MCS* in 75% of all replications, while MCS* contains more than twice the
number of methods compared to MCS? on average. These results moderate when the con-
ditional scoring rules are appended with a Holzmann-Klar correction term. Nevertheless,
MCS® remains strictly smaller than MCS? in nearly 40% of the cases, with an average
difference in cardinality of 20%. For 7 = 5, the differences become smaller but remain in

favor of censoring, ranging between 10 and 30%.
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We extend the univariate setting to the evaluation of bivariate density forecasts for the
vector of log-returns y; € R? for the Energy Select Sector SPDR Fund (XLE) and Financial
Select Sector SPDR Fund (XLF), for the period January 5, 1999 to December 29, 2023
(6,218 observations). We consider the approximated bivariate empirical ¢g-th quantile of
y¢ given by ©f := (#{3,73}), with ¢, = /g to formulate the weight functions I (y:;T])
and A2 1 (y:;tf), with a = 3, while having verified stability of results for a € {2,4}. The
individual mean (y;) and volatility (¢7,) specifications are as in the S&P500 models. We
use the Dynamic Conditional Correlation (DCC) approach of Engle (2002) to map the
univariate specifications into a bivariate conditional covariance matrix. The univariate
distributions are replaced by bivariate standard normal and Student-t, distributions.

Table 2 shows that the results for the bivariate density forecasts corroborate the main
findings for the univariate S&P500 application. First, the MCS obtained with censored
scoring rules is not larger than the MCS resulting from conditional scoring rules in the
large majority of cases, namely between 62% and 92%. For about one-third of cases, MCS’
is even strictly smaller than MCS?. Second, the former percentages are hardly affected
by adding the Holzmann-Klar correction terms to the conditional scoring rule, while the
latter decline but not substantially. The largest reduction occurs when using the slog
correction term for the scoring rules focused with weight function I?(yy;t7), from 33% to
17% for 7 = 1. Hence, the correction terms result in equally large MCSs for the censored
and augmented conditional scoring rules more frequently. Closer inspection reveals that
their compositions almost always are identical as well. Third, the results for the logistic
weight function A2 ; (y:;¥f) with @ = 3 do not differ much from those for the indicator
weight function IZ(yy; ), which is recovered as a — oo. However, the discrepancies in
cardinality are somewhat moderated, particularly for 7 = 5, aligning with the observation
by Diks et al. (2011) that the score distribution of the weighted scoring rules becomes more

alike for smaller values of a. Finally, in contrast to the univariate setting, the (relative)
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performance of the censored scoring rules does not decline at longer forecast horizons. If
anything, the percentages and average cardinality ratio improve for 7 = 5 compared to

T=1.

Table 2: MCS cardinality of censored and (un)corrected conditional scoring rules

no correction sbhar slog

Sec. wy T < < t/b < < /b < < /b
4.1 Ip(y; 7)) 1 9%6% 75% 2.38 1% 38% 1.20 1% 38% 1.20
5 62% 29% 1.29 54% 25% 1.08 62% 25% 1.10

I (yutd) 1 62% 33% 1.20 67% 25% 1.06 62% 17% 0.98

5 92% 29% 1.23 92% 25% 1.28 92% 25% 1.26

A§7L(yt; r}) 1 62% 33% 1.06 62% 21% 0.95 62% 21% 0.95

5 1% 33% 1.16 83% 25% 1.16 88% 25% 1.18

4.2 Ic(y;2,r1) 6 100%  92% 2.67 100% 83% 2.42 100% 67% 1.69
24 92% 5% 2.27 58% 42% 1.24 67% 25% 1.23

I&(ye;2,7m1) 6 100%  92% 2.04 83% 50% 1.13 67% 33% 1.19

24 92% 5% 2.86 50% 33% 1.18 % 17% 1.04

83% 58% 1.92 92% 67% 1.92 83% 33% 1.29
5% 46% 1.54 9% 42% 1.40 5% 4% 0.96
100% 58% 2.21 100% 42% 1.42 100% 42% 1.42
100% 58% 1.58 100% 0% 1.00 100% 0% 1.00

4.3 Ir(ys7})

Ic(ye;18,12)

W = W =

Total average 85% 56% 1.82 8% 37% 1.32 79% 27% 1.18

NOTE: This table presents changes in cardinality of the MCS in absolute and relative terms, at 0.90,
across different forecast horizons 7, corresponding to the forecasting applications in risk management
(Section 4.1), inflation (Section 4.2) and temperature (Section 4.3). sbar and slog refer to the correction
terms for conditional scoring rules proposed by Holzmann and Klar (2017a). Columns labeled < (<)
display the percentage of cases where MCS® contains (strictly) fewer forecast methods than MCS# and
the column labeled #/b reports the ratio |MCS*|/|MCS’|. Each result represents an average over a set of
scoring rules S € {LogS, QS, SphS, CRPS/S,, } and quantile levels ¢ € {0.01,0.05,0.10,0.15,0.20,0.25} or
levels r1 € {1,1.5,2} and ro € {1,2,4}. The empirical g-th quantiles 7{ of y; are based on the parameter
estimation window of m observations, and ¥} := (7{%,75%), with g2 = /g, approximates a bivariate
empirical ¢g-th quantile of y;. The p-values are obtained via a block bootstrap of B = 10,000 replications,
with block length b = 5, or b = 200 for the climate data. Complete MCS details and associated p-values
are provided in Appendix I.

4.2 Macroeconomics

We next consider forecasting inflation, a subject with a long history in macroeconomics

that recently has regained prominence. Given that many central banks, including the
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Federal Reserve System and the European Central Bank target an annual inflation rate of
2%, we focus on the central range A, = (2 — 7,2 4+ r), where r > 0, by using the weight
function Ic(ys;2,7). To address policymakers’ concerns for deviations beyond A,, termed
‘Inflation at Risk’ (Lopez-Salido and Loria 2020), we additionally consider its complement
I&(ye;2,r) = 1—1Ic(ye; 2, 7). For the CRPS, we adopt two pivotal points for I¢(y:; 2, 7),while
using ¢ = 2 for its complement, i.e., treating non-tail observations to be on target. Following
Stock and Watson (2002), among many others, we construct direct forecasts for annualized
7-month inflation rates y7, . = (1,200/7) log (P.s.r/P;), where P, denotes the U.S. consumer
price index (CPI) in month ¢, for horizons 7 = 6 and 24. The sample period runs from
January 1960 until December 2015 (672 observations), where density forecasts are obtained
for the final 180 months in this time frame.

We consider forecast methods that aim to exploit the ‘data-rich environment’ in macroe-
conomic forecasting, with many potentially relevant predictors especially for inflation. Here
we follow Medeiros et al. (2021) by using the same 122 variables from the FRED-MD
database (x;). Each of the forecast methods can be represented as v/, . = py, . (%:) + vl .,
where we consider the following subset of methods listed by Medeiros et al. (2021) for the
conditional mean y, : Random Walk, Auto-Regressive model (AR), Bagging, Complete
Subset Regression (CSR), Least Absolute Shrinkage and Selection Operator (LASSO), and
Random Forest. The error uj, _ is assumed to follow a two-piece normal distribution,
congruent with the statistical model underlying the fan charts published by the Bank of
England (Clements 2004; Mitchell and Hall 2005; Gneiting and Ranjan 2011).

The summary results presented in Table 2 reveal a distinct and pronounced preference
for censoring, again especially when no correction is applied to the conditional scoring rules.
In that case the cardinalities of MCS’ are almost always (weakly) smaller than those of
MCSF. The relative increase in set cardinality when opting for conditioning over censoring

is substantial at more than 100%. Interestingly, the censored scoring rules outperform the
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conditional rules not only when focusing on the central range around the inflation target of
2%, but also when the interest is on the complementary ‘Inflation at Risk’ region of more
extreme inflation rates. Finally, also in this application the Holzmann-Klar corrections
to the conditional scoring rules improve their (relative) performance, although the MCS

cardinality results largely remain favorable to censoring.

4.3 Climate

We generate density forecasts for Dutch daily average temperature data, focusing on high
temperatures via the weight function Ig(y;;77) and temperatures near the optimal tem-
perature for tuber growth, approximately 18 degrees Celsius (Struik 2007, Section 18.5.5),
using Io(y:; 18, 7). Extending the data and methodology of Franses et al. (2001) and Tol
(1996), we focus on volatility clustering and asymmetries in the relationship between past
temperature and volatility, along with seasonal variations in the mean and variance. We
use daily observations for the period from February 1, 2003, to January 31, 2023, with a
rolling estimation window of m = 2,922 days (or 8 years). Our volatility models closely
follow the GARCH, QGARCH-I, and QGARCH-II specifications as in Franses et al. (2001),
but with alterations in seasonal trend estimation. The GARCH-type models are combined
with a standard normal and Student-t, distribution.

Using the right-tail weight function Ig(y;7{) to focus on high daily temperatures, we
find results exhibiting pronounced parallels with the left-tail risk management application.
In particular, as seen in Table 2, the cardinalities of the censored MCSs are typically much
smaller than their uncorrected conditional counterparts for 7 = 1 day-ahead forecasts;
the differences diminish at the longer forecast horizon 7 = 3 or when a Holzmann-Klar
correction is appended to the conditional scoring rule.

Focusing on the central range around 18 degrees Celsius with the weight function

Ic(y;18,7), we find that there are no instances where conditioning leads to a smaller
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MCS for 7 = 3 and almost no such cases for 7 = 1. Relative to inflation, there is a notable
increase in cases where the MCSs possess identical cardinality, also reflected in the smaller

ratios [MCS*|/|MCS’|.

5 CONCLUSION

In this paper, we propose censoring as a focusing device to accommodate the fact that in
many applications, forecasters are particularly interested in specific areas of the outcome
space. We demonstrate that a key advantage of censoring is that applying scoring rules
to censored distributions results in strictly locally proper scoring rules. To the best of
our knowledge, we are the first to derive a transformation of the original scoring rule
that preserves both the score divergence and strict propriety, and features high flexibility,
being applicable across varied scoring rules, weight functions, and outcome spaces. For
specific choices, the censored scoring rule yields intuitively appealing rules apt for practical
use. For instance, we recover the twCRPS for tail indicators, while extending its strict local
propriety to other weight functions. Our second theoretical contribution, a generalization of
the Neyman Pearson lemma, revolves around the censored likelihood score. We have shown
that the UMP test of the localized Neyman Pearson hypothesis is a censored likelihood ratio
test, reducing to the original lemma if the weight function is positive for all outcomes. By
contrast, the conditional likelihood ratio test is not UMP.

We demonstrate the practical relevance of censoring with empirical applications in fi-
nancial risk management, macroeconomics, and climate. We use the size of the Model
Confidence Set (MCS) to gauge the scoring rule’s ability to discriminate between compet-
ing forecast methods. A common finding in the applications is that the censored MCS is
(strictly) smaller than the conditional MCS in a large majority of cases, and often the dif-

ference in cardinality is substantial. This conclusion holds across different areas of interest,
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in particular whether attention is focused on the central range of the distribution or on one

(or both) of the tails.

SUPPLEMENTARY MATERIAL

All proofs and additional theoretical results, the Monte Carlo analysis, and full tables

on the empirical performance are provided in an online supplementary document. (.pdf)
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A Proofs
A.1 Proof of Theorem 2

We start by showing that the generalized censored scoring rule Sb in Definition 6 is strictly
locally proper relative to (P, W, H), assuming W and H satisfy Assumption 1. For clarity of
exposition, we first prove the main ingredients of the proof via two lemmas and a corollary.

We also reintroduce the extended notation for coinciding measures.

Lemma A1l. Consider the generalized censored scoring rule defined in Definition 6, based
on the unweighted scoring rule S : P x Y — R, where P’ = {FZ)H, FeP,weW,HeH}.

Then

/ 5%, w(F.y)P(dy) = / S(E, 1. 9)P o (dy),
% %

YVweW, HeH CP and F,P € P.

Proof. The result follows by rewriting the integral on the left-hand side. Specifically, fix

an arbitrary w € W, He H C P and F,P € P. Then

| Sen®00P) = [ (w)SEuinn) + (1 wi) | S M@0 Play

y

_ /y w(y)S(Fy, w0, y)P(dy) + /

S(E, 1. q) / (1 — w(y))P(dy)H(dg)
y

y

- / S(F, 11 y)Pu(dy) + / S(Fou, y) PuH(dy)
y y

_ /y S(F%, 1. y) (P (dy) + P,H(dy))

— [ S0 0)Pln(an)
y



Lemma A2. Consider a class of distributions P, weight functions VW and nuisance dis-
tributions H such that Assumption 1 is satisfied. Define the associated class of censored

distributions P° = {Fw o F €P,weW HEH} as in Definition 6. Then the equivalence
P, u(E)=F,4(E), VE€G < P(En{w>0})=FEn{w>0}), VEEG,

holds Vw € W, He H C P and P,F € P.

Proof. * = 7 We start with the most challenging direction, for which Assumption 1

is of critical importance. Let E be an element of G satisfying the conditions given in

Assumption 1. First, note that P, y(E) = F), 4(E), VE € G, implies P, = F,, since

VE € G we have

Pou(E) = Fu(E) = Phy (BN E) =Fou (ENE)
— /(1—w)dP~H<EﬂE):/y(l—w)dF~H(EﬂE~)
:>/ (1—w)dP- H(E) /y(l—w)dF-H(E)
:>/ (1—w)dP = /( — w)dF,

where we have used the closure of o-algebras under countable intersections. Then, we can

exploit this equality to obtain, VE € G,

P y(E) = Fy(E) < / J1,ceP(dy) + PLH(E) = / w(y)l,cF(dy) + FLH(E)
y
= / J1ycpP(dy) = /y w(y)1yepF(dy)

— P(EN{w>0})=FEN{w>0}).



“ <=7 The other direction is straightforward. Indeed, VE € G,

P(EN{w >0}) =FEN{w>0}) = / 1P (dy) = / w(y)L,epF(dy)
y
:/1— )dP = /(1—w)dF,
and, consequently, PZH(E) =¥ 4(E), VE € G,VH € H. O

Corollary A3. Consider a class of distributions P, weight functions W and nuisance dis-
tributions H such that Assumption 1 is satisfied. Then, Yw € W, the generalized censored

scoring rule defined in Definition 6 is localizing VH € H.

Proof. Suppose that P(EN{w > 0}) = F(EN{w > 0}), VE € G. Then, by Lemma A2,

P} u(E) = F), 4(E),VE € G, whence it follows that S, 4(P,y) = Sy, 4(F,y),Vy €Y. O

We now turn to the main body of the proof of Theorem 2. The definition of a strictly
locally proper scoring rule (Definition 4) and the underlying concepts it relies on, namely,
a localizing weighted scoring rule and propriety (Definition 1), require us to verify three
conditions. Specifically, VH € H: (i) S, 4(P,y) must be localizing relative to W, (ii)
S&7H(P, y) must be proper relative to P, Vw € W, and (iii) the ‘if and only if’ statement
in Definition 4. We prove them one by one.

(i) S5, (P, y) is localizing relative to W, VH € H, by Corollary A3.

(ii) Fix an arbitrary w € W and H € H. Since PZ},H C P°, S is strictly proper relative

to P’ 1> by which

| S nPun) = [ SEpnPunldy), W FouePhw (A1
y y

By definition of the class P}, y = {[P]}, i, P € P}, where [}, : P — P. y, denotes the



map given by the censored measure in Definition 6, this is equivalent to

/5([P]507H7y)[P]'iU,H(dy) 2/5([F]Z,H,y)[P]EU,H(dy)7 VP, F e P, (A-2)
y y

and hence, by Lemma Al, also to

/ S, (P, y)P(dy) > / S, u(F,y)P(dy), VP,F € P. (A3)
% Yy

Therefore, SBJ,H(P, y) is proper relative to P by Definition 1.
(iii) Since S is strictly proper relative to P” and hence P{Z,H, Yw € W, H € H, it also

follows that, Vw € W, H € H and PZ],H’ FEUH € 732,,1{7

/y (P, o) P, (dy) = / S(F, o )P (dy) = P, 4(E) = F, (E),

VE € G, and thus, by Lemma A2,

/ S(P%, 10,y P, (dy) = / S(E, 1. 0)P(dy) = P(EN {w > 0}) = F(EN {w > 0}),
Yy y

VE € G, and hence, by Lemma A1, also

/J}SZ,H(P,y)P(dy) = /ySﬂ,H(F,y)P(dy) < P(EN{w>0}) =FEN{w>0}),

VE € G, which is the desired ‘if and only if” statement of Definition 4.
But then, as we have verified each of the listed conditions (i) to (iii), we have shown
that S2 (P, y) is strictly locally proper relative to (P, W, H).

The score divergence D e is a local divergence because SZJ,H is strictly locally proper.



Finally, we show that D, . is a localized divergence of Dg. For all H € H, the map
[, : P — Piy is such that the original measure F is recovered for w(y) = 1y(y).

Furthermore, a direct consequence of Lemma Al is that for all w € W, H € H,

Dy, , (P = | Soa(F.0)Pay) ~ [ Son(F Py
— [ SCLuw Pl — [ SEL e 0)Pn(dy)
Yy Yy

= DS(PEUHHFZH)

Additionally observing that the map [],;; : P — P, is surjective Vw € W, H € H, we
conclude that VP, . F) € P, 3P,F € P : DS&,H(PHF) = Dg(P}, 4l|F, 5). Therefore,

Dy ; is a localized divergence of Dg, for all w € W, H € H. n

A.2 Proof of Theorem 3

We start by rephrasing the hypotheses. Since the densities fj;, where j € {0,1} must
integrate to one on A; U Af, the hypotheses imply that these densities integrate to th =

F;i(A7) on Af. Therefore, the implied specification on A§ can be summarized as

F; - .
%hjtﬂAi = Fylhply, 5 €{0,1},

It

dH; P . . .
d—f can be seen as infinite-dimensional nuisance pa-

where the unknown densities hj =
rameters, and Hj; := H;;(A¢). Explicating the implied assumption on A¢ in the hypotheses

and phrasing them in terms of a statement about the whole sample distribution leads to



the equivalent hypotheses

~
_

H; :p(y) = fi(y) = <fjt(yt+1)]]'At (Yer1) + th[hjt]?qg(ytﬂ)) , Jj {01}

t

I
=)

Since the densities f;; are fixed, and the densities hj;; are unrestricted under both hypothe-

ses, the class of densities satisfying hypothesis H; can alternatively be written as

{ (fjt Yer)La, (Y1) + Fjelhyl’y (yt+1)> hj € 7—[}, j €10,1},

t=0

in which H denotes the space of all densities on V7. In terms of the index set of all
observations Z = {1,...,T}, this space can also be denoted as Y(Z) = [[,c7 Vs
Fixing an a € (0, 1), the aim is to find a uniformly most powerful (UMP) test ¢* of size

« for testing problem (6), i.e., a solution to the maximization problem

max Ey, ¢, O(a) ={¢: sup Ep¢ < a}. (A.4)

PP (a) Jo€Fo

Now fix an h; € H so that the distribution under the alternative is completely known.
Given the fact that the hypotheses are, in the end, silent about the shape of the densities
on A7, we conjecture that a UMP test neglects the information about the shape of the
densities on Af, Vt. If T' = 2, for example, and we consider the optimal test on Ay x Af,
our intuition is that an optimal test is not concerned about the shape of [hn]%, that is,
the specific values [hn} (y2) for all yo € A, but only about the total probability of an
outcome falling into A§. In other words, we expect that a solution to problem (A.4) has
integrated out the dependence on the nuisance densities.

Although it is obvious that marginalizing out the (still assumed to be fixed) density



hi1 € H is harmless in terms of power, it is non-trivial that this is an affordable strategy
in terms of size for all hg € H. Lemma A4 and its proof show that the subclass of tests
disregarding information about the shape of h; is guaranteed to be size correct. In our
search for the UMP test, Corollary A5 then formalizes the idea that we can restrict our

attention to tests of the conjectured kind.

Lemma A4. Consider testing problem (6) and suppose that the outcomes (y;)iez, are in
As, and the remaining T' — k, with k = |Z4|, observations (yi)iez,. in Ay. For an arbitrary

but fized density hy € H, the test

Uiy YT [0,1], g, = /( )¢21 [T ey dp®*ael,
V(Z ac

t€L pc
where ¢}~ denotes a solution to problem (A.4), is such that ¥y, € ®(a).

Proof. Due to the integral over Y(Z4c), any test 1, is constant in arguments varying in
V(Zac). We can use this observation to simplify the size of a test v¢,. In particular,

Vh, € H, we have that

Sup IE’fol/}}h = ( 70t sup ¢h1 H fOt]lAt H [hOt]&gd,U/(gT
fo€Fo teZ pc ho€H JYT tela teZpc
= ( Fot / (s H forLa, dp® %l
t€L poc y(IA) teETA
= ( For S [ s du®® 2 T forla,dp® ™
teELgc vr t€L pc teLa
< ( For | sup Ph, H [hOt]ixng@‘IAc' H fOt]lAtd:u®|IA|
t€L poc ho€H JyT te€L poc teEL A
= sup Ky ¢y,
Jo€Fo
<

10



since ¢; € ®(a). Hence, ¢y, € ®(a). O

Corollary A5. Consider testing problem (6) and assume that outcomes y; € Ay, Vt € T4,
and y; € ANt € Tae. Let (o) C ®(a) denote the class of size a tests on YT that are

constant in arguments varying in Y(Zac). Then,

E; ¢ = E Vhy € H.
Jhax Ep¢ = max Ep¢, 1

Proof. Fix an arbitrary hy € H. Since ¥(a) € ®(«v), we trivially have that maxgea(q) Ep ¢ >
maxyew(a) Ef 1. Now suppose that maxgeo) Ep ¢ < maxycya) Ep1. Then, we can al-
ways define the test ) = fy(ZAc) o* HteIAC [hlt]ﬁggdu@ﬁml, with ¢* € argmax,cq() Ep 9,
satistying E, ¢* = Eflg/;. But, by Lemma A4, ¢) € U(a), in which case MaXpea(a) By ¢ =

maxyew(q) E mﬁ, contradicting the assumed strict inequality. O

For any fixed h; € H, the reduced optimization problem resulting from Corollary A5
simplifies to a simple versus simple hypothesis in terms of the censored measures dFB‘t, 4, =
14,dF;; + Fjdd,, allowing us to apply Neyman and Pearson (1933).

Specifically, for any fixed h; € H, the most powerful test of size « is a solution to the

restricted maximization problem

E
R
r ()

= max ZZ max By, (Gralyees € A, Vi € Talk, ) A s € A7 Vi € Tae(k, )

aGAT(a ¢k se‘I> A s

T (i)

= max 3% max By (Groly € A Vi € Talk5) Ay € A7 Vi € Tae(k, ),

EAF ev(
* ) 120 o= PRV (ans

11



which further simplifies to

r (i)
Ep¢ = F ] L, dp®"
o o mUZZw( () ], o T s

teZ pc te€T o

= max max dr’
aeAT(a Z Z ¢k QE\IJ(OLk 9 ¢k B H 1t At

= max max dr’
aeAT(a Z Z ¢k eeq)(ak s ¢k B H 1t At’

where T := ZZ:O (3;), ¢r.s the test function and Z4(k, s) the index set for a combination

(k,s), and Ap(a) := {a € [0,a]T : -

-a = a}, with ¢7 denoting column vector of ones of

length 7. The first equality exploits the fact that the test function can be decomposed into
test functions operating on a single part of the partitioning of the outcome space Y7, in
which case the maximization problem can be split into finding an optimal test on each of
the partitioned parts conditional on the amount of size spent on each part and the optimal
distribution of size over the partition of the outcome space. The second equality holds by
Corollary A5, the third equality uses that the optimal test is constant in arguments varying
in A¢ := tT:*Ol Ag, isolating the conditional densities, which integrate to one on Af. The
fourth equality holds by definition of the censored measure and the fifth equality uses that
all tests that are non-constant in arguments varying in A° map under the censored measure
onto tests that are constant in arguments varying in A°.

Finally, the result follows by observing that the final maximization problem is equivalent
to finding the optimal test ¢’ for the testing problem Hj : p = HtT:_o i, J €10,1}, for
which ¢ is the UMP test by the Fundamental Lemma of Neyman and Pearson (1933). By
the equivalence, ¢, is, for any h; € H, also the most powerful test for testing problem (6).

But, since the test ¢’ is independent of hy, it is UMP for testing problem (6). O]

12



B Additional Proofs and Derivations
B.1 The censored density

We recall that we are silently working on the measurable space (V*,G*) relative to which
we define p*(E) = u(ENY), VE € G*. Again, we suppress the superscript .
Since (u+ 6.)(F) = 0 implies that both u(E) = 0 and §,(E) = 0, VE € G, we have that
both p < p+ 0, and 6, < p+ d.. As a consequence,
dF’, dF _ dd.

_— - Ry
o= G ) T aGir ey TG o)

is the censored (u + d,)-density of F? .

We can simplify this density as follows. Understanding that

dF  dF  dp
d(p+46.)  dupd(p+d.)’

we recall from the Radon-Nikodym theorem that % is the solution to

du du dp
1gd :/]l ———d(p + s :/]l —d +/]l ———dé,.
/y R SR TR (1 +0) y PGt a) T L PG 8

By the same theorem, the solution to this equation is guaranteed to exist uniquely.
A glance at this equation reveals that a reasonable candidate is 1 p-a.e. and 0 d,-a.s. We

conclude that y = Ly\ {4y is the unique solution for the Radon-Nikodym derivative.

_dp
d(u+6*

By the same token, we conclude from

dd, dd, dd,
1pdd, = [ 1lg———d(u+6)= | lg——du+ [ 1g———d5,,
/y i /y TR G /y X ET AN /y Pd(u+o.)

13



dds

that a reasonable candidate for is 0 p-a.e. and 1 d,-a.s. More specifically, we deduce

that d(ii*é*) = 1,y is the unique solution for the Radon-Nikodym derivative.

Put together, we arrive at

foly) = w(y)j—Z(y)ﬂy\{*}(y) + Ful(y) = wy) f(W)1a, () + Fulpg(y), ye,

where f denotes the p-density of F. Moreover, given that f2 (y) = 0,Vy € y\yzw, recalling

Y = Y*, we may alternatively write

) =wy) fy) + Fulpaly), yeVi,

where w(*) = 0 by construction.

B.2 Proof of Corollary 1

The test based on A(y) is equivalent to the UMP test in Theorem 3, since

-1
AMy) = Z (LOngAt(fm Yey1) — LogSE‘At(fOt, yt—i—l))
t=0
71
= (log (fft,At (yt+1)) — log (fgt,At (?Jt+1)) >
t=0
= log A(y),
and hence A(y) % ¢ <= \y) % ¢, with ¢ = logc.

14



B.3 Proof of Corollary 2

We show that gb& is not UMP by constructing a counterexample in which the power of qb&
is strictly smaller than that of ¢°. In particular, suppose that 7' = 1 and accordingly drop
the time subscripts. Moreover, consider two Lebesgue densities fo and f; on (R, B(R))
that differ on A C R. For T' = 1, the likelihood ratios of the conditional and censored test

simplify to

Fo(A) £i(y) 1
F1(A) foly) AW T 7lacw)
Fy(A°)

Fo(A)

Ny(y) = M =

() = Maw) — S10Y)
Aa(y) f0<y>1lA(y)+

]lAc(y).

There exist many examples for which the power of the censored test is strictly larger
than the power of the conditional test. For instance, suppose that fy and f; have identical
support in R, and on A are strictly positive, proportional and unequal. Then, by propor-
tionality, %ﬁ—g; — 1 for y € A and hence \,(y) = 1, so that a test of level a € (0,1)
based on /\jf4 will reject with probability a regardless of the outome y, and hence only have
trivial power o under f;. In that same situation, a level a test based on the censored
likelihood ratio A\’; will have power strictly larger than o, because X (y) can take two dif-
ferent values, depending on whether the outcome y falls in A or A¢. By rejecting Hy with
higher probability for those realizations y for which the censored likelihood ratio A% (y)
takes the larger of these values, it will achieve power strictly larger than a. Consequently,
the conditional test ¢ is not UMP.

As a concrete example, consider the above proportional situation with Fo(A) = 1y €
(0,1) and F1(A) = m € (0,1), where 1 > 19 and hence I > 1 > %, so the likelihood

ratio in favor of Hj is larger than 1 for y € A and smaller than 1 for y € A°. Under these

15



conditions it can be verified that the level « test based on A% for a € (0,70) rejects Hy in
favor of H; with probability v4 = 7% for y € A and with probability y4c = 0 for y € A°.

The power of this test is % > a. For a € [n, 1), the level « test based on A rejects with

probability v4 = 1 for y € A and with probability v4c = ‘1":—;’8 for y € A°. The power of the

test is )y + %7’02(1 —11), which is also strictly larger than «, as can be seen by inspecting the

complementary probability: 1— <771 + 01— 771)) = (1—m) (1 — ‘f:—ﬁ(?) = }:Zé (1—a) <

1-—oq. O

C Z, (-Randomization

The (generalized) censored scoring rules in Definition 5 and Definition 6 can alternatively
be formulated in terms of a randomization procedure. This is appealing, since it generalizes
the identity S%(F,y) = S(F’, ") obtained for indicator functions in Section 3.1 to general
weight functions. The randomization procedure relies on an auxiliary random variable 7,
indicating, conditional on the realization y, whether the observation is censored or not.
Specifically, we assume Z|(Y = y) ~ By, = Bernoulli(w(y)).

Let Z := {0,1}, and denote by G the product o-algebra of G and o(Z). The censored
random variable in Equation (1) generalizes to the G/ G’ -measurable function Y : Y x Z —

)’ . defined by
Y2 =Y (y, 2) = (C.1)

Correspondingly, the censored distribution F’, in Equation (3) is the pushforward measure
of the joint distribution of Y and Z by Y. For indicator weight functions w(y) = 14(y),

Z =1 (with probability one) for y € A, and 0 otherwise. Hence, for w(y) = 1a(y), the

16



map reduces to the censored random variable in Equation (1).
Using the auxiliary random variable Z, the censored scoring rule in Definition 5 can be

written as

w(y)Z L w fw

A similar representation of the generalized censored scoring rule in Definition 6 can
be obtained by additionally introducing a random variable @, independent of (Y, Z), with
distribution H € # C P. Since all distributions in P are defined relative to (), G), the
nuisance distribution is defined relative to the restricted space (Vu,Gn), where Yy C Y
and Gy C G, for all H € H. Let Gy be the product o-algebra of G, o(Z) and Gy.

We define V), y == A, UYy and G,y == o({EN A, : E € G} UGy), and note that
yme C Y and gLH C g,YVw € W,H € H. Consider the (jH/QZJ’H—measurable function

Yy Y x Zx Yy — Vo u, given by

X X y, ifz=1,
Yw,H = Yw,H(yv 2 q) = (03)
q, if z=0.

The generalized censored distribution F?, ;; in Definition 6 is the pushforward measure of the
joint distribution of Y, Z and @) by Yf)’H. Moreover, the generalized censored distribution

in Definition 6 can be written as

S&,H(R y) = EBMy),HS(FEﬂ,Ha YLIZ,H@? Z, Q)) (C.4)

For strict local propriety of SEU’H(F, y), the weight function w € W and nuisance dis-

tribution H € H must be such that Assumption 1 is satisfied for all F € P. The Z, Q-
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randomization formulation of the generalized censored scoring rule in Equation (C.3) helps
in providing more intuition for Assumption 1. In particular, if the support of the nuisance
distribution )y and A, the support of the measure F,,, overlap, then the identifiability
of the censoring event is generally lost. Indeed, in that case outcomes in A, N Vg can
correspond to either z = 1 or z = 0, in contrast to the Z-randomization procedure in
Equation (C.1). However, under Assumption 1, the probability F,, can still be identified

under H; see Example C.1.

Example C.1 (Intuition Assumption 1). Reconsider the setting of Example 1. Rather
than extending the outcome space and uniquely identifying the censoring event by %, we
now consider the generalized censored distribution dFZLH = dF 4 + FudH, where H is the
By distribution over Yy = {s,b}. The outcome b overlaps with the outcome of interest
A = {s}, in which case Assumption 1 allows for randomization over {s,b} since F 4(b) =0
while H(b) = 1/2 > 0. Moreover, Y} 4 = {s,b} and Gy = G. The event s induces
(Yim) () = {(s;1,9) : ¢ € {s,0}} U{(y,0,b) : y € {0,b}} with probability F, y(s) =
F((Yiu)"'(s)) = F(s) + Fa/2. The probability Fa is not identifiable from this expression
alone.

Key to identification is the event b, for which (Y} )~ (b) = {(y,0,b) : y € {0,b}} im-
plies ¥, 1 (b) = F(Y3y) '({0,b})) = Fa/2. Hence, if two censored distributions coincide
for all events, then so do the probabilities of the censoring event, as desired for strict local
propriety (see Lemma A2). The same requirement is reflected in the scoring rule repre-

sentation in Equation (C.4), simplifying to Sy, y(F,y) = 3Eg, S(Fu You(y. Z,s)) +

w(y)
%EBw(y)S(F?U,H’ Yubij(y, Z, b)) Indeed, the expectation concerned with the realization b of Q)

does not suffer from identifiability issues, providing strictness in local propriety, and this is

sufficient when considering expected score differences based on proper scoring rules.
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The censored pmf f%(y) = f(y)1a(y) + Fal.(y) defined on )’ and the generalized
censored pmf f4 y(y) = (f(y) + 3Fa)1a(y) + $Faly(y) defined on V', are both valid
pmfs for generating strictly proper scoring rules. However, there is a critical distinction
that motivates the use of the non-generalized censored pmf when both constructions are
feasible. Indeed, the censored pmf adheres to minimal localization, as a result of which
fu(y) = f(y),Vy € A, so the censored pmf coincides with the original pmf on the region of
interest. By contrast, the generalized censored pmf does not coincide with the original pmf

on A, as it alters the distribution by incorporating mass from the nuisance component.

D Censoring of Distance-Sensitive Scoring Rules

Distance-sensitive scoring rules depend on a distance measure d : Y x )Y — R, and are
generally less easily localized than (semi-)local scoring rules. For instance, minimal local-
ization is infeasible because d(y, ) is undefined if A€ is a subset of the outcome space rather
than a specific outcome in Y itself, which generally will be the case. Hence, by choosing
an arbitrary point y, € ) as censoring value, i.e. Ffﬁl’yo =F,+ F '40y,, the generalized
censored distribution FbAyO and the restricted measure F) = Fig will generally not coin-
cide. Example D.1, however, reveals that if (), G) = (R, B), where B = B(R) denotes the

Borel o-algebra on R, and A = (—o0, ), then the specific choice yy = r induces a censored

measure FbAJ coinciding with F\QZ . Therefore, we consider r as a natural choice for yq if
Example D.1. A risk manager models the asset portfolio return Y wusing a Gaussian
distribution F = F,, 52 on (R, B), with mean p and variance o®, and B = B(R) the Borel

o-algebra on R. Due to regulatory requirements, the risk manager is only concerned with

return values below a threshold r € R, i.e., the region of interest is A = (—oo,r). As
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BR) = oc({(~o00,y] : y € R}), the minimal o-algebra on R can be written as B’ =
o({(=o0,y] N (—o0,r) : y € R}), and includes the event A° = [r,00). The minimal
localization F°, restricts F to B, specifically, F°;((—o0,y]) = F((—o0,y]) = F(y),Vy < 7,
and F([r,o0)) = F([r,00)) = 1 — F(r). However, the measure F° does not admit a
distribution function F because, e.g. Fy(r + 1) = F4((—oo,r + 1]) is undefined since
(—oo,7 + 1] & B%. A natural extension of F° on (R,B%) to a distribution F°, on (R,B)
is such that F([r + v,00)) = 0,Yv > 0, which effectively sets the discontinuity of the

distribution function F°,(y) = F,((—o0,y]) at y = r. This choice is considered natural as

it ensures that the extended ¥y and F coincide on B, i.e. F)(E) = F(E),VE € B, and

F(E) = 0,YE € B\B,.

It is not always possible to choose yy € ) such that Fi‘,yo coincides with the restriction
of F to G%. A clear example is the case where we focus on non-tail events by using the
weight function w(y) = 14, ) (y) on R, where 7,75 € R and r; < ry. As illustrated
by Example D.2, in this case there does not exist a measure equivalent to the minimal
localization F’ that admits a distribution function. The root of this problem is that
for the distribution function to exist, we need both the events (A¢); := (—o0,r;] and
(A% := [rg,00), while only their union A° = (A¢); U (A%)y is a member of the minimal
o-algebra . As a solution, we suggest to distribute F(A°) according to the F-independent
weights 7 and 1—+ over the events (A°); and (A)q, respectively, where v € [0, 1]. The latter
ensures that the scoring rule remains localizing because the transformation can be written
as a transformation of the minimal localization F’, that is, FE‘LT’M& =Fa+Fy (vén +(1—
7)(5r2). Following the reasoning of Example D.1, there exists a measure on B equivalent to

FbA’rl’m for which the distribution function exists, which is precisely the aim of the second

transformation. Since the second transformation does not depend on F, and hence is the
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b

Ary ., TEMAInNs localizing.

same for all distributions in P, the censored scoring rule based on F

Example D.2. A tuber grower models the temperature Y in his greenhouse using a contin-
uous distribution F on (R, B(R)). Focusing on temperatures near the optimal temperature
of 18 degrees Celsius, he considers the interval A = (ry,r3), with e.g., 1 = 16 and ro = 20.
The region of interest renders the minimal o-algebra B = B((r1,73)) on R, which includes
A = (—00,r1|U|re, 00), but does neither include (—oo, 11 —v;] nor [ry+ve, 00), Yy, v9 > 0.
Consequently, F’y, the restricted distribution of F on B’, does not admit a distribution func-
tion. Unlike in Example D.1, there is no equivalent measure of F; on (R, B(R)). However,
when extending F% on (R, B%) to F°, on (R, B(R)), it is natural to assign zero probability to
the events [ry + vy,00), Yuy,v9 > 0. The total probability F,, assigned to (—oo,r1] U [ra, 00)
is then distributed between (—oo,r1| and [rq,00) according to a tuning parameter v € [0, 1]:

Fy((=00,]) = vF, and F)y([r2,00)) = (1 =) F,.

The associated o-algebra G4 of the generalized censored measure F"A”,M2 is closely re-

b

r1. 18 generally not the restric-

lated to the minimal o-algebra g;. However, the measure F
tion of F to G4 due to the distribution of F4. It would have been, were vr = F((A9)1)/fa
but this choice induces a localization bias, meaning that outcomes outside A that are not
implied by A affect the scoring rule, which is undesirable if the region of interest is A.
For w(y) = 1, r,)(y), one can show that the twCRPS of Gneiting and Ranjan (2011) is
equivalent to the generalized censored scoring rule based on FY . with vp = F((A%),)/Fa.
Example D.3 illustrates the consequences of its non-localizing nature. Even if a candidate
measure F coincides with P on the region of interest, the scoring rule can favor a different
candidate G different from the true distribution P on the region of interest. As this bias

towards G is a result of the scoring rule being non-localizing it is referred to as a localization

bias.
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Example D.3 (Localization bias). Let Y be a random variable that follows a piecewise uni-
form distribution across the intervals A =[0,1), B = [1,2) and C' = [2, 3], with probabilities
Ta, T and mo, respectively. Figure D.1 displays the densities and distribution functions
of the true distribution P and two candidates F and G. Suppose that the region of interest
is B, with corresponding weight function w(y) = 15(y), and note that P L ¥, while P and
G differ on B. A prevalent weighted version of the CRPS is given by twCRPS(F,y) =
[5 (F(s) — ll[y7oo)(s))2ds, with score divergence Dy,crps(F||G) = [ (F(s) — G(s))st; see
Gneiting and Ranjan (2011). This weighted variant of the CRPS is clearly non-localizing,
for instance, because its value depends on F(A), while F(A) is not implied by F(B), only
the sum F(A)+F(C) is. Its failure to be localizing introduces an inconsistency in evaluating
distributions over the region B. Indeed, by accounting for behavior of F and G on A (i.e.,

outside B) where G is closer to P than ¥ (see Figure D.1), the twCRPS favors G on B.

3/5 1 1+
2/5 Gusnnnnm P ",‘,’
1/5 > [ERRRRRE! ° f 4/5 4 ’,¢’ P
| | : Y e
* 'G
0 L 2 3 3/5 .
A B c /
2/5 .
/5 P
3/5 T GEEEEEE®R e} "l
2/5 1 P 15 +
1/5 O GEEEmEEER ) g ','
| | : Yy £ | | oy
0 A 1 B 2 o 3 0 4 1 5 2 o 3

Figure D.1: Densities (left) and distribution functions (right) of distributions F, G and true
distribution P, all piecewise uniformly distributed on [0, 3] but with different probabilities 7 :=
(ra,mp,mc)". Specifically, m, = (1/5,2/5,2/5)', =y = (2/5,2/5,1/5)" and w, = (1/5,3/5,1/5)".

The localization bias towards G in Example D.3 is undesirable if the researcher is solely
concerned with outcomes in B. In practice, however, interest might extend beyond region
B alone, encompassing outcomes located specifically in either region A or C, rather than

their combined complement B¢ = AU C. Put differently, a researcher might have explicit

22



interest in events within the collection By, which cannot be adequately represented by a
weight function defined on the outcome space alone. Consequently, in those situations non-
localizing scoring rules, such as the threshold-weighted continuous ranked probability score
(twCRPS), may be better suited for evaluating predictive accuracy when the researcher’s
focus does not correspond precisely to a predefined weight function w. However, in this
paper, consistent with the frameworks presented by Diks et al. (2011), Holzmann and Klar
(2017a), and Allen et al. (2023), we maintain the assumption that the researcher’s interests

are fully captured by a given weight function defined on the outcome space.

E Derivations for Specific Scoring Rules

In the following subsections, we explicitly derive the results corresponding to kernel scores
and the results summarized in Table 1. The scoring rules in Table 1 depend on densities and
hence their conditional and censored counterparts on the conditional and censored densities,
which are given by f£(y) = w(y) f(y)/(1— Fu), y € Vi and f;,(y) = w(y) f(y) + Fulpa (),
yfu, respectively. The assumption on the nuisance density h in the caption of Table 1, that
is, its support is a subset of A° C Y, implies that w(y)h(y) = 0, Yy € Y. Additionally
observing that f,(y) = 0,Vy € A° this facilitates the simplification of the expressions
below. In the derivations, S( f ,7) denotes the score of the real-valued random variable
Y = bY + a, where a € R and b € R\{0}, with density f(j) = ﬁf(y;ba) Since the results
for the focused scoring rules hold by means of having the same expected score differences,
a.s.-equivalent scoring rules and candidate distribution independent additive terms can be

a.s.

neglected, denoted by ‘=" and ““E 7, respectively. To save space, some obvious results are

omitted.
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E.1 Logarithmic Score (LogS)

Following the order in which the assertions pertaining to the Logarithmic scoring rule

LogS(f,y) = log f(y) appear in Table 1, they can be easily verified as follows:

LogS(f, ) = log f(§j) = log f(y) — log |b] "= log f(y),
LogSi, (f,y) = w(y) log (%)
= w(y) log (—1 _(y} )

= Sg"(f.v),

LogS,,(f.y) = w(y)log (w(y)f(y) + Fulpy(y)) + (1 —w(y)) log F,

a.s

= w(y)log (w(y)f(y)) + (1 —w(y)) log F,
= w(y)log (f(y) + (1 —w(y))log F,
=Sy (),

LogS’, o (f, ) = w(y) log £,,(y) + (1-—zu<y>>t[ilogtﬂiﬁ<q>h<q>u<dq>

= w(y @umy> +m@wmﬂ%@)
/ log (£ (@) La, () + log (Fuh(a)) Lag () ) o(a)pa(da)

) log fuly) + (1 — w(y)) / log (Fuh(q)) h(a)u(dg)

= w(y)log f(y) + (1 —w(y)) log F,

= S ().
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E.2 Power Scores (PowS,)

For results related to the PowS, family PowS,(f,y) = af(y)*! — (o — 1)|f]|%, where

a > 1, we start by verifying that

for which we rely on the result expressed in

1l = /y F(3)u(dg)
) L0552 s
~(3) [ ) uta)

a—1
() e

Next, we verify the limit for the non-focused family. Specifically, the following affine

|~

transformation of the score satisfies

1
lim — (PowSa(f,y) —1) = lim —— (af)* ' = (a=DIfls —a+ (a—1))
a—1

— iy L= g

i @)

o all a—1

[ +af(y) " log fly) — 1

B 1 a=1

= log f(y),
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where in the before last step I’'Hopital’s rule was used. Furthermore, the conditional ver-

sion of the PowS, family displayed in Table 1 is nothing but a direct application of the

conditioning procedure.

By the linearity of limits, we obtain

lim 1 (PowS (£,0) — w(y)) = wly) lmm —— (PowS, (74, 4) ~ 1) = LogS5(f,»).

Turning to the censored focusing method, we note that

Hfful\iz/y(fw(y)+Fw11{*}(y))a(u+5*)(dy) = [ fI5 + E5. (E.1)

Using this result, we obtain

PowS?, , (f,y) = w(y)a (fuy) + Bl @) + (1 - w(y))aFe™t — (a = D22

= wly)afu)* + (1 —wy) ok = (a=1) (Ifulla + F5)

which bears the following limit

lim ! 1 <POWSZ,w(f, y) — 1)

all v —
= ﬁ (w(y)afo)* ™+ (1 —w(y)aFs™ = (a = 1) (| fulls + FS) —a+ (o - 1))

_ . afuy)* ! —a . aFet—a W
*w(y)loléﬂl (Oé—l) +(1 w(:g))l;?ll (Oé—l) l(i?ll(waHa—i_Fw)—i_l

= wl(y) [f“’(y)al + O‘fw(yl)“l log fu(y) — 1] )

Forl 4 aFotog F, — 1}
a=1

1= ) | :
= w(y)log fu(y) + (1 —w(y))log F,

= LogS.,(f,y),

where in the third equality I’'Hopital’s rule was used.
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E.3 PseudoSpherical Scores (PsSphS,)

As for LogS, we follow the order of the table for the derivations concerning the Pseudo-

Spherical family PsSphS,_(f,vy) = chlﬁ):,_ll, where a > 1. In particular,

Fl~Na—1 L - f(y)ail O‘;l
f(9) - <b>(m2 _ (i) PsSphS, (f, ).
11l NS e A

() = Wl

PsSphS, (f,7) =

Next, we consider the limit as « | 1. Shifting the PsSphS,, family by 1 and rescaling it by

a factor ﬁ, we obtain

it (1))
— [(log (%) — (- )Ilfllla HfHa> (%)w L:1

= log f(y), (E.2)

where in the first step ’'Hopital’s rule was used with the derivative

%(ﬁﬁy4:<m(ﬁﬁ)—m D wm)@ﬁb”ﬂ

and in the second | f||; = 1 and that the partial derivative of || f||, with respect to « is

finite at o = 1, which is the case if and only if fy log f(y) f(y) u(dy) is finite, because
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Q=

S—

=

9
| O
K

P

f(y)“u(dy)) ]

a=1
o log [y, f()* u dy)ﬂ

(¢
& 2 ) (o)
= [ (R [ o man)]

- lo “pld
= |- os ([ st wtan) - LA y)] -
y

S)

a=1

Q

a=1

under regularity assumptions permitting us to move the partial derivative under the integral

sign using Leibniz’ rule. Then, evaluating the derivative in a = 1 yields

[ 2 ( /y f(wau(dy))a] el s /y log £ () f () u(dy) = /y log £(5) () u(dy).

a=1

For the conditional PsSphS, family, we find

< fw(}/) ) ot
4 . 1-Fy
Pssphsa,w(f? y) - w(y) —1

[ fulla™

ot (B
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By the linearity of limits, we find

iy —— (PsSPSA (/. ) — w(y)) = wly) lmn —— (PsSphS, (£, ) — 1)

all o — all o —

= w(y) log f}(y)

= LogS,(f, ).

Moreover, for the censored PsSphS,, family, we recall Equation (E.1) and find that

w(y) (foly) + Fulpg ()" + (1= w(y)) Fa!
(175l
_w(y) (fu)* ™+ Fa () + (1 w(y) Fy
(Ifu)lle + Fo) =
Cwy) fuly)* ™+ (1 —wly) Fi

a—1

(Ifu(m)lle + Fg) <

PsSphS., (f,y) =

a.

wn

For the limit as a | 1, we obtain an analogous result, namely

| fuwlls+Fg

+(1 — w(y)) limau ﬁ ((m) — 1) .

(E.4)

a—1
limg ﬁ (PSSPhSZ;(f, y) — 1) = w(y)lima ﬁ (%) —1

29



For the first term on the right-hand side of this equation we calculate the derivative

el fu(y) N
o\ (Ifulla +E)= )|
|2, fol) fult)
0 N Ule+F) ) L Nl R ) ]
— _% ((a —1) (10g fu(y) — élog (I1fulls + Fg)))}al
fu(y) 0 o)
— J1og —— | — (= 1) (log ( (|| £l + F2)=
(waHg"i_Fg)a aa( < >> a=1
ZIngw(y)v

where we used that || ful|i + Fy = 1 — F, + F,, = 1 and that the partial derivative of
_ 1

[folle = (I foll2 + F2)* with respect to « is finite at @ = 1, which by analogy with

Equation (E.3), is the case if and only if fy log 2 () 2 (y) (1 + 6,)(dy) is finite. Likewise,

for the second term in Equation (E.4) we find the derivative

a—1
83 Fu Y =log F,,.
N\l + F2)*

a=1

Using these derivatives when applying I’'Hopital’s rule to obtain the limit in Equation (E.4),

gives

lim — : (PsSpthAﬁ y) — 1) = w(y)log fu(y) + (1 —w(y))log .

all ¢ —
E.4 Kernel Scores (S5,)

This subsection provides more details on Example 4. Consider a class of distributions P,
on some measurable space (), G), such that F(r) = 0,VF € P,, where r € ), including all

continuous distributions on Y. Consider the kernel score family S,(F,y) = 3Epp(X, X') —
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Erp(X,y)+3p(y, y) with divergence D, (F[|G) = Er,ap(X,Y)—3Erp(X, X')—3Eap(Y,Y),
where X, X’ ~ F and Y, Y’ ~ G are independent. Here, we use Ep co(X,Y") as short-hand
notation for the expectation with respect to the product measure F ® G, and Ero(X, X’)
for the expectation with respect to F ® F, for any measurable function o. The associated
generalized censored scoring rule for H = ¢, reads

S W(F,y) = %EFEU/)(X , X') —w(y) (Epgﬂp()@ y) — %p(y,y))

— (1 - u) <EFM(X7 r) - %p('r, r)>

1 _ _
5 Jeup(X, X') + 2F,0p, p(X, 1) + Fip(r, 1))

—w(y) (Jpr(X, y) + Fup(r,y) — %p(y, y))

— (1 — w(y)) (JFwP(X, )+ Eup(r,r) — %p(r, r)) ,

where Jr, q(Y) := fy q(y)Fy(dy), for any measurable function ¢, is the integral generalizing
the expectation operator to allow for integration with respect to any weighted kernel F,,,

for which we adopt similar short-hand notation as for the expectations Ep co(X,Y’) and
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Ero(X, X’) introduced above. The corresponding score divergence reads

Dg, ,(F||G) = Ds, (F,,[|G,)

pyw

1 1
= EFEU,GEJJ/)(X’ Y) - §EFEU:0<X7 Xl) - §EGZJP(Y7 Yl)

= Jr,.c,P(X,Y) + GuJr,p(X,7) + FuJa,p(r,Y) + E,Gup(r,r)
— S3up(X, X)) = Fulle,o(X,7) = SE20(07)
— STaup(V.Y") = Gulo oY) = 5Gop(r.7)

= Jrn (X, Y) = ST X) = STa,p(Y,Y)

— (Fy — Gu) (Jp,p(X, 1) = Ja,p(r,Y)) —

(Fy — Gy)?p(r,r).

N | —

Assumption 1 is satisfied for all weight functions and distributions F € P, since F,,(r) = 0.
Therefore, the score divergence is a localized divergence if S, is strictly proper relative to
P, which follows from the conditions under which S, is strictly proper with respect to P,.

We verify this condition for a popular subclass of kernel scores known as the Energy

Score (ES) family. The ES family of scoring rules is defined as
1 e 6
ESs(F.y) := SEellY = Y'll; = EpllY =y,

where 5 € (0,2), ||-||2 denotes the Euclidean norm, and Y and Y’ denote independent copies
of a random vector with distribution F € Pg, the class of Borel probability measures on
(R4, B(R?)) such that EFHYHg < 00, relative to which ESg(F, y) is strictly proper (Gneiting
and Raftery 2007, Section 4.3). We consider the subclass 755 C Pj of continuous distribu-
tions, in which case the use of any collection of pivotal points is allowed by Assumption 1.

Take k arbitrary pivotal points by choosing H = Zle Yi0r;, Wwhere v = (71, ..., %) € A(k)
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and r; € R Vi. The verification of 75% C Pj follows from

k k
EFL,Rk”YHg = /Rd Iy lI5F o (dy) + F Z%Hrzllg < Ee|lY|5 + Z x5 < o0,

=1 i=1

VF € Py, where Ry, = {r;}F_;. Consequently,

1

k
B Y =Y~ w)B 1Y =yl — (1= w(y)) Y B Y —xil
=1

Esg,w(F,y) =3

is strictly locally proper with respect to 755, for all weight functions.

To facilitate comparisons with the threshold-weighted kernel score framework proposed
by Allen et al. (2023), we provide similar calculations for their approach. By Proposi-
tions 4.4 and 4.5 in Allen et al. (2023) the threshold-weighted kernel score twS,(F,y;v) =
Er [p(v(X),v(y))] — 3Er [p(v(X),v(X"))] — $p(v(y),v(y)), is strictly locally proper with
respect to w if and only if p(v(2),v(:)) = p(v(2'),v(:)),Vz, 2’ € AS, and the restriction of v
to A, is injective. Therefore, assume that v is injective on A,,. Moreover, as suggested by
Allen et al. (2023), restrict v(z') = v(z) = yo, Vz, 2’ € AS, for some arbitrary yo € V.

For the scoring rule, first consider the case where y € A,,, in which case it reduces to

twS,(F, 450, 90)ly € Aw = Jr,p(v(X), v(¥)) + Fup(yo,v(y)) = Fudp,p(v(X), %)

— S F2 o 0) — 50(0(9), v(w) — 3Teup(v(X), o(X7)).

Second, if y € A, the scoring rule reads

_ 1 =
twS,(F, y;0,90)|ly € A5, = (1 — Fu)Ir, p(v(X), %0) — = (Fw — 1)*0(v0, %0)
2
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Put together, this yields the following class of weighted kernel scores

twS,(F,y; v, 40) = %JFAM/)(U (JFAw X),v(y)) + Fup(yo, v(v))
— FuJe,, p(0(X),10) — %F (Yo, o) — %p(v(y)av(y)))hw(y)

_ 1 _
- ((1 — Fu)Jp,, p(v(X), 4%0) — §(Fw - 1>2p(y07?/0)>]lA5,<y)'
Accordingly, the corresponding score divergence is given by

Dews, (F||G) = EptwS,(G, Y;v,40) — ErtwS,(F, Y5 v, 1)

= JFw,Gwp(U(X),U(Y)) — %Jpwp(v(X),v(X')) — %ngp(v(Y),v(Y’))

— (Fy = Gu)Ip,p(y0,v(Y)) + (Fu — Gu)Jc, p(v(X), o)
- %(Fw — Gw)’p (Yo, Yo)
= T 60, P(0(X), 00V) = ST, p(0(X), (X)) = LT, p(0(Y), 0(1"))
— (Fu = Gu) (JFAwp(yoyv(Y)) —Jaa, p(v(X), yo)) - %(Fw —Gu)’p (Yo, 10).

If, additionally, v(z) = z on A,,, the threshold-weighted kernel score framework coincides
with generalized censoring based on H = 9.

We next consider the construction of the chaining function for the multivariate logistic
weight function w(y) = AiL(y;r) = Aopn(yr;m1) X - X Ay (ya; ra) where Agp(yisr) =
m, t=1,...,d, a > 0. Since this is a product of marginal weight functions, it
is natural to define its chaining function in direct analogy with the procedure suggested

by Allen et al. (2023), as a vector of integrals of the marginal weight functions A, y,(v:;7;)

with respect to y;. The marginal weight functions have respective (indefinite) integrals
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J Ao (yisri) dy; = y; — 2 log (1 + exp(a(y; — ;) + C, leading to the chaining function
L a(y1—r1) 1 a(yq—rq)
V(Y): yl——log(1+e Y1 1)",,,yd——log(1+e Yd d) )
a a

F Additional Example

Example F.1. Reconsider the setting of Example D.3, where the region of interest is B,
with corresponding weight function w(y) = 1p(y), and P L F, while P and G are not
coinciding on B. A well-known example of a localizing but improper scoring rule is the
weighted likelihood score WLS(f,y) := log f(y)15(y) proposed by Amisano and Giacomini
(2007). In the current setting, this impropriety is revealed by the observation thatlog g(y) >
logp(y),Yy € B, implies Dy s(P||P) > Dy rs(P||G). That is, the fact that the likelihood
of G restricted to B exceeds that of P is sufficient for WLS to favor G, the candidate
distribution distinct from true distribution P. The conditional scoring rule proposed by
Holzmann and Klar (2017a), also referred to as observation-weighted scoring rule in the
context of kernel scores (Allen et al. 2023), is localizing and proper but not strictly locally

. 1 . —
proper. Specifically, S%(F,y) = w(y)S(F%,y), where dF? = =5 dFw, assuming F, =

fy(l —w)dF < 1. This scoring rule is localizing and proper for weight functions for which
it remains a scoring rule (see Section 2.1). However, S5 (F,y) = SL(G,y) = SL(P,y),Vy €
B, since S% cannot discriminate between distributions that are proportional to each other
on A,. Accordingly, DS%(PHF) = ]D)S%(PHG) = 0, while only F coincides with P on B. In
other words, the score divergence DS”B of a candidate distribution and P is zero if, but not

only if, the candidate coincides with P on B, as is the case for F.
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G Monte Carlo Study

We use Monte Carlo simulations to evaluate the usefulness of our censoring approach for
discriminating between competing density forecasts on a specific region of interest. We do
so by analyzing the size and power properties of the Diebold and Mariano (2002) (DM)
test based on different censored scoring rules.

As discussed in Section 4, the null hypothesis under consideration is given by

HO : Eptsw(ftvy;f—ﬁ—l) = Eptsw(gta Y;f—&-l)a

where f; and g; denote two (conditional) density forecasts of Y;;1. The DM test statistic

is computed as
7 2o (Swlfis Yir1) = Sulgs Yerr))

62T ’

where T is the number of observations used for evaluation and 6% is the sample variance

tT =

of the score difference S, (f;, Yir1) — Sw(g, Yir1). Note that in the empirical applications
in Section 4 the DM test was used in the context of the Giacomini and White (2006)
framework to accommodate parameter estimation uncertainty involved in producing the
competing density forecasts. Here we abstain from this issue and assume that f and g are
given and specified completely.

To put our findings for the censoring approach into perspective, we also evaluate DM
test statistics based on focused scoring rules resulting from alternative localization pro-
cedures. In particular, we include conditional scoring rules and composite rules based
on the proposal of Holzmann and Klar (2017a) to augment a conditional scoring rule
with the auxiliary rule sbar or slog, as discussed in Section 3.5. For these composite

scoring rules, we also assess to what extent their discriminative ability is attributable
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to the original and auxiliary scoring rules, by decomposing the associated standardized
score divergences, as follows. We denote the score differences of the original conditional
rule and of the auxiliary rule by Dg = Dg(Y; F.G):= SE(FY) - SE(G,Y) and D, =
Dy(Y; F,G) := s(bg,,Y) — s(bg,,,Y), respectively. The score divergence for the compos-
ite rule can then be written as Dg:,(F||G) = Ep(D% + D,) = Ep(D%) + Ep(D,), with
associated variance V(D% + D,) = V(DY) + Vp(D,) + 2Covp(D%, D). Define the stan-
dardized divergence as Dg(F||G) := Dg(F||G)//Vr(Ds). To evaluate the contribution of

the auxiliary scoring rule s to Dg:,,, we may compare Dg: (F||G) = Ep(Dg:)/\/Vr(Dg:)

versus Dg:, ,(F||G) = Ep(Dg: + D,)//Vr(Dg: + D,). In the power experiments below, we
therefore consider their ratio £g, := Dg:(F||G)/Dgs,s(F||G). Note that this ratio is non-
negative by construction, but not necessarily less than unity. Since Er(Dg) > 0 for any
proper scoring rule S, it follows that Ep(Dg: + D) > Er(Dg:). For the variance, however,
it is possible that Vp(Dgi) > Vg(Dgi + D), namely whenever Vi (s) < —2Covp(Dgi, D).
Hence, it might be that the standardized score divergence Dg: . ,(F||G) based on the compos-
ite scoring rule actually is smaller than the corresponding Dg: (F||G) based on the original
conditional rule.

We employ a simulation design similar to Diks et al. (2011), Holzmann and Klar (2017b)
and Lerch et al. (2017). For the size experiment, the null hypothesis of the DM test demands
a particularly symmetric design, as explained by Diks et al. (2011). We thus compare two
density forecasts f and ¢ that are equally far from the true density p. For the power
experiments, we take either f or g as the data generating process (DGP), and evaluate
rejection frequencies against one-sided alternative hypotheses, in order to assess both ‘true’
and ‘spurious’ power of the test statistics. For the composite scoring rules, we thus also

consider two sets of standardized score divergences Dg:, , and ratios {g s, namely with either
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f or g being the DGP. In all experiments, we make use of indicator weight functions; either
for the left tail I't,(y; ) = 1(—or(y) or for the center Io(y;7) := Ic(y;0,7) = L, (y). We
consider a range of values for the threshold r to vary the region of interest. The number
of observations T varies, in such a way that the expected number of observations that falls
within the region of interest is the same across the different values considered for r. All

experiments are based on 10,000 replications.

G.1 Size

Following Diks et al. (2011), we assess the size properties of the DM test statistic using
an i.i.d. standard normal density as DGP. The two candidate density forecasts f and
g also are normal with unit variance, but with means p; = —0.2 and p, = 0.2. The
evaluation is focused on the central region around the true mean 0 by using Ic(y;r) as
weight function. Due to the symmetric design, the norms and F,-probabilities of the
candidates f and g are equivalent, such that the test statistics based on QS and SphS scoring
rules coincide. The equal norms and discrete probabilities also imply that the censoring
and conditioning rules are equivalent within a semi-local scoring rule family, because in
this case observations outside the region of interest obtain the same scores under both
candidates. By the same token, the auxiliary scoring rules sbar and slog of the composite
scoring rule of Holzmann and Klar (2017a) become equivalent to the conditional rules of
both semi-local rules and the CRPS. Given these observations, the 16 weighted scoring rules
arising from the combination of the unweighted scoring rules {LogS, SphS, QS, CRPS} with
the conditioning, censoring, conditioning appended with sbar and conditioning appended
with slog localization techniques, can be represented by the censored LogS, SphS, CRPS
and conditional CRPS. The twCRPS is added because it will be included as a benchmark

in the power studies based on weight functions for which the censored CRPS variants do

38



not reduce to the twCRPS.
Figure G.1: Size properties of the DM test

Hy :Ep(Dgy1) >0
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Figure G.1 displays the rejection rates of the null of equal predictive ability against the
one-sided alternative that candidate f is statistically closer to p than g as a function of
the threshold r for a fixed sample size T' = 500. The rejection rates are given at nominal
significance levels 0.01, 0.05 and 0.10, for focused versions of the LogS, SphS and CRPS
scoring rules. In line with Diks et al. (2011), we find that none of the rejection rates

displayed in Figure G.1 give reason to doubt that the tests are correctly sized.

G.2 Power

Normal versus Student-t: Left-tail. In our first power experiment, the competing density
forecasts f and g are standard normal and Student-t5, respectively. We focus the eval-
uation on the left tail by using Ir(y;7) = 1(—s0r)(y) as weight function. The number of
observations 7' is varied such that the expected number of observations below the threshold
r is kept constant at ¢ = 20. The combination of the selected candidates f and g and the
left-tail region of interest make the current setting particularly interesting for financial risk

management applications.
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Figure G.2 shows the rejection rates of the DM test based on focused versions of the
LogS, QS, SphS and CRPS rules in panels (a)-(d). In each panel, rejection rates are shown
if the DGP is f (left-hand side) or ¢ (right-hand side), and in favor of f (top) or g (bottom).
Hence, the graphs in the top-left and bottom-right of each panel display true power, while
the bottom-left and top-right plots show spurious power, i.e., the fraction of rejections
of the null hypothesis of equal predictive ability in favor of the wrong density forecast.
Concerning the selection of scoring rules, recall that the censored CRPS coincides with
the twCRPS for the selected weight function. Finally, in the graphs in panels (b)-(d) we
also include the LogS rule, motivated by the fact that the auxiliary rule in the Holzmann
and Klar (2017a) approach is closely related to the censored log score, so that this can be
considered as a relative benchmark comparison for their composite rules as well. Since the
censored log score and the conditional log score with logs correction coincide, we omit the
latter from panel a), in all figures below. Moreover, we highlight that sbar and slog overlap
(visually) in cases that only one is visible, and, the same holds for the twCRPS and the
censored CRPS.

Two main findings stand out from Figure G.2. First, the test statistics based on cen-
sored scoring rules do not suffer from spurious power, in the sense that rejection rates in
the top-right and bottom-left graphs generally are close to zero. The same applies to tests
based on the composite rules of Holzmann and Klar (2017a). The test based on the con-
ditional scoring rule displays some spurious power, especially for threshold values around
—1; however, as discussed in Diks et al. (2011), this might be a small sample issue, in the
sense that the rejection rates decline towards zero for larger values of ¢ quite rapidly.

Second, the tests based on the censored scoring rules and Holzmann and Klar (2017a)

composite rules generally show comparable true power, but with some notable exceptions.
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Specifically, in case the standard normal distribution is the DGP, we observe higher power
for the censored rules for threshold values below —1.5 (except for a small region around
r = —2) for the CRPS family, while the opposite is the case for the SphS scoring rules.
In case the Student-t5 distribution is the DGP, except for the LogS family, the composite
scoring rules achieve higher rejection rates than the censored rules for threshold values
r below —2.2, approximately. Interestingly, the higher power of the tests based on the
composite scoring rules can be attributed to a large extent to the auxiliary scoring rule.
This conclusion follows from observing that the tests based on the corresponding conditional
scoring rules invariably have lower (and often substantially lower) power for regions quite
far into the left-tail, i.e. for small values of r. This is corroborated by the (standardized)
score divergences Dg(fi||g;) shown in panels (a)-(d) of Figure G.3. These decline towards
zero as r becomes smaller for the conditional rules but not for the composite rules. Hence,
the ratios s in panel (e) also decay when concentrating on the far left-tail as the region of
interest; i.e. the auxiliary rule completely dominates the original conditional scoring rule in
terms of contributing to the (standardized) score divergence Dg; +s(ftllge) of the composite
scoring rule. Interestingly, the standardized divergence increases quite substantially for the
censored scoring rule as r becomes smaller; hence; its discriminative ability improves when
focusing more.

A final observation concerning Figure G.2 is that the test based on the censored loga-
rithmic rule generally achieves the highest true power across all scoring rules considered;
that is, higher than the censored rules based on S, SphS and CRPS but also higher than
the composite scoring rules.

Normal versus Student-t: Center. In our second power experiment, we again consider

standard normal and Student-t5 densities as the competing forecasts, but now focus on
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the central region by using Ic(y;r) = 1(—,(y) as weight function. We also increase 7',
so that the expected number of observations in the region of interest is equal to ¢ = 200.
Figure G.4 displays the rejection rates for the same selection of regular scoring rules and
focusing procedures as in the first power experiment.

We make three observations, which are in line with the findings from the previous ex-
periment. First, for a given scoring rule family, the DM test statistics based on censored
and composite rules generally perform on par. The composite rules may achieve higher re-
jection rates, but this is rather sensitive to both the DGP and the auxiliary rule used. For
example, panels (b) and (c¢) show that using slog as auxiliary rule improves performance for
thresholds r exceeding 2, approximately, if the DGP is the standard normal distribution.
By contrast, the discriminative ability of the test based on the same composite rules dete-
riorates for larger thresholds in case the DGP is Student-t5. Also, using sbar as auxiliary
rule generally leads to lower power, especially for relatively small values of the threshold r,
i.e. when focusing on a fairly narrow region around the mean.

Second, the seemingly good performance of the composite scoring rules is again mostly
due to the auxiliary scoring rule. This follows by noting that the rejection rates of the
tests based on the conditional scoring rule alone rapidly decline towards zero when we
lower the threshold value, especially when r < 1.5. This holds independent of the scoring
rule family and the DGP. Confirmation is provided by Figure G.5. The standardized
score divergences of the conditional scoring rules are quite comparable to those of the
other localization procedures for r > 1.5. Focusing on narrower regions around the mean,
however, both Dg(fg:) and Dg(g|f;) display similar declines as the rejection rates in
Figure G.4. Although the standardized score divergences also decay for the composite

scoring rules, this kicks in only for substantially lower values of r. As a result, the ratios
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€s.s in panel (e) accordingly slide down towards zero, indicating that the original conditional
rule does not really contribute to the discriminative ability of the composite scoring rule.
Third, Figure G.4 shows that across scoring rule families and localization procedures,
the censored likelihood score achieves highest power. In particular, while the composite
scoring rule with slog as auxiliary rule may outperform its censored counterpart for a given
scoring rule family, it is still dominated by the censored likelihood scoring rule.
Finally, we note that the CRPSEU displayed in the Figure G.4 is the generalized censored

scoring rule based on the generalized censored measure in Equation (4). Due to the sym-

1
2

metry of the setup, there is visually no difference between using the suggested value v =
(included in Figure G.4) or the fraction of observations smaller than —r. As the censored
CRPS variants do not reduce to the twCRPS in this case, we include this separately in the
graphs in panel (d) of Figure G.4. The rejection rates of the twCRPS in the top-left and
bottom-right graphs are somewhat lower than those of the censored and composite rules;
except for a modest range of threshold values around r = 1 if the DGP is standard normal.

Laplace tails In our third and final power experiment we study the consequences of
the inability of the conditional scoring rule to distinguish two proportional tails when
using the left-tail indicator Ir,(y;7) = Ly (y) as weight function; see Example F.1.
In particular, we consider two Laplace candidates with different location iy = —1 and
tg = 1. Interestingly, if we were to set equivalent scale 0y = 0, = 1, even if p, — py
the conditional scoring rule does not have any power against the null of the candidates
being statistically equally far away from p, that is, for thresholds r < ps for which the
conditional distributions on (—oo,r) coincide. Since movements of p in terms of p, are

invisible through the lens of a conditional score divergence, this is essentially not a lack

of power against Hjy, which is based on the conditional scoring rule. Yet, it is a lack of
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power against the distributions being statistically equally far away from the actual density
on A, through the lens of the regular score divergence and, therefore, still a lack of local
discriminative ability. More fundamentally, the test statistic degenerates in this case, as
the score differences are exactly zero.

Because of these issues, we analyze what happens if the scale parameters are not exactly
the same, but still fairly close. Specifically, we set 6 = 1 and 0, = 1.1. Figure G.6 shows
the rejection rates of the DM test based on focused versions of the LogS, QS, SphS and
CRPS rules.

Four observations are clearly apparent. First, the increase in true power when moving
from the conditional operator to the censoring operator is immense for all four scoring
rules and thresholds r < py. The difference decreases over the interval r € (ug, 1 ), after
which both conditioning and censoring have close to unit power. This observation is in line
with the lack of discriminative ability of proportional and apparently close to proportional
tails. Second, there is a clear difference in spurious power between the focusing operators:
The censoring operator does not seem to suffer from spurious power at all, whereas the
conditional rules have spurious power up to 0.10 for thresholds smaller than puy = —1.
Third, as in the previous experiments, we find that the censored likelihood score dominates
the other scoring rules in terms of power, here in particular in case f is the DGP and
r < ps. Fourth, the Holzmann and Klar (2017a) augmentation of the conditional scoring
rules renders great benefits also in this case, in the sense that it lifts power up to the
level of the censored likelihood for all four scoring rules. Given that the power of the
‘raw’ conditional rules is rather poor, especially for thresholds r < ¢, this is likely due
to the discriminative ability of the correction terms sbar or slog. This is confirmed by the

standardized score divergences shown in Figure G.7.
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Figure G.2:
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and ¢; (Student-t5) at a nominal significance level of 0.05 based on 10,000 simulations. The DGP is either

f+ (left-hand side) or g; (right-hand side). Moreover, rejections in the top panels are in favor of f;, while

rejections in the bottom panels are in favor of g;. The incorporated weight function is w(y) = 1(—oo,r) (¥)

and the expected number of observations in the region of interest is kept constant at ¢ = 20.
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Figure G.3: Standardized local divergences N(0,1) - Student-t;
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Standardized divergences (Dg(f/|g:)) and ratios (€s.s) of the candidates f;, (NV(0,1)) and g; (Student-ts),
for weighted versions of unweighted scoring rules S € {LogS, QS, SphS, CRPS}. Each plot includes the
conditional and censored rules of S and two composite scoring rules S + s, where s € {sbar, slog}. The

incorporated weight function is w(y) = 1(—oo,r) (¥)-
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Figure G.4: N(0,1) versus Student-t5: Center (¢ = 200)
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One-sided rejection rates of the DM test of equal predictive ability of the candidates f; (standard normal)
and ¢; (Student-t5) at a nominal significance level of 0.05 based on 10,000 simulations. The DGP is either
ft (left-hand side) or g; (right-hand side). Moreover, rejections in the top panels are in favor of f;, while
rejections in the bottom panels are in favor of g;. The incorporated weight function is w(y) = 1, (y)

and the expected number of observations in the region of interest is kept constant at ¢ = 200.
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Figure G.5: Standardized local divergences N(0,1) - Student-t;
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Standardized divergences (Dg(f/|g:)) and ratios (€s.s) of the candidates f;, (NV(0,1)) and g; (Student-ts),
for weighted versions of unweighted scoring rules S € {LogS, QS, SphS, CRPS}. Each plot includes the
conditional and censored rules of S and two composite scoring rules S + s, where s € {sbar, slog}. The

incorporated weight function is w(y) = 1(—oo,r) (¥)-
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Figure G.6: Rejection rates Laplace experiment (¢ = 20)
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One-sided rejection rates of the DM test of equal predictive ability of the candidates f; (Laplace(—1,1)
and g; (Laplace(1,1.1)) at a nominal significance level of 0.05 based on 10,000 simulations. The DGP is
either f; (left-hand side) or g; (right-hand side). Moreover, rejections in the top panels are in favor of f;,
while rejections in the bottom panels are in favor of g;. The incorporated weight function is
w(y) = 1(—so,r)(y) and the expected number of observations in the region of interest is kept constant at
c = 20.
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Figure G.7: Standardized divergences Laplace experiment (¢ = 20)
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(e) §S,s

Standardized divergences (Dg(f;|g:)) and ratios (£s,s) of the candidates f, (Laplace(—1,1) and g,
(Laplace(1,1.1)), for weighted versions of unweighted scoring rules S € {LogS, QS, SphS, CRPS}. Each

plot includes the conditional and censored rules of S and two composite scoring rules S + s, where

s € {sbar,slog}. The incorporated weight function is w(y) = 1(_ o) (¥).

50




H Details on Model Specifications
H.1 Financial risk management

In the univariate application to daily returns on the S&P500 index in Section 4.1, we use
forecast methods that conform to Y;|F;_1 ~ D(u,0?,9), denoting a parametric family
of distributions with constant mean p, time-varying variance o2, and any additional pa-
rameters collected in 1. We consider three specifications for the conditional variance o7.

Specifically, we include (i) the GARCH(1,1) model proposed by Bollerslev (1986), with

ol =w+a(y1 — p)?+ Bo}_,,

(ii) the threshold GARCH(1,1) (TGARCH) model put forward by Glosten et al. (1993),
with

0752 =w+a(y1 — M)2 + (Y1 — N)Zﬂ(—oo,,u]<yt71> + 503_17

and (iii) the realized GARCH(1,1) (RGARCH) model of Hansen et al. (2012), with

2 2
o, =w+ax_q + Bo,_q,

Ty =&+ gol + 72+ k(22— 1)+ uy,

where z; represents a realized measure', z; = (y; — p)/o:, and u; denotes a white noise
process with variance o2. We combine each of the volatility specifications with standard
normal and Student-¢, distributions. Parameter estimates are obtained via maximum-
likelihood estimation (MLE).

In the bivariate application we construct density forecasts for the vector of log-returns

!Obtained from https://dachxiu.chicagobooth.edu/#risklab
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yi = (Y14, Y2t) € R? for the Energy Select Sector SPDR Fund (XLE) and Financial Select
Sector SPDR Fund (XLF). For the individual means p; (i = 1,2) and volatilities o7, (i =
1,2) we adopt the same specifications as used in the univariate application for the S&P500
returns. We model the dependence between the two sector returns by means of the Dynamic
Conditional Correlation (DCC) methodology of Engle (2002), exploiting the decomposition
of the conditional covariance matrix 3; as ¥; = Dt% RtDt%, where D, = diag(of,,03,)

contains the conditional variances and R; is the conditional correlation matrix. In the

DCC approach, the latter is computed as R; = (Q; ® Iz)_%Qt(Qt ® Ig)_%7 with

Q= (1— a3 — B3)Q+ sz, + B3Qu1,

where z;; = (y;is — pi)/0is (i = 1,2) and Q denotes the unconditional covariance matrix of
z;. For estimation we adopt the 2-step approach of Engle (2002), where we first estimate
the parameters in the individual volatility specifications using MLE. In the second step we
then estimate the parameters in the conditional correlation dynamics, again using MLE,
where we use ‘correlation targeting’ by replacing Q with the sample covariance matrix of

the (first-stage) residuals z;.

H.2 Macroeconomics

Following Stock and Watson (2002), among many others, we construct direct forecasts for
annualized 7-month inflation rates y7,, = (1,200/7)log (P+,/F;), where P, denotes the
U.S. consumer price index (CPI) in month ¢, for horizons 7 = 6 and 24. Each of the forecast
methods we consider can be represented as y7, . = uf, . (x)+uf, ., where x; denotes a subset

of n = 122 variables from the FRED-MD? database, cf. Medeiros et al. (2021). We use

2See https://research.stlouisfed.org/econ/mccracken/fred-databases/
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six of the forecast methods listed by Medeiros et al. (2021) for the conditional mean pf, .
First, we include a random walk forecast jif,, = y/, equal to the most recent 7-month

inflation. Second, we obtain a forecast from an autoregressive model (AR) as

iy = Gor + O17Ye + oo+ PprYi—pr1s

where y; = y/ with 7 = 1 denotes the one-month inflation rate, the order p is selected using
the Bayesian Information Criterion (BIC) and the parameters are estimated by OLS.

The third forecast method involves bagging, which combines forecasts obtained with
different bootstrap subsamples. We adopt the implementation of Medeiros et al. (2021) for

linear regression models, with the following steps:

1. For each bootstrap sample b, estimate a linear regression with all candidate predictors
with OLS, and select those variables with an absolute t-statistic above a certain

threshold c.

2. Estimate a linear regression only with the variables selected in the previous step, and

use this second regression to obtain a forecast iy, ..

3. Repeat the first two steps for B bootstrap samples and average the B forecasts to

obtain the bagging forecast: iy, . = % 25:1 iy pe

We set the number of bootstrap samples B = 100 and set ¢ = 1.96, such that the pre-test
selection in step 1 is done at the 5% level.

As a fourth forecast method, we include Complete Subset Regression (CSR) developed
by Elliott et al. (2013, 2015). The key idea of this approach is to average the forecasts
obtained from linear regressions for all possible combinations of ¢ predictors selected out

of n available candidates, where typically ¢ is set (much) smaller than n. With n = 122 as
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in our case, however, the number of regressions to be estimated is impractically large. We
therefore adopt a pre-testing approach: First estimate a linear regression of 3/, . on each of
the candidate predictors individually, rank the t-statistics of their coefficients by absolute
value, and select the n highest-ranked variables. Then, apply the CSR approach to this
subset of variables. We set n = 20 and ¢ = 4.

The fifth forecast method again assumes a linear specification for the conditional mean,
Pl (%) = Bix;, with coefficients estimated using the Least Absolute Shrinkage and Se-
lection Operator (LASSO), augmenting the sum of squared errors with the penalty term
Ao 18- We determine the regularization parameter A by means of the BIC.

The sixth and final forecast is obtained from a Random Forest (RF) as proposed by
Breiman (2001). Using B regression trees with K}, denoting the number of terminal nodes
(or ‘leaves’) in the b-th tree (which is grown such that each terminal node has (at least) a

pre-specified minimum number of observations), the RF forecast is given by

B K,
[iyr(Xe) = ZZ kLo (x5 0rp),

b: k=1

where 1j,(x;;-) is an indicator function that is equal to 1 in case x; is such that the
observation ends up in terminal node £ in tree b and 0 otherwise, and ¢, is the average
7-month inflation rate for the observations in the training sample that correspond with this
leaf. We use RF's with B = 500 trees. Each tree is grown until there are no less than five
observations in each leaf. The fraction of randomly selected predictors at each split is set
to 1/3.

Finally, for each of the six forecast methods considered for 7, ., we obtain a density

forecast for y/, . = pi, . +ui . by assuming that uy, . follows a two-piece normal distribution,
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with density given by

O'1+02 09

92 _ _
fly; p,01,00) = (¢ (yg ,LL) ]ly<u+¢(y M) ]ly>u) ) 01,02 >0,
1

where ¢(z) denotes the density of the standard normal distribution. This distributional
choice is congruent with the underlying statistical model employed in the fan charts pub-
lished by the Monetary Policy Committee of the Bank of England (Clements 2004; Mitchell

and Hall 2005; Gneiting and Ranjan 2011).

H.3 Climate

The forecast methods we use for predicting daily temperatures closely follow the GARCH,
QGARCH-I, and QGARCH-II specifications as in Franses et al. (2001), but with alterations
in seasonal trend estimation. Specifically, we use local day averages for the mean and a sine
function for volatility, as opposed to a quadratic function. The models can be formalized

as: Y| Fi_1 ~ D(p, 07, 9), where pi, = mye_q1 + ¢pyz—1 and

2
o = p(t;wo, wi) + a(yem1 — 1 — ©(t;70,71))" + Boiy.

Here, my;_; is the average temperature of days with the same day number in the estimation
window, that is, all s € [t — m,t — 1] such that T, = T}, where T, = min(7}, 365), in which
T; is the day number, with 7, = 1 on the first of February. The latter choice exploits
the periodic pattern revealed by Figure 1 in Franses et al. (2001), which we model by
©(t;00,601) = Oy + 61| sin(w/365 - T;)|. These specifications are combined with both Normal

and Student-t,, distributions to produce six forecast methods in total.
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I Additional Tables

I.1 MCS table at confidence level 0.75

Table I.1: MCS cardinality of censored and (un)corrected conditional scoring rules

no correction sbar slog

Sec. wy T < < /b < < /b < < /b
4.1 Iy (y;7f) 1 92%  62% 2.04 5% 38% 1.28 % 29% 1.16
5 50%  46% 1.50 67% 29% 1.16 67% 29% 1.07

By 1)) 1 62%  38% 1.28 62% 17% 1.07 62% 21% 1.08

5 92%  33% 1.39 92% 33% 1.39 96% 33% 1.45

AgjL(yt; r}) 1 62%  42% 1.13 67% 25% 0.99 67% 25% 0.99

) 79% 42% 1.28 92% 17% 1.15 92% 17% 1.15

42 Ic(y;2,7m1) 6 100% 100% 3.72 100% 92% 2.35 92% 33% 1.31
24 100% 100% 3.31 % 33% 1.17 %  42% 1.29

I&(ye;2,7m1) 6 100%  83% 2.84 83% 25% 1.36 5% 33% 1.26

24 92%  58% 2.71 50% 25% 1.25 5% 25% 1.09

43 In(ye D) 1 1%  54% 1.82 83% 54% 1.50 5% 21% 1.06
3 79%  38% 1.33 83% 38% 1.29 79% 4% 0.94
1 100% 58% 204  100% 42% 1.42 92% 25% 1.21
3

100%  25% 1.25 100% 0% 1.00 100% 0% 1.00

Ic(ye;18,12)

Total average 84%  56% 1.97 81% 33% 1.31 80% 24% 1.15

NOTE: This table presents changes in cardinality of the MCS in absolute and relative terms, at confidence
level 0.75, across different forecast horizons 7, corresponding to the forecasting applications in risk man-
agement (Section 4.1), inflation (Section 4.2) and temperature (Section 4.3). sbar and slog refer to the
correction terms for conditional scoring rules proposed by Holzmann and Klar (2017a). Columns labeled
< (<) display the percentage of cases where MCS” contains (strictly) fewer forecast methods than MCS?
and the column labeled #/b reports the ratio [MCS?|/|MCS’|. Each result represents an average over a set
of scoring rules S € {LogS, QS, SphS, CRPS/S,, } and quantile levels ¢ € {0.01,0.05,0.10,0.15,0.20,0.25}
or levels r1 € {1,1.5,2} and ro € {1,2,4}. The empirical ¢g-th quantiles 7{ of y; are based on the forecast
method estimation window, and ¥} := (7{%,73%), with g2 = /g, approximates a bivariate empirical g-th
quantile of y;. The p-values are obtained via a block bootstrap of B = 10,000 replications, with block
length b =5, or b = 200 for the climate data.

1.2 Financial risk management

Table 1.2 shows the complete set of MCS p-values for the individual forecast methods in
the univariate risk management application in Section 4.1, for the four focused variants
of the LogS, QS, SphS and CRPS scoring rules, for horizons 7 = 1 and 5, and quantiles

g = 0.01, 0.05, 0.1, 0.15,. 0.2 and 0.25.
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At a 0.90 confidence level and 7 = 1, MCS* is smaller only in a single case across
all examined quantiles and scoring rules, namely for ¢ = 0.25 and S = QS. Equality in
MCS size occurs mainly for larger quantiles, where information scarcity with respect to the
distributions on (—oo, 7{) is less critical. Examining the composition of the MCSs reveals
that, in case [MCS’| < [MCSF|, the censored MCSs are often a subset of the conditional
MCSs. The significance of reductions in the number of methods retained in the MCS
due to censoring is further emphasized by the fact that the resulting MCSs encompass
more complex model specifications, which would be the optimal choices in the absence of
parameter estimation uncertainty.

Robustness checks, pertaining to b and m, confirm the stability with respect to these
parameters, see Table 1.3. There we also report results based on the alternative statistic
proposed by Hansen et al. (2011), namely Tmax:= max;e m, |t£f“)q,|, where t%% corresponds
to the ¢, ,-statistic based on the average loss between forecast method 7 and all other
methods in the MCS. Comparing results across Tmax and TR statistics, we observe that
the use of TR tends to expedite model elimination, yielding smaller MCS p-values compared
to Tmax; this acceleration, however, is consistent across both censoring and conditioning.

Table 1.4 displays MCS p-values and model confidence sets obtained with the indicator
product weight function, while Table 1.5 reports the corresponding MCS p-values for the
logistic product weight function. The columns labeled ‘tw’ in the latter table contain the
results for the twS,, of Allen et al. (2023), for the chaining function derived in Section E.4.
Overall, it can be observed that the MCSs obtained with the twS,, resemble those of prl.
Note that this may be related to the fact that the twS,, tends to the limiting Szl score for
large values of the logistic transition speed parameter a, which has a fairly large value of 3

in the applications here.
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Table 1.2: MCS p-values for univariate risk management application.

LogS Qs
q Method b il sbar  slog b g sbar  slog
0.01 RGARCH-t¢ 1.00  0.63 1.00 1.00 0.46  0.95 1.00 1.00
TGARCH-t 0.98 1.00 098 0.96 0.64 1.00 0.61 0.57
GARCH-t 052 070 052 052 034 083 037 0.33
RGARCH-N  0.09 0.20 0.09 0.09 1.00 0.95 0.07 0.05
TGARCH-N  0.08 0.10 0.03 0.03 0.64 0.95 0.01 0.01
GARCH-V 0.01 0.08 0.01 0.01 0.46 0.83 0.00 0.00
RGARCH-t 037 087 037 040 0.12 1.00 0.43 0.46
TGARCH-t 0.82 1.00 082 0.78 08 044 0.83 0.78
GARCH-t 1.00 0.97 1.00 1.00 0.17 0.37 1.00 1.00
RGARCH-N  0.01 0.05 0.01 0.01 0.12 0.82 0.01 0.01
TGARCH-N 0.01 0.05 0.01 0.01 1.00 0.74 0.01 0.01
GARCH-V 0.01 0.04 0.01 0.01 0.17 0.74 0.00 0.00
0.05 RGARCH-t 1.00 0.78 1.00 1.00 0.04 1.00 0.27 0.36
TGARCH-t 0.09 1.00 0.09 0.10 0.02 0.82 0.00 0.00
GARCH-¢ 0.01 0.78 0.01 0.01 0.00 0.82 0.00 0.00
RGARCH-N 0.08 0.06 0.08 0.07 1.00 1.00 1.00 1.00
TGARCH-N  0.00 0.08 0.00 0.00 0.04 0.82 0.00 0.00
GARCH-V 0.00 0.01 0.00 0.00 0.00 0.82 0.00 0.00
RGARCH-¢ 0.76 0.24 0.76 0.79 0.29 0.25 0.26 0.28
TGARCH-t¢ 099 07 099 0.92 0.98 1.00 034 0.33
GARCH-t 1.00 1.00 1.00 1.00 030 036 034 0.33
RGARCH-N  0.01 0.01 0.01 0.01 0.98 0.12 1.00 1.00
TGARCH-N  0.01 0.01 0.01 0.01 1.00 0.36 0.01 0.01
GARCH-V 0.01 0.01 0.01 0.01 0.30 0.25 0.02 0.02
0.1 RGARCH-t¢ 1.00 0.74 1.00 1.00 1.00 0.70 0.04 0.06
TGARCH-t 0.04 1.00 0.04 0.05 0.17 1.00 0.00 0.00
GARCH-t 0.00 0.40 0.00 0.00 0.01 0.42 0.00 0.00
RGARCH-N 0.04 0.083 0.04 0.04 0.48 0.70 1.00 1.00
TGARCH-N  0.00 0.01 0.00 0.00 0.06 0.39 0.00 0.00
GARCH-V 0.00 0.00 0.00 0.00 0.00 0.06 0.00 0.00
RGARCH-t 0.45 0.15 0.45 0.45 0.34 0.14 0.91 0.94
TGARCH-t 1.00 0.38 1.00 1.00 1.00 1.00 1.00 1.00
GARCH-t 0.55 1.00 0.55 0.58 0.34 0.66 0.74 0.71
RGARCH-N  0.00 0.00 0.00 0.00 0.01 0.14 0.96 0.97
TGARCH-N  0.00 0.00 0.00 0.00 0.01 0.14 096 0.97
GARCH-N 0.00 0.00 0.00 0.00 0.01 0.14 0.74 0.71
NOTE: This table continues on the next page.
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Table 1.2 (continued): MCS p-values for univariate risk management application.

LogS QS
q 7 Method b il sbar  slog b g sbar  slog

0.15 1 RGARCH-¢ 1.00 100 1.00 1.00 1.00 1.00 031 0.42
TGARCH-t 0.03 078 0.03 0.03 0.07 063 0.00 0.00
GARCH-t 0.00 0.19 0.00 0.00 0.00 0.19 0.00 0.00
RGARCH-N  0.03 0.02 0.03 0.02 0.07 063 1.00 1.00
TGARCH-N  0.00 0.00 0.00 0.00 0.00 037 0.00 0.00
GARCH-N 0.00 0.00 0.00 0.00 0.00 0.04 0.00 0.00

5 RGARCH-t 039 0.09 039 028 0.12 048 0.61 0.63
TGARCH-¢ 1.00 0.23 100 100 1.00 1.00 1.00 1.00
GARCH-t 0.76 100 076 081 080 085 0.61 0.60
RGARCH-N  0.00 0.00 0.00 0.00 0.00 048 039 0.30
TGARCH-N  0.00 0.00 0.00 0.00 0.00 051 061 0.63
GARCH-N 0.00 0.00 0.00 0.00 0.00 048 043 0.43

0.2 1 RGARCH-t 1.00 100 1.00 100 1.00 040 1.00 1.00
TGARCH-¢ 0.02 0.22 0.02 0.03 0.09 0.06 0.01 0.01
GARCH-¢ 0.00 0.06 0.00 0.00 0.06 0.00 0.00 0.00
RGARCH-N  0.01 0.04 0.01 0.01 0.00 1.00 0.40 047
TGARCH-N  0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00
GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 ©0.00

5 RGARCH-t 0.15 035 0.15 0.23 0.00 089 027 0.28
TGARCH-t 1.00 038 1.00 100 076 1.00 1.00 1.00
GARCH-t 0.77 100 077 088 100 089 0.27 0.28
RGARCH-N  0.00 0.00 0.00 0.00 0.00 0.89 0.00 0.00
TGARCH-N  0.00 0.00 0.00 0.00 0.00 080 0.06 0.09
GARCH-N 0.00 0.00 0.00 0.00 0.00 080 0.06 0.06

025 1 RGARCH-t 1.00 1.00 1.00 1.00 1.00 0.04 1.00  1.00
TGARCH-t 0.03 027 0.03 0.05 074 0.08 0.01 0.02
GARCH-t 0.00 0.04 0.00 0.00 074 0.00 0.00 0.00
RGARCH-N  0.01 0.04 0.01 0.01 0.00 1.00 0.02 0.06
TGARCH-N  0.00 0.00 0.00 0.00 0.00 0.08 0.00 0.00
GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

5 RGARCH-t 0.12 030 0.12 0.14 0.00 077 0.02 0.05
TGARCH-¢ 1.00 050 1.00 097 0.15 100 1.00 1.00
GARCH-¢ 098 100 098 1.00 100 077 0.15 0.10
RGARCH-N  0.00 0.00 0.00 0.00 0.00 0.77 0.00 0.00
TGARCH-N  0.00 0.00 0.00 0.00 0.00 0.77 0.00 0.01
GARCH-N 0.00 0.00 0.00 0.00 0.00 064 0.00 0.01

NOTE: This table continues on the next page.
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Table 1.2 (continued): MCS p-values for univariate risk management application.

SphS CRPS

q 7 Method b il sbar  slog b g sbar  slog

0.01 1 RGARCH-t 0.64 088 1.00 1.00 072 097 1.00 1.00
TGARCH-t 0.88 100 067 063 081 1.00 0.69 0.65
GARCH-t 0.64 088 047 045 081 091 050 047
RGARCH-N 1.00 0.67 0.05 0.04 0.81 097 0.14 0.12
TGARCH-N 088 038 0.01 0.01 1.00 097 0.01 0.01
GARCH-N 0.64 045 0.00 0.00 081 063 0.00 0.00

5 RGARCH-t 0.23 100 061 065 056 1.00 054 0.58
TGARCH-t 1.00 040 075 073 066 064 1.00 1.00
GARCH-¢ 049 040 1.00 1.00 066 046 0.83 0.84
RGARCH-N  0.17 040 0.02 0.02 056 0.17 0.01 0.01
TGARCH-N 1.00 0.24 0.01 0.01 1.00 0.16 0.01 0.01
GARCH-N 0.41 028 0.01 0.01 0.66 0.08 0.00 0.00

0.05 1 RGARCH-t 0.01 1.00 1.00 1.00 040 0.80 0.32 041
TGARCH-¢ 0.01 0.73 0.01 0.01 0.40 1.00 0.01 0.02
GARCH-¢ 0.00 073 0.00 0.00 0.13 079 0.00 0.00
RGARCH-N 1.00 058 0.60 048 1.00 0.80 1.00 1.00
TGARCH-N  0.01 0.25 0.00 0.00 0.48 0.64 0.00 0.00
GARCH-N 0.00 0.25 0.00 0.00 040 038 0.00 0.00

5 RGARCH-t 0.24 030 092 095 046 056 078 091
TGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 080 091
GARCH-t 0.40 055 092 095 057 056 080 091
RGARCH-N 093 0.02 083 078 046 0.03 1.00 1.00
TGARCH-N  0.80 0.02 0.00 0.00 0.77 0.05 0.00 0.00
GARCH-N 0.24 0.01 0.00 0.00 047 0.05 0.01 0.01

0.1 1 RGARCH-¢ 034 089 100 100 o0.11 074 0.13 0.10
TGARCH-t 0.01 1.00 0.02 0.02 0.04 1.00 0.00 0.00
GARCH-t 0.00 037 0.00 0.00 0.01 0.19 0.00 0.00
RGARCH-A 1.00 0.21 1.00 0.82 100 074 1.00 1.00
TGARCH-N  0.00 0.03 0.00 0.00 0.11 0.04 0.00 0.00
GARCH-N 0.00 0.01 0.00 0.00 0.03 0.00 0.00 0.00

5 RGARCH-t 0.55 0.14 073 067 049 043 0.79 0.73
TGARCH-¢ 1.00 053 100 1.00 1.00 1.00 1.00 1.00
GARCH-¢ 0.5 100 073 0.67 063 043 0.47 042
RGARCH-N  0.27 0.083 073 067 052 0.00 079 0.73
TGARCH-N  0.21 0.00 0.01 0.01 0.63 0.00 047 041
GARCH-N 0.19 0.00 0.02 0.02 049 0.00 0.12 0.09

NOTE: This table continues on the next page.
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Table 1.2 (continued): MCS p-values for univariate risk management application.

SphS CRPS

q 7 Method b il sbar  slog b g sbar  slog

0.15 1 RGARCH-¢ 1.00 1.00 100 1.00 0.08 084 0.23 0.29
TGARCH-¢ 0.01 0.19 0.00 0.00 0.01 0.88 0.00 0.00
GARCH-t 0.00 0.10 0.00 0.00 0.00 0.11 0.00 0.00
RGARCH-A 050 0.10 0.64 042 1.00 1.00 1.00 1.00
TGARCH-N  0.00 0.01 0.00 0.00 0.03 0.11 0.00 0.00
GARCH-N 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.00

5 RGARCH-t 033 049 071 070 052 043 033 0.37
TGARCH-t 1.00 059 100 100 1.00 1.00 1.00 1.00
GARCH-t 042 100 071 070 057 065 0.33 0.36
RGARCH-N  0.00 049 040 028 052 0.24 0.22 0.15
TGARCH-N  0.02 0.06 0.17 0.13 0.57 0.00 0.22 0.19
GARCH-N 0.02 0.01 0.13 0.07 050 0.00 0.11 0.09

0.2 1 RGARCH-t 1.00 026 1.00 100 0.10 041 1.00  0.98
TGARCH-¢ 0.01 0.02 0.00 0.00 0.01 0.13 0.09 0.07
GARCH-¢ 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00
RGARCH-N  0.01 1.00 071 083 1.00 1.00 0.88 1.00
TGARCH-N  0.00 0.00 0.00 0.00 0.01 0.09 0.00 0.00
GARCH-N 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00

5 RGARCH-t 0.03 097 060 0.68 038 069 0.21 0.21
TGARCH-t 1.00 097 1.00 100 1.00 1.00 1.00 1.00
GARCH-t 0.51 097 060 0.68 038 069 0.21 0.21
RGARCH-N  0.00 1.00 o0.07 0.09 032 069 0.01 0.01
TGARCH-N' 0.00 091 0.19 028 0.38 0.02 0.01 0.02
GARCH-N 0.00 07 0.20 028 025 0.00 0.01 0.01

025 1 RGARCH-t 1.00 0.02 1.00 1.00 0.17 0.11 1.00 1.00
TGARCH-t 0.03 0.02 0.01 0.02 0.01 0.10 0.19 031
GARCH-t 0.01 0.00 0.00 0.00 0.00 0.00 0.01 0.01
RGARCH-N  0.00 1.00 043 082 1.00 1.00 0.19 0.34
TGARCH-N  0.00 0.02 0.00 0.00 0.01 0.11 0.01 0.01
GARCH-N 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00

5 RGARCH-t 0.00 096 041 054 027 050 0.03 0.05
TGARCH-¢ 083 09 100 1.00 100 1.00 1.00 1.00
GARCH-¢ 1.00 093 041 054 027 052 0.25 0.20
RGARCH-N  0.00 096 0.02 0.08 0.12 050 0.00 0.00
TGARCH-N  0.00 1.00 0.13 031 0.14 044 0.00 0.00
GARCH-N 0.00 072 0.14 030 0.12 0.08 0.00 0.00

NOTE: This table presents the MCS p-values implied by censored (b) and (augmented)
conditional () scoring rules underlying the results presented in Table 2, for different forecast
horizons 7. Calculations are conducted by the R package MCS by Bernardi and Catania
(2018), using B = 10,000 simulations and block length b = 5. Bold (and italic) p-values
signify a forecast method’s elimination from MCSg 75 (and MCSg g9).
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Table 1.3: Robustness analysis MCS cardinality

no correction sbar slog
m Statistic < <t/ < < #/b < < t/b
T=1
1000 TRoo 96 75 2.38 71 38 1.20 71 38 1.20
Tmaxog 92 50 1.61 54 29 1.10 54 17 0.95
750 TR 88 62 2.04 62 29 1.17 62 29 1.15
Tmaxs 71 33 1.15 42 8 0.82 42 4 0.80
1250 TRs 92 58 2.20 62 29 1.09 62 25 1.05
Tmaxs 83 58 1.74 58 21 1.01 58 17 097
T=25
1000 TRag 62 29 1.29 54 25 1.08 62 25 1.10
Tmaxag 79 38 1.46 62 29 1.28 67 25 1.22
750  TRs 50 29 1.23 58 29 1.09 58 29 1.10
Tmaxs 71 25 1.33 62 25 1.24 67 25 1.19
1250 TRs 67 33 147 58 29 1.17 54 29 1.12
Tmaxs 71 42 1.53 67 29 1.38 67 29 1.25

NOTE: The table presents changes in cardinality of the MCS in absolute and relative terms,
at confidence level 0.90, across different forecast horizons 7 = 1 and 5, for the univariate
forecasting application in risk management (Section 4.1); where we vary the length of the
estimation window to m = 750 and 1,250, or the block length to b = 20 for the value of
m = 1,000 as reported in Table 2.
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Table I.4: MCS p-values for indicator product risk management application.

LogS QS
q 7 Method b il sbar  slog b g sbar  slog

0.01 1 RGARCH-t 1.00 1.00 100 1.00 0.00 0.16 0.07 0.09
TGARCH-¢ 0.22 095 0.22 0.22 0.02 026 0.09 0.09
GARCH-t 0.13 09 0.13 0.13 0.03 027 0.05 0.05
RGARCH-A  0.22 038 0.22 0.22 1.00 027 1.00 1.00
TGARCH-N  0.06 0.16 0.06 0.06 052 1.00 0.12 0.19
GARCH-N 0.02 0.12 0.02 0.02 052 027 0.06 0.05

5 RGARCH-t 043 043 043 045 0.16 061 041 047
TGARCH-¢ 1.00 1.00 1.00 1.00 0.02 043 092 097
GARCH-t 0.22 0.25 0.22 0.22 0.01 0.61 077  0.77
RGARCH-N  0.07 0.08 0.07 0.07 080 0.61 092 0098
TGARCH-N  0.07 0.08 0.07 0.07 080 100 1.00 1.00
GARCH-N 0.06 0.08 0.06 0.06 1.00 0.61 0.61 0.61

0.05 1 RGARCH-t 1.00 100 1.00 100 087 0.8 1.00 1.00
TGARCH-t 0.14 053 0.14 0.15 100 1.00 0.17 0.32
GARCH-¢ 0.05 053 0.05 0.05 0.08 086 0.00 0.00
RGARCH-N  0.14 0.18 0.14 0.13 0.67 0.00 0.62 041
TGARCH-N  0.01 0.01 0.01 0.01 0.66 0.00 0.17 0.24
GARCH-N 0.00 0.00 0.00 0.00 0.06 0.00 0.00 0.00

5 RGARCH-t 0.21 039 0.21 0.22 0.06 0.02 026 0.17
TGARCH-¢ 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
GARCH-t 0.10 036 0.10 0.10 0.06 065 0.18 0.17
RGARCH-N  0.01 0.01 0.01 0.01 0.00 0.00 0.06 0.02
TGARCH-N  0.01 0.01 0.01 0.01 0.06 0.00 056 0.31
GARCH-N 0.01 0.01 0.01 0.01 0.02 0.00 026 0.17

0.1 1 RGARCH-¢ 1.00 1.00 1.00 100 080 0.07 100 1.00
TGARCH-t 0.09 033 0.09 0.18 100 1.00 0.54 0.69
GARCH-t 0.04 0.14 0.04 0.04 0.10 0.05 0.01 0.00
RGARCH-N  0.09 0.14 0.09 0.09 0.00 0.00 0.01 0.00
TGARCH-N  0.00 0.00 0.00 0.01 0.00 0.00 0.01 0.00
GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

5 RGARCH-t 0.13 0.25 0.13 0.18 0.00 0.00 0.00 0.00
TGARCH-¢ 1.00 100 100 1.00 1.00 1.00 1.00 1.00
GARCH-¢ 0.13 0.25 0.13 0.18 0.04 0.04 0.02 0.01
RGARCH-N  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
TGARCH-N  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 ©0.00

NOTE: This table continues on the next page.
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Table 1.4 (continued): MCS p-values for indicator product risk management application.

LogS Qs

q 7 Method b il sbar  slog b g sbar  slog

0.15 1 RGARCH-¢ 1.00 1.00 100 1.00 039 060 1.00 1.00
TGARCH-t 029 039 029 031 1.00 1.00 0.66 0.81
GARCH-t 0.06 0.12 0.06 0.07 0.16 0.15 0.02 0.02
RGARCH-N  0.07 0.12 0.07 0.07 0.00 0.00 0.00 0.00
TGARCH-N  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

5 RGARCH-t 0.07 0.11 0.07 0.07 0.00 0.00 0.00 0.00
TGARCH-t 1.00 100 100 100 1.00 1.00 1.00 1.00
GARCH-t 0.07 0.11 0.07 0.07 0.05 0.06 0.04 0.03
RGARCH-N  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
TGARCH-N  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.2 1 RGARCH-t 1.00 100 1.00 100 1.00 1.00 1.00 1.00
TGARCH-¢ 034 035 034 035 061 069 0.68 0.68
GARCH-¢ 0.06 0.07 0.06 0.06 0.21 025 032 0.25
RGARCH-N  0.06 0.07 0.06 0.06 0.00 0.00 0.00 0.00
TGARCH-N  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

5 RGARCH-t 0.03 0.05 0.03 0.03 0.02 0.00 0.00 0.00
TGARCH-¢ 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
GARCH-t 0.12 0.13 0.12 0.11 026 047 065 0.59
RGARCH-N  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
TGARCH-N  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

025 1 RGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
TGARCH-t 037 035 037 036 033 049 0.72 0.63
GARCH-t 0.03 0.04 0.03 0.03 0.08 031 037 0.26
RGARCH-N  0.03 0.04 0.03 0.03 0.00 0.00 0.00 0.00
TGARCH-N  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

5 RGARCH-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
TGARCH-¢ 1.00 100 100 1.00 1.00 1.00 1.00 1.00
GARCH-¢ 0.13 0.12 0.13 0.13 0.05 059 060 0.58
RGARCH-N  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
TGARCH-N  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 ©0.00

NOTE: This table continues on the next page.
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Table 1.4 (continued): MCS p-values for indicator product risk management application.

SphS S,

q 7 Method b il sbar  slog b g sbar  slog

0.01 1 RGARCH-t 0.01 0.12 0.09 0.11 038 030 029 0.29
TGARCH-¢ 0.03 0.15 0.10 0.11 038 030 029 0.29
GARCH-t 0.03 0.15 0.05 0.05 038 030 0.23 0.24
RGARCH-A 1.00 0.15 045 044 038 030 053 0.53
TGARCH-N' 0.72 1.00 1.00 1.00 1.00 1.00 1.00 1.00
GARCH-N 0.72 0.15 0.10 0.11 038 030 0.20 0.20

5 RGARCH-t 0.04 035 029 030 0.22 041 064 0.63
TGARCH-t 0.03 035 029 031 037 089 093 094
GARCH-¢ 0.03 035 029 030 046 089 093 094
RGARCH-N  0.21 044 061 065 0.22 0.64 081 0.82
TGARCH-~N' 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
GARCH-N 0.68 035 029 030 055 089 081 0.82

0.05 1 RGARCH-t 0.05 089 078 1.00 036 0.71 1.00  1.00
TGARCH-¢ 0.05 1.00 028 029 0.07 100 098 098
GARCH-¢ 0.00 0.09 0.00 0.00 0.07 0.08 0.00 0.00
RGARCH-N 1.00 0.00 1.00 0.88 0.67 0.01 0.19 0.13
TGARCH-N  0.25 0.00 028 029 1.00 0.08 098 0098
GARCH-N 0.01 0.00 0.00 0.00 0.07 0.00 0.00 0.00

5 RGARCH-t 0.00 0.01 0.13 0.08 0.18 048 036 0.37
TGARCH-¢ 0.11 1.00 1.00 100 0.18 1.00 1.00 1.00
GARCH-t 0.02 0.12 0.06 0.05 0.18 048 0.25 0.27
RGARCH-N  0.00 0.00 0.05 0.05 0.18 0.04 0.17 0.12
TGARCH-N  1.00 0.00 055 0.31 1.00 0.04 0.58  0.43
GARCH-N 0.18 0.00 0.13 0.08 0.18 0.00 0.00 0.00

0.1 1 RGARCH-¢ 1.00 032 100 100 0.18 031 034 033
TGARCH-t 0.09 1.00 061 074 0.21 083 067 0.72
GARCH-t 0.02 0.01 0.00 0.00 0.08 0.01 0.00 0.00
RGARCH-N  0.05 0.00 0.00 0.00 080 059 067 0.72
TGARCH-N  0.02 0.00 0.00 0.00 1.00 1.00 1.00 1.00
GARCH-N 0.00 0.00 0.00 0.00 0.18 0.01 0.01 0.01

5 RGARCH-t 0.00 0.00 0.00 0.00 0.10 0.16 0.10 0.10
TGARCH-¢ 1.00 100 100 1.00 1.00 1.00 1.00 1.00
GARCH-¢ 0.03 0.00 0.00 0.00 040 0.18 0.10 0.10
RGARCH-N  0.00 0.00 0.00 0.00 0.10 0.18 0.10 0.10
TGARCH-N  0.03 0.00 0.00 0.00 026 0.00 0.00 0.00
GARCH-N 0.01 0.00 0.00 0.00 040 0.00 0.00 0.00

NOTE: This table continues on the next page.
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Table 1.4 (continued): MCS p-values for indicator product risk management application.

SphS S,

q 7 Method b il sbar  slog b g sbar  slog

0.15 1 RGARCH-¢ 1.00 100 1.00 1.00 0.18 0.02 0.03 0.03
TGARCH-t 063 077 036 045 088 1.00 1.00 1.00
GARCH-t 0.03 0.05 0.00 0.01 0.02 0.02 0.01 0.01
RGARCH-N  0.00 0.00 0.00 0.00 1.00 0.83 1.00 0.95
TGARCH-N  0.00 0.00 0.00 0.00 043 0.02 0.03 0.02
GARCH-N 0.00 0.00 0.00 0.00 0.19 0.02 0.02 0.02

5 RGARCH-t 0.00 0.00 0.00 0.00 0.05 0.06 0.06 0.06
TGARCH-t 1.00 1.00 1.00 1.00 033 047 049 049
GARCH-t 0.06 0.01 0.01 0.01 0.37 062 050 0.52
RGARCH-N  0.00 0.00 0.00 0.00 0.02 0.03 0.038 0.02
TGARCH-N  0.00 0.00 0.00 0.00 1.00 100 1.00 1.00
GARCH-N 0.00 0.00 0.00 0.00 0.05 0.00 0.00 0.00

0.2 1 RGARCH-t 1.00 100 1.00 100 0.14 0.01 0.02 0.02
TGARCH-¢ 036 0.19 0.19 0.18 100 099 1.00 1.00
GARCH-¢ 0.27 0.05 0.06 0.05 093 0.09 0.11 0.09
RGARCH-N  0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00
TGARCH-N  0.00 0.00 0.00 0.00 1.00 099 1.00 1.00
GARCH-N 0.00 0.00 0.00 0.00 074 0.02 0.03 0.02

5 RGARCH-t 0.00 0.00 0.00 0.00 0.01 0.04 0.02 0.03
TGARCH-t 1.00 1.00 1.00 100 093 1.00 1.00 1.00
GARCH-t 041 0.13 027 0.20 093 040 046 044
RGARCH-N  0.00 0.00 0.00 0.00 0.02 0.09 0.05 0.06
TGARCH-N  0.00 0.00 0.00 0.00 0.93 043 046 0.44
GARCH-N 0.00 0.00 0.00 0.00 1.00 036 044 0.42

025 1 RGARCH-t 1.00 1.00 1.00 1.00 095 099 097 098
TGARCH-t 029 0.19 0.24 0.21 091 080 083 0.82
GARCH-¢ 0.13 0.04 0.09 0.03 035 0.01 0.01 0.01
RGARCH-N  0.00 0.00 0.00 0.00 0.11 0.05 0.06 0.06
TGARCH-N  0.00 0.00 0.00 0.00 1.00 100 1.00 1.00
GARCH-N 0.00 0.00 0.00 0.00 031 0.00 0.00 0.00

5 RGARCH-t 0.00 0.00 0.00 0.00 0.08 030 032 031
TGARCH-¢ 1.00 1.00 100 1.00 0.25 057 057 0.57
GARCH-¢ 0.14 0.12 0.18 0.14 084 0.67 065 0.66
RGARCH-N  0.00 0.00 0.00 0.00 0.04 0.02 0.02 0.02
TGARCH-N  0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00
GARCH-N 0.00 0.00 0.00 0.00 0.08 0.00 0.00 0.00

NOTE: This table presents the MCS p-values implied by censored (b) and (corrected)
conditional () scoring rules underlying the results presented in Table 2, for different forecast
horizons 7. Calculations are conducted by the R package MCS by Bernardi and Catania
(2018), using B = 10,000 simulations and block length b = 5. Bold (and italic) p-values
signify a forecast method’s elimination from MCSg 75 (and MCSg.g9).
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Table I.5: MCS p-values for logistic product risk management application.

LogS Qs
q Method b il sbar  slog b g sbar  slog
0.01 RGARCH-t¢ 1.00 1.00 1.00 1.00 094 099 0.06 0.06
TGARCH-¢ 028 070 028 029 097 1.00 0.06 0.06
GARCH-t 0.13 0.68 0.13 0.14 0.65 0.99 0.01 0.01
RGARCH-N  0.16 0.24 0.16 0.16 1.00 0.99 1.00 1.00
TGARCH-N  0.04 0.04 0.04 0.04 0.97 0.99 0.06 0.06
GARCH-V 0.01 0.02 0.01 0.01 0.48 0.64 0.01 0.01
RGARCH-t 0.20 0.40 0.20 0.21 0.41 1.00 0.45 0.50
TGARCH-t 1.00 1.00 1.00 1.00 1.00 093 052 0.52
GARCH-t 0.07 0.11 0.07 0.07 0.41 0.91 0.45 0.48
RGARCH-N 0.04 0.05 0.04 0.04 0.26 0.93 0.52 0.52
TGARCH-N 0.04 0.05 0.04 0.04 0.74  0.60 1.00 1.00
GARCH-V 0.04 0.05 0.04 0.04 0.32 0.41 0.52 0.52
0.05 RGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
TGARCH-t 0.18 0.31 0.18 0.19 0.84 0.71 0.18 0.18
GARCH-¢ 0.05 0.18 0.05 0.06 0.33 0.39 0.02 0.01
RGARCH-N  0.11 0.18 0.11 0.11 0.04 0.88 0.49 0.44
TGARCH-N  0.01 0.01 0.01 0.01 0.01 0.63 0.15 0.14
GARCH-V 0.00 0.00 0.00 0.00 0.00 0.14 0.01 0.01
RGARCH-¢ 0.16 0.50 0.16 0.16 0.01 0.78 0.01 0.05
TGARCH-t¢ 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
GARCH-t 0.16 0.25 0.16 0.16 0.63 0.78 0.37 0.29
RGARCH-N  0.00 0.01 0.00 0.00 0.00 0.05 0.00 0.00
TGARCH-N  0.00 0.01 0.00 0.00 0.00 0.13 0.37 0.29
GARCH-V 0.00 0.01 0.00 0.00 0.00 0.13 0.33 0.29
0.1 RGARCH-t¢ 1.00 1.00 1.00 1.00 0.82 1.00 1.00 1.00
TGARCH-t 0.23 0.26 0.23 0.23 1.00 0.71 0.47 0.50
GARCH-t 0.07 0.10 0.07 0.08 0.69 0.06 0.06 0.06
RGARCH-N  0.09 0.10 0.09 0.09 0.01 0.45 0.06 0.06
TGARCH-N  0.01 0.01 0.01 0.01 0.00 0.17 0.06 0.06
GARCH-V 0.00 0.00 0.00 0.00 0.00 0.00 0.00 ©0.00
RGARCH-t 0.11 0.27 0.11 0.13 0.00 0.03 0.00 0.00
TGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
GARCH-¢ 0.13 0.27 0.13 0.13 0.90 0.08 0.41 0.36
RGARCH-N  0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00
TGARCH-N  0.00 0.01 0.00 0.00 0.00 0.01 0.00 0.00
GARCH-NV 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00
NOTE: This table continues on the next page.
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Table 1.5 (continued): MCS p-values for logistic product risk management application.

LogS Qs

q 7 Method b il sbar  slog b g sbar  slog

0.15 1 RGARCH-¢ 1.00 1.00 1.00 1.00 0.91 1.00 1.00 1.00
TGARCH-t 025 025 025 025 100 074 075 0.76
GARCH-t 0.08 0.07 0.08 0.08 078 0.03 019 0.11
RGARCH-N  0.08 0.08 0.08 0.08 0.00 0.03 0.00 0.00
TGARCH-N  0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00
GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

5 RGARCH-t 0.02 0.18 0.02 0.09 0.00 0.00 0.00 0.00
TGARCH-t 1.00 100 100 100 1.00 1.00 1.00 1.00
GARCH-t 0.13 0.18 0.13 0.12 082 0.03 062 048
RGARCH-N  0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00
TGARCH-N  0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00
GARCH-N 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00

0.2 1 RGARCH-t 1.00 100 1.00 100 1.00 1.00 1.00 1.00
TGARCH-¢ 027 0.25 027 026 087 068 091 087
GARCH-¢ 0.08 0.06 0.08 0.07 07 0.01 0.47  0.26
RGARCH-N  0.08 0.07 0.08 0.07 0.00 0.00 0.00 0.00
TGARCH-N  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

5 RGARCH-t 0.03 0.05 0.03 0.04 0.00 0.00 0.00 0.00
TGARCH-¢ 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
GARCH-t 0.16 0.14 0.16 0.15 063 0.03 082 0.59
RGARCH-N  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
TGARCH-N  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

025 1 RGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
TGARCH-t 027 026 027 027 062 063 095 087
GARCH-t 0.07 0.05 0.07 0.07 057 0.02 072 042
RGARCH-N  0.07 0.06 0.07 0.07 0.00 0.00 0.00 0.00
TGARCH-N  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

5 RGARCH-t 0.01 0.01 0.01 0.01 0.00 0.00 0.00 0.00
TGARCH-¢ 1.00 100 100 1.00 1.00 1.00 1.00 1.00
GARCH-¢ 0.18 0.12 0.18 0.16 044 0.07 090 0.64
RGARCH-N  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
TGARCH-N  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 ©0.00

NOTE: This table continues on the next page.
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Table 1.5 (continued): MCS p-values for logistic product risk management application.

SphS S,

q 7 Method b # sbar  slog b f sbar  slog tw

0.01 1 RGARCH-¢ 0.03 0.00 0.00 0.00 0.22 051 083 077 0.02
TGARCH-¢ 0.03 0.00 0.00 0.00 0.22 051 0.21 0.24 0.01
GARCH-t 0.03 0.00 0.00 0.00 0.22 0.10 0.02 0.02 0.01
RGARCH-A 1.00 0.21 1.00 1.00 047 040 0.83 077 0.28
TGARCH-N 0.34 1.00 047 048 1.00 1.00 1.00 1.00 1.00
GARCH-N 0.19 0.21 0.01 0.01 0.22 0.01 0.00 0.00 0.01

5 RGARCH-t 0.02 0.00 0.00 0.00 0.20 026 0.17 0.17 0.00
TGARCH-t 0.03 0.00 0.00 0.00 027y 100 095 1.00 037
GARCH-t 0.03 0.00 0.00 0.00 034 064 039 040 0.05
RGARCH-N  0.06 0.00 0.00 0.00 027 0.64 039 040 0.37
TGARCH-N' 1.00 1.00 100 1.00 1.00 0.64 1.00 096 1.00
GARCH-N 0.23 044 0.10 0.10 035 0.02 0.03 0.03 0.04

0.05 1 RGARCH-t 1.00 094 100 100 081 075 095 093 1.00
TGARCH-¢ 0.07 100 035 038 0.24 029 048 046 0.93
GARCH-t 0.00 0.05 0.00 0.00 0.16 0.01 0.00 0.00 044
RGARCH-N  0.04 0.00 0.00 0.00 081 0.75 095 093 0.21
TGARCH-N  0.02 0.00 0.00 0.00 1.00 1.00 1.00 1.00 0.93
GARCH-N 0.00 0.00 0.00 0.00 0.18 0.01 0.00 0.00 0381

5 RGARCH-t 0.00 0.00 0.00 0.00 0.16 067 0.18 0.20 0.04
TGARCH-¢ 1.00 1.00 100 1.00 027 067 074 074 045
GARCH-t 0.00 0.06 0.04 0.04 0.27 067 040 041 1.00
RGARCH-N  0.00 0.00 0.00 0.00 0.16 067 0.14 0.17 0.01
TGARCH-N  0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00 0.09
GARCH-N 0.00 0.00 0.00 0.00 027 0.00 0.00 0.00 0.01

0.1 1 RGARCH-¢ .00 073 100 099 027 0.02 0.16 0.12 0.32
TGARCH-t 030 100 096 1.00 048 0.18 057 049 1.00
GARCH-t 0.00 0.15 0.05 0.05 0.10 0.00 0.00 0.00 0.01
RGARCH-N  0.00 0.00 0.00 0.00 0.80 050 059 057 0.32
TGARCH-N  0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00 0.32
GARCH-N 0.00 0.00 0.00 0.00 026 0.01 0.01 0.01 0.13

5 RGARCH-¢ 0.00 0.00 0.00 0.00 0.03 0.04 0.02 0.03 0.00
TGARCH-t 1.00 100 100 1.00 1.00 1.00 1.00 1.00 1.00
GARCH-¢ 0.00 0.14 0.24 0.20 0.20 0.09 0.07 0.06 0.10
RGARCH-N  0.00 0.00 0.00 0.00 0.02 0.09 0.02 0.08 0.00
TGARCH-N  0.00 0.00 0.00 0.00 0.07 0.00 0.00 0.00 0.00
GARCH-NV 0.00 0.00 0.00 0.00 0.18 0.01 0.01 0.01 0.0

NOTE: This table presents the MCS p-values implied by censored (b) and (corrected)
conditional () scoring rules underlying the results presented in Table 2, for different forecast
horizons 7. Calculations are conducted by the R package MCS, developed by Bernardi and
Catania (2018), using B = 10,000 simulations and block length b = 5. Bold (and italic)
p-values signify a forecast method’s elimination from MCSg 75 (and MCSg g9).
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Table 1.5 (continued): MCS p-values for logistic product risk management application.

SphS S,

q 7 Method b # sbar  slog b f sbar  slog tw

0.15 1 RGARCH-¢ .00 074 081 079 028 0.00 0.01 0.00 0.00
TGARCH-¢ 0.56 1.00 1.00 1.00 1.00 074 087 084 0.96
GARCH-t 0.00 041 043 039 0.06 0.02 0.03 0.02 0.00
RGARCH-N  0.00 0.00 0.00 0.00 0.96 1.00 1.00 1.00 1.00
TGARCH-N  0.00 0.00 0.00 0.00 028 0.12 0.08 0.09 0.00
GARCH-N 0.00 0.00 0.00 0.00 028 0.12 0.08 0.09 0.96

5 RGARCH-t 0.00 0.00 0.00 0.00 0.01 0.04 0.01 0.02 0.00
TGARCH-t 1.00 1.00 1.00 1.00 0.62 0.17 044 036 0.50
GARCH-t 0.00 041 080 0.73 0.63 025 054 047 1.00
RGARCH-N  0.00 0.00 0.00 0.00 0.00 0.03 0.01 0.01 0.00
TGARCH-N  0.00 0.00 0.00 0.00 1.00 100 1.00 1.00 0.50
GARCH-N 0.00 0.00 0.00 0.00 0.06 0.00 0.00 0.00 0.00

0.2 1 RGARCH-t 1.00 0.76 089 083 0.10 0.00 0.00 0.00 0.00
TGARCH-¢ 0.7 100 1.00 1.00 1.00 095 1.00 1.00 1.00
GARCH-t 0.00 071 089 083 028 0.00 0.01 0.00 0.00
RGARCH-N  0.00 0.00 0.00 0.00 0.84 1.00 094 097 0.87
TGARCH-N  0.00 0.00 0.00 0.00 054 095 074 0.81 0.03
GARCH-N 0.00 0.00 0.00 0.00 028 0.01 0.02 0.02 0.00

5 RGARCH-t 0.00 0.00 0.00 0.00 0.00 0.02 0.01 0.01 0.00
TGARCH-¢ 1.00 100 073 083 1.00 100 1.00 1.00 1.00
GARCH-t 0.00 077 100 1.00 091 063 078 0.75 0.71
RGARCH-N  0.00 0.00 0.00 0.00 0.01 0.07 0.02 0.03 0.00
TGARCH-N  0.00 0.00 0.00 0.00 0.77 063 078 0.75 0.01
GARCH-N 0.00 0.00 0.00 0.00 100 063 078 075 0.71

0.25 1 RGARCH-¢ 1.00 08 089 089 1.00 1.00 1.00 1.00 1.00
TGARCH-t 08 1.00 09 100 09 075 084 081 0.74
GARCH-t 0.00 088 1.00 097 046 0.01 0.02 0.01 0.74
RGARCH-N  0.00 0.00 0.00 0.00 0.00 0.01 0.01 0.01 0.00
TGARCH-N 0.00 0.00 0.00 0.00 096 0.88 0838 089 0.74
GARCH-N 0.00 0.00 0.00 0.00 0.21 0.00 0.00 0.00 0.00

5 RGARCH-¢ 0.00 0.00 0.00 0.00 0.04 0.27 0.21 0.24 0.06
TGARCH-t 1.00 0.8 045 054 076 043 054 051 0.32
GARCH-¢ 0.01 1.00 1.00 1.00 094 044 0.62 056 1.00
RGARCH-N  0.00 0.00 0.00 0.00 0.01 0.02 0.02 0.02 0.00
TGARCH-N  0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00 0.46
GARCH-NV 0.00 0.00 0.00 0.00 0.10 0.00 0.00 0.00 0.03

NOTE: This table presents the MCS p-values implied by censored (b) and (corrected)
conditional () scoring rules underlying the results presented in Table 2, for different forecast
horizons 7. Calculations are conducted by the R package MCS by Bernardi and Catania
(2018), using B = 10,000 simulations and block length b = 5. Bold (and italic) p-values
signify a forecast method’s elimination from MCSg 75 (and MCSg.g9).
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1.3 Macroeconomics

The differences between the MCS variants are clearly highlighted by the p-values presented
in Table 1.7 (center application) and Table 1.8 (tails application), which also offers more
detailed insights. For 7 = 1 the cardinality of MCS? 4, consistently exceeds or equals that
of MCS} 4, with the sole exceptions occurring in tail cases predicated on the CRPS for
7 = 24. These exceptions feature a marginal difference of one. Finally, a closer look at the
differences between the twCRPS and CRPS’ is in place. In Table 1.7 (center application),

we observe that the CRPS’ is preferred to the twCRPS for 7 = 6 and 7 = 24, with r = 1.
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Table I.7: MCS p-values for center inflation application.

LogS QS

r 7 Method b il sbar  slog b g sbar  slog
1 6 Random Walk 0.09 0.53 0.09 0.13 0.05 0.63 0.08 0.11
AR 0.09 0.88 0.09 0.13 0.02 0.63 0.05 0.09

Bagging 0.00 0.02 0.00 0.00 0.01 0.07 0.00 0.00

CSR 0.26  0.88 0.26 0.48 0.05 0.63 0.17 0.34

LASSO 0.09 0.25 0.09 0.13 0.05 0.54 0.08 0.11

Random Forest 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

24  Random Walk 1.00 0.64 1.00 1.00 0.10 0.96 1.00 1.00

AR 0.22 1.00 0.22 0.26 0.09 1.00 0.09 0.10

Bagging 0.14 0.05 0.14 0.13 0.11 0.83 0.02 0.01

CSR 0.20 0.51 0.20 0.18 0.09 0.89 0.05 0.05

LASSO 0.22 0.48 0.22 026 0.11 0.96 0.09 0.10

Random Forest 0.80 0.64 0.80 0.48 1.00 0.96 0.86 0.49

1.5 6 Random Walk 0.28 069 028 0.39 0.08 0.33 0.18 0.25
AR 0.21 097 0.21 0.39 0.05 032 0.11 0.21

Bagging 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00

CSR 0.70 1.00  0.70 097 0.22 0.49 036  0.59

LASSO 0.21 0.57 0.21 0.39 0.08 0.49 0.12 0.21

Random Forest 1.00 0.97 1.00 1.00 1.00 1.00 1.00 1.00

24  Random Walk 1.00 091 1.00 1.00 0.00 0.99 1.00 1.00

AR 0.16 094 0.16 0.36 0.00 0.99 0.09 0.08

Bagging 0.04 0.05 0.04 0.03 0.05 0.03 0.09 0.07

CSR 0.04 0.91 0.04 0.07 0.00 0.86 0.09 0.07

LASSO 0.04 0.71 0.04 0.14 0.02 0.99 0.09 0.07

Random Forest 0.37 1.00 0.37 0.36 1.00 1.00 0.28 0.15

2 6 Random Walk 0.38 0.67 038 043 0.02 0.51 0.14 0.38
AR 0.12 0.82 0.12 040 0.04 0.53 0.03 0.13

Bagging 0.00 0.00 0.00 0.00 0.00 0.02 0.00 0.00

CSR 1.00 1.00 1.00 1.00 0.23 0.68  0.55 0.99

LASSO 0.38 0.63 0.38 043 0.07 0.68 0.14 0.38

Random Forest  0.72  0.69 0.72 0.45 1.00 1.00 1.00 1.00

24  Random Walk 1.00 0.75 1.00 1.00 0.00 1.00 1.00 1.00

AR 0.37 1.00 037 041 0.00 0.74 0.09 0.08

Bagging 0.07 0.00 0.07 0.05 0.03 0.0, 0.09 0.06

CSR 0.20 0.57 0.20 0.24 0.00 0.74 0.08 0.06

LASSO 0.37 041 0.37 0.38 0.01 0.74 0.09 0.08

Random Forest 0.57 0.57 0.57 0.41 1.00 0.74 0.60 0.14

NOTE: This table continues on the next page.
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Table 1.7 (continued): MCS p-values for center inflation application.

SphS CRPS
r 7 Method b i sbar  slog b f sbar  slog tw
1 6 Random Walk 0.01 0.67 0.09 0.15 0.07 067 0.08 0.13 0.18
AR 0.00 0.73 0.07 0.15 0.03 0.71 0.06 0.08 0.25
Bagging 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.18
CSR 0.03 0.73 0.23 0.43 0.07 0.71 0.19 0.40 0.89
LASSO 0.02 0.44 0.09 0.15 0.07 032 0.08 0.09 1.00

Random Forest 1.00 1.00 1.00 100 100 100 1.00 1.00 0.89

24 Random Walk 0.08 098 1.00 1.00 035 083 1.00 1.00 0.93

AR 0.04 1.00 0.13 0.13 0.06 1.00 0.08 0.07 0.05
Bagging 0.08 0.08 0.02 0.02 035 0.21 0.03 0.01 0.93
CSR 0.04 0.61 0.06 0.06 0.10 074 0.06 0.05 0.03
LASSO 0.08 067 0.13 0.13 035 076 0.08 0.07 093

Random Forest 1.00 0.98 0.83 0.47 1.00 0.83 0.87 0.49 1.00

1.5 6 Random Walk 0.05 061 0.20 0.27 0.12 061 0.21 028 0.12

AR 0.05 061 0.13 0.24 0.05 0.62 0.13 025 0.19
Bagging 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.19
CSR 0.12 061 041 067 0.12 062 044 0.70 0.99
LASSO 0.02 0.61 0.14 0.24 0.10 061 0.13 025 099

Random Forest 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

24 Random Walk 0.41 1.00 1.00 1.00 0.24 0.93 1.00 1.00 0.61

AR 0.23 087 0.04 0.06 0.01 093 0.09 0.12 0.04
Bagging 0.23 0.00 0.00 0.00 0.24 0.04 0.09 0.06 0.27
CSR 0.03 075 0.01 0.02 0.02 093 0.09 0.06 0.04
LASSO 0.23 075 0.04 0.04 0.24 093 0.09 0.07 0.29

Random Forest 1.00 0.75 0.22 0.06 1.00 1.00 0.29 0.15 1.00

2 6 Random Walk 0.05 048 0.18 0.39 0.17 061 0.19 042 0.06

AR 0.05 065 0.03 0.16 0.01 0.89 0.03 0.18 0.16
Bagging 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.16
CSR 036 07 067 1.00 025 098 073 1.00 0.95
LASSO 0.02 054 0.17 039 025 067 0.19 042 095

Random Forest 1.00 1.00 1.00 090 100 100 1.00 0.83 1.00

24 Random Walk 0.36 1.00 1.00 1.00 038 1.00 1.00 1.00 1.00

AR 0.07 029 0.07 0.07 0.00 093 0.20 027 0.09
Bagging 0.05 0.01 0.07 0.04 027 0.01 0.08 0.08 0.09
CSR 0.01 0.27 0.07 0.04 0.02 093 0.08 0.18 0.09
LASSO 0.05 027 0.07 0.07 027 093 0.20 027 0.09

Random Forest 1.00 0.27 0.37 0.09 1.00 0.93 0.65 0.27 0.91

NOTE: This table presents the MCS p-values implied by censored (b) and (corrected)
conditional (f) scoring rules underlying the results presented in Table 2 and twCRPS, for
different forecast horizons 7. Calculations are conducted by the R package MCS by Bernardi
and Catania (2018), using B = 10,000 simulations and block length b = 5. Bold (and
italic) p-values signify a forecast method’s elimination from MCSg 75 (and MCSqgp).
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Table 1.8: MCS p-values for tails inflation application.

LogS QS

ri h  Method b f sbar  slog b g sbar  slog
1 6  Random Walk 026 046 026 031 0.02 0.21 0.10 0.03
AR 0.01 0.17 0.01 0.03 0.01 030 0.02 0.03

Bagging 0.00 0.08 0.00 0.05 0.00 0.21 0.00 0.01

CSR 1.00 1.00 1.00 1.00 0.18 1.00 0.30 0.37

LASSO 043 078 043 0.7 0.04 095 0.10 0.33

Random Forest  0.43 046 043 0.35 1.00 0.95 1.00 1.00

24 Random Walk 1.00  0.59 1.00 0.67 1.00 0.74 1.00 0.06

AR 0.13 059 0.13 0.67 0.00 0.74 0.04 0.03

Bagging 0.05 0.29 0.05 0.32 0.00 061 0.01 0.06

CSR 0.05 0.44 0.05 0.37 0.00 0.61 0.04 0.00

LASSO 0.13 1.00 0.13 1.00 0.00 1.00 0.04 0.06

Random Forest 0.32 0.30 0.32 0.67 0.08 0.61 0.66 1.00

1.5 6 Random Walk 0.18 0.27 0.18 0.11 0.03 0.56 0.17 0.02
AR 0.00 0.38 0.00 0.11 0.02 061 0.04 0.02

Bagging 0.02 0.27 0.02 0.13 0.00 056 0.00 0.02

CSR 1.00  0.68 1.00 0.87 0.25 0.81 0.48 0.20

LASSO 0.52 1.00  0.52 1.00 0.083 1.00 0.16 0.05

Random Forest  0.47  0.41 0.47  0.53 1.00 0.81 1.00 1.00

24  Random Walk 1.00 0.36 1.00 0.98 1.00 048 1.00 0.02

AR 0.08 0.42 0.08 0.19 0.00 050 0.07 0.00

Bagging 0.08 0.42 0.08 0.78 0.00 1.00 0.07 0.02

CSR 0.06 0.36 0.06 0.07 0.00 035 0.07 0.00

LASSO 0.08 1.00 0.08 0.98 0.00 078 0.07 0.00

Random Forest 0.28 0.42 0.28 1.00 0.10 0.78 0.44 1.00

2 6 Random Walk 0.17 0.27 0.17 0.10 0.14 065 0.11 0.01
AR 0.00 0.20 0.00 0.00 0.05 065 0.01 0.00

Bagging 0.06 0.27 0.06 0.19 0.01 098 0.00 0.01

CSR 1.00 027 1.00 044 0.67 098 0.63 0.12

LASSO 0.67 1.00 0.67 1.00 0.12 098 0.08 0.01

Random Forest 0.59  0.27 0.59  0.44 1.00  1.00 1.00 1.00

24 Random Walk 1.00 0.19 1.00  0.99 1.00 0.18 1.00 0.00

AR 0.07 0.19 0.07 0.13 0.00 0.18 0.03 0.00

Bagging 0.03 0.27 0.03 0.99 0.00 0.18 0.02 0.00

CSR 0.02 0.27 0.02 0.05 0.00 0.18 0.02 0.00

LASSO 0.07 1.00 0.07 095 0.00 1.00 0.05 0.00

Random Forest 0.23  0.27 0.23 1.00 0.07 0.18 0.70 1.00

NOTE: This table continues on the next page.
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Table 1.8 (continued): MCS p-values for tails inflation application.

SphS CRPS
ri h  Method b i sbar  slog b i sbar  slog tw
1 6 Random Walk 0.04 044 0.11 0.03 0.32 0.18 0.02 0.10 0.06
AR 0.01 051 0.02 0.03 1.00 0.13 0.01 0.08 0.03
Bagging 0.00 0.13 0.00 0.00 0.31 0.90 0.01 0.93 0.04
CSR 0.14 1.00 0.43 0.65 0.10 0.90 0.85 0.93 0.28
LASSO 0.05 089 0.11 0.57  0.31 1.00 0.85 1.00 0.20

Random Forest 1.00 0.89 1.00 1.00 0.04 0.90 1.00 093 1.00

24 Random Walk 0.76 0.61 100 0.23 044 0.31 1.00 0.65 1.00

AR 0.00 061 0.05 0.19 09 031 0.01 0.07 0.00
Bagging 0.00 055 0.02 0.21 1.00 0.27 0.01 0.36 0.00
CSR 0.00 055 0.04 0.01 095 0.10 0.01 0.03 0.00
LASSO 0.00 100 0.05 0.23 095 1.00 0.01 1.00 0.00

Random Forest 1.00 0.55 0.65 1.00 0.23 0.31 0.56 0.89 0.32

1.5 6 Random Walk 0.02 0.55 0.21 0.02 039 0.23 0.09 0.12 0.10

AR 0.02 066 0.04 0.04 1.00 0.44 0.02 0.22 0.04
Bagging 0.00 0.15 0.00 0.02 029 100 0.09 079 0.04
CSR 0.19 084 059 042 0.17 059 091 079 0.24
LASSO 0.02 100 0.21 0.18 029 08 086 1.00 0.11

Random Forest 1.00 084 1.00 1.00 0.08 059 1.00 0.79 1.00

24 Random Walk 090 044 1.00 0.05 050 040 1.00 0.05 1.00

AR 0.01 044 0.08 0.01 073 027 0.10 0.00 0.00
Bagging 0.01 100 0.08 0.05 100 059 0.10 054 0.00
CSR 0.00 042 0.07 0.00 071 027 0.07 0.04 0.00
LASSO 0.02 055 0.08 0.03 071 1.00 0.10 054 0.00

Random Forest 1.00 0.55 0.44 1.00 0.50 0.59 0.44 1.00 0.29

2 6 Random Walk 0.02 0.65 0.12 0.01 034 027 0.08 0.03 0.19

AR 0.02 065 0.01 0.01 1.00 0.27 0.01 0.03 0.11
Bagging 0.00 065 0.00 0.01 034 1.00 0.17 0.89 0.05
CSR 0.37 100 0.75 028 030 058 1.00 089 0.24
LASSO 0.02 097 0.09 0.01 034 060 0.62 1.00 0.24

Random Forest 1.00 0.97 1.00 1.00 0.22 058 096 0.89 1.00

24 Random Walk 1.00 0.19 1.00 0.01 0.52 025 1.00 0.03 1.00

AR 0.00 0.17 0.03 0.00 056 025 0.04 0.00 0.01
Bagging 0.00 0.21 0.02 0.01 1.00 0.25 0.03 0.23 0.01
CSR 0.00 0.21 0.02 0.00 038 025 0.02 0.01 0.00
LASSO 0.00 100 0.06 0.00 038 1.00 0.08 0.22 0.01

Random Forest 0.80 0.17 0.66 1.00 0.52 0.25 0.68 1.00 0.46

NOTE: This table presents the MCS p-values implied by censored (b) and (corrected)
conditional (f) scoring rules underlying the results presented in Table 2 and twCRPS, for
different forecast horizons 7. Calculations are conducted by the R package MCS by Bernardi
and Catania (2018), using B = 10,000 simulations and block length b = 5. Bold (and
italic) p-values signify a forecast method’s elimination from MCSg 75 (and MCSqgp).
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I.4 Climate

The MCS p-values for the climate application are reported in Table 1.9 (right tail applica-
tion) and Table 1.10 (center application). The MCS p-values in Table 1.10 reveal that the
MCSs are consistently small in the center application, frequently including one or both of
the QGARCH-II methods. This observation suggests that the preference for censoring, as
depicted in Table 2, translates into the censored scoring rule’s more effective recognition of
the QGARCH-II methods’ pronounced superiority. Table 1.10 further demonstrates that

the performance of the CRPS” and twCRPS is closely matched.
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Table 1.9: MCS p-values for right tail climate application.

LogS QS
q Method b g sbar  slog b i sbar  slog
0.99 GARCH-N 0.66 1.00 066 1.00 0.05 100 0.24 095
GARCH-t 078 034 078 085 0.05 086 0.26 1.00
QGARCH-I-V 047 034 047 0.8 0.04 0.58 0.14 0.97
QGARCH-I-¢ 0.47 034 047 085 0.04 0.58 0.17 0.98
QGARCH-II-N  0.33 0.05 0.33 0.35 1.00 0.06 0.28 0.84
QGARCH-II-¢ 1.00 0.05 1.00 056 0.74 0.06 1.00 0.98
GARCH-N 0.00 0.04 0.00 0.01 0.00 0.24 0.00 0.02
GARCH-t 1.00 1.00 1.00 1.00 0.00 1.00 0.17 1.00
QGARCH-ILN'  0.00 0.04 0.00 0.01 0.00 0.06 0.00 0.01
QGARCH-I-¢ 0.00 0.04 0.00 0.01 0.00 0.06 0.00 0.01
QGARCH-II-N'  0.00 0.02 0.00 0.00 1.00 0.06 0.00 0.01
QGARCH-II-¢ 0.94 0.03 0.94 0.06 0.31 0.23 1.00 0.32
0.95 GARCH-N 0.03 0.80 0.03 0.17 0.00 1.00 0.00 0.13
GARCH-t 0.08 1.00 0.08 1.00 0.00 0.09 0.01 0.54
QGARCH-ILN'  0.01 0.03 0.01 0.09 0.00 0.09 0.00 0.40
QGARCH-I-¢ 0.01 0.03 0.01 0.06 0.00 0.03 0.00 0.30
QGARCH-II-N'  0.03 0.14 0.03 0.06 1.00 0.24 0.06 0.40
QGARCH-II-t 1.00 0.14 1.00 0.53 0.38 0.24 1.00 1.00
GARCH-N 0.00 0.01 0.00 0.00 0.00 0.73 0.00 0.01
GARCH-t 0.00 1.00 0.00 1.00 0.00 0.73 0.00 0.71
QGARCH-ILN'  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
QGARCH-II-N' 0.00 0.00 0.00 0.00 091 0.01 0.00 0.02
QGARCH-II-¢ 1.00 0.01 1.00 0.08 1.00 1.00 1.00 1.00
0.9 GARCH-N 0.00 042 0.00 0.03 0.00 0.76 0.00 0.01
GARCH-t 0.01 1.00 0.01 0.97 0.00 0.76 0.00 0.50
QGARCH-ILN' 0.00 0.02 0.00 0.00 0.00 0.10 0.00 0.04
QGARCH-I-t 0.00 0.01 0.00 0.00 0.00 0.05 0.00 0.03
QGARCH-II-N  0.01 0.07 0.01 0.02 1.00 0.76 0.14 0.14
QGARCH-II-¢ 1.00 070 1.00 1.00 0.01 1.00 1.00 1.00
GARCH-N 0.00 0.01 0.00 0.00 0.00 0.15 0.00 0.01
GARCH-t 0.00 1.00 0.00 1.00 0.00 0.15 0.00 0.69
QGARCH-ILN' 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.00 0.00 ©0.00
QGARCH-II-N 0.00 0.00 0.00 0.00 1.00 041 0.00 0.02
QGARCH-II-¢ 1.00 0.02 1.00 0.10 0.03 1.00 1.00 1.00

NOTE: This table continues on the next page.
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Table 1.9 (continued): MCS p-values for right tail climate application (Continued).

LogS QS
q 7 Method b g sbar  slog b i sbar  slog
0.85 1 GARCH-NVN 0.00 0.20 0.00 0.05 0.00 0.07 0.00 0.03
GARCH-t 0.00 033 0.00 0.16 0.00 0.07 0.00 0.11

QGARCH-I'lN' 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.02
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01
QGARCH-II-N  0.00 0.08 0.00 0.03 1.00 0.27 052 0.34
QGARCH-II-¢ 1.00 1.00 1.00 1.00 0.01 1.00 1.00 1.00

3  GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
GARCH-t 0.00 1.00 0.00 1.00 0.00 0.00 0.00 0.25
QGARCH-I-LN' 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
QGARCH-II-N  0.00 0.00 0.00 0.00 1.00 0.00 0.00 0.02
QGARCH-II-¢ 1.00 059 1.00 073 0.00 1.00 1.00 1.00

0.8 1 GARCH-WN 0.00 0.07 0.00 0.03 0.00 0.02 0.00 0.05
GARCH-t 0.00 0.07 0.00 0.03 0.00 0.02 0.00 0.05
QGARCH-ILN'  0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00
QGARCH-II-N'  0.01 0.08 0.01 0.03 1.00 1.00 1.00 0.87
QGARCH-II-¢ 1.00 1.00 1.00 1.00 0.02 063 087 1.00

3  GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01
GARCH-t 0.00 030 0.00 032 0.00 0.00 0.00 0.06
QGARCH-ILN'  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
QGARCH-II-N' 0.00 0.00 0.00 0.00 1.00 0.25 0.00 0.02
QGARCH-II-¢ 1.00 1.00 1.00 1.00 0.00 1.00 1.00 1.00

0.75 1 GARCH-N 0.00 0.01 0.00 0.01 0.00 0.00 0.00 0.02
GARCH-t 0.00 0.02 0.00 0.01 0.00 0.00 0.00 0.02
QGARCH-ILN' 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
QGARCH-II-N' 0.00 0.02 0.00 0.01 1.00 1.00 0.21 0.11
QGARCH-II-¢ 1.00 100 100 100 0.16 0.75 1.00 1.00

3  GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.02
GARCH-t 0.00 0.01 0.00 0.02 0.00 0.00 0.00 0.03
QGARCH-ILN' 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
QGARCH-II-N  0.00 0.00 0.00 0.00 1.00 1.00 0.00 0.01
QGARCH-II-¢ 1.00 1.00 100 1.00 0.00 098 1.00 1.00

NOTE: This table continues on the next page.
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Table 1.9 (continued): MCS p-values for right tail climate application (Continued).

SphS CRPS
q 7 Method b g sbar  slog b i sbar  slog
099 1 GARCH-NVN 025 069 031 092 045 056 0.56 0.56
GARCH-t 025 1.00 039 100 045 1.00 1.00 1.00

QGARCH-IN  0.01 0.56 0.17 093 0.03 0.05 0.05 0.05
QGARCH-I-¢ 0.03 056 0.24 093 0.05 0.05 0.05 0.05
QGARCH-II-N' 1.00 0.10 039 0.80 1.00 0.05 0.05 0.05
QGARCH-II-¢ 0.56 0.10 1.00 093 080 0.05 0.05 0.05

3  GARCH-N 0.00 0.03 0.00 0.02 0.00 0.10 0.10 0.10
GARCH-t 0.00 1.00 033 1.00 0.00 1.00 1.00 1.00
QGARCH-I-LN' 0.00 0.02 0.00 0.01 0.00 0.09 0.09 0.09
QGARCH-I-¢ 0.00 0.02 0.00 0.01 0.00 0.10 0.10 0.10
QGARCH-II-N  0.71 0.02 0.00 0.01 0.21 0.07 0.07 0.07
QGARCH-II-¢ 1.00 0.02 1.00 0.20 1.00 0.07 0.07 0.07

095 1 GARCH-WNV 0.00 1.00 o0.01 0.19 0.00 0.18 0.18 0.18
GARCH-t 0.00 0.09 0.01 0.82 0.00 1.00 1.00 1.00
QGARCH-ILN'  0.00 0.09 0.00 033 0.00 0.06 0.06 0.06
QGARCH-I-¢ 0.00 0.05 0.00 0.23 0.00 0.06 0.06 0.06
QGARCH-II-N'  0.71 0.09 0.05 033 1.00 0.18 0.18 0.18
QGARCH-II-¢ 1.00 0.09 1.00 1.00 081 0.18 0.18 0.18

3  GARCH-N 0.00 036 0.00 0.01 0.00 0.08 0.08 0.08
GARCH-t 0.00 1.00 0.00 1.00 0.00 1.00 1.00 1.00
QGARCH-ILN'  0.00 0.00 0.00 0.00 0.00 0.08 0.08 0.08
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.08 0.08 0.08
QGARCH-II-N  0.75 0.01 0.00 0.02 1.00 0.08 0.08 0.08
QGARCH-II-¢ 1.00 0.04 1.00 0.80 088 0.08 0.08 0.08

09 1 GARCH-NVN 0.00 1.00 o0.00 0.03 0.00 0.07 0.07 0.07
GARCH-t 0.00 092 0.00 0.73 0.00 1.00 1.00 1.00
QGARCH-ILN' 0.00 048 0.00 0.04 0.00 0.07 0.07 0.07
QGARCH-I-¢ 0.00 028 0.00 0.03 0.00 0.05 0.05 0.05
QGARCH-II-N 1.00 052 0.13 0.15 1.00 0.05 0.05 0.05
QGARCH-II-¢ 0.14 092 1.00 100 087 0.05 0.05 0.05

3  GARCH-N 0.00 046 0.00 0.01 0.00 0.05 0.05 0.05
GARCH-t 0.00 1.00 0.00 1.00 0.00 1.00 1.00  1.00
QGARCH-ILN' 0.00 0.00 0.00 0.00 0.00 0.05 0.05 0.05
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.05 0.05 0.05
QGARCH-IILN  1.00 0.04 0.00 0.01 1.00 0.05 0.05 0.05
QGARCH-II-¢ 0.06 046 1.00 080 051 0.05 0.05 0.05

NOTE: This table continues on the next page.
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Table 1.9 (continued): MCS p-values for right tail climate application (Continued).

SphS CRPS
q 7 Method b g sbar  slog b i sbar  slog
0.85 1 GARCH-NVN 0.00 0.24 0.00 0.02 0.00 0.55 0.55 0.55
GARCH-t 0.00 0.74 0.00 027 0.00 1.00 1.00 1.00

QGARCH-IN  0.00 0.01 0.00 0.02 0.00 0.04 0.04 0.0/
QGARCH-I-t  0.00 0.01 0.00 0.01 0.00 0.04 0.04 0.0/
QGARCH-ILA  1.00 0.07 0.20 0.20 1.00 0.04 0.04 0.04
QGARCH-II-+ 0.11 1.00 100 1.00 0.93 0.04 0.04 0.04

3  GARCH-N 0.00 0.10 0.00 0.01 0.00 0.10 0.10 0.10
GARCH-t 0.00 1.00 0.00 092 0.00 1.00 1.00 1.00
QGARCH-I-LN' 0.00 0.00 0.00 0.00 0.00 0.10 0.10 0.10
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.10 0.10 0.10
QGARCH-II-LN 1.00 0.00 0.00 0.01 1.00 0.10 0.10 0.10
QGARCH-II-¢ 0.00 095 100 100 0.14 0.08 0.08 0.08

0.8 1 GARCHAN 0.00 065 0.00 021 0.00 021 021 0.21
GARCH-¢ 0.00 065 0.00 0.21 0.00 100 1.00 1.00
QGARCH-LN  0.00 030 0.00 0.01 0.00 0.04 0.04 0.0/
QGARCH-I+  0.00 0.12 0.00 0.00 0.00 0.04 0.04 0.0/
QGARCH-IILN'  1.00  0.69 093 071 1.00 0.04 0.04 0.04
QGARCH-II-+  0.02 1.00 100 100 045 0.04 0.04 0.04

3  GARCH-N 0.00 040 0.00 0.02 0.00 0.10 0.10 0.10
GARCH-t 0.00 040 0.00 053 0.00 1.00 1.00 1.00
QGARCH-ILN  0.00 0.00 0.00 0.00 0.00 0.10 0.10 0.10
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.09 0.09 0.09
QGARCH-II-N 1.00 0.02 0.00 0.02 1.00 o0.07 0.07 0.07
QGARCH-II-¢ 0.00 1.00 1.00 100 0.01 0.07 0.07 0.07

0.75 1 GARCH-N 0.00 0.12 0.00 0.18 0.00 0.25 0.25 0.25
GARCH-t 0.00 0.10 0.00 0.18 0.00 080 080 0.80
QGARCH-ILN' 0.00 0.02 0.00 0.00 0.00 0.09 0.09 0.09
QGARCH-I-¢ 0.00 0.01 0.00 0.00 0.00 1.00 1.00 1.00
QGARCH-IILN'  1.00 0.61 0.16 0.18 1.00 0.19 0.19 0.19
QGARCH-II-¢ 0.13 1.00 100 100 0.18 0.19 0.19 0.19

3  GARCH-N 0.00 0.03 0.00 0.18 0.00 0.10 0.10 0.10
GARCH-t 0.00 0.03 0.00 035 0.00 1.00 1.00  1.00
QGARCH-ILN' 0.00 0.00 0.00 0.00 0.00 0.10 0.10 0.10
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 099 099 0.99
QGARCH-IILN 1.00 0.08 0.00 0.01 1.00 0.11 0.11 0.11
QGARCH-II-¢ 0.00 1.00 1.00 1.00 0.00 0.10 0.10 0.10

NOTE: This table presents the MCS p-values implied by censored (b) and (corrected)
conditional () scoring rules underlying the results presented in Table 2, for different forecast
horizons 7. Calculations are conducted by the R package MCS by Bernardi and Catania
(2018), using B = 10,000 simulations and block length b = 200. Bold (and italic) p-values
signify a forecast method’s elimination from MCSg 75 (and MCSg.g9).
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Table 1.10: MCS p-values for center climate application.

LogS QS

Method b # sbar  slog b f sbar  slog
GARCH-V 0.00 0.27 0.00 0.00 o0.00 0.46 0.00 0.00
GARCH-¢ 0.00 0.61 0.00 0.00 0.00 0.46 0.00 0.00
QGARCH-I-NV 0.00 0.05 0.00 0.00 0.00 0.03 0.00 o0.00
QGARCH-I-¢ 0.00 0.12 0.00 0.00 0.00 0.07 0.00 o0.00
QGARCH-II-N  1.00 0.21 1.00 0.84 1.00 0.46 1.00 1.00
QGARCH-II-¢ 0.87 1.00 0.87 1.00 0.02 1.00 0.15 0.31
GARCH-V 0.01 0.04 0.01 0.02 0.00 0.01 0.01 0.01
GARCH-¢ 0.01 0.31 0.01 0.02 0.00 0.06 0.01 o0.01
QGARCH-I-V 0.00 0.00 0.00 0.00 0.00 0.00 0.00 o0.00
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.00 0.00 o0.00
QGARCH-II-AY 0.01 0.04 0.01 0.02 1.00 0.02 0.05 0.03
QGARCH-II-¢ 1.00 1.00 1.00 1.00 0.00 1.00 1.00 1.00
GARCH- 0.00 0.12 0.00 0.00 0.00 0.03 0.00 o0.00
GARCH-t 0.00 0.11 0.00 0.00 0.00 0.02 0.00 o0.00
QGARCH-I-V 0.00 0.03 0.00 0.00 0.00 0.01 0.00 o0.00
QGARCH-I-¢ 0.00 0.03 0.00 0.00 0.00 0.01 0.00 0.00
QGARCH-II-N  0.66 0.74 0.66 041 1.00 1.00 0.96 0.52
QGARCH-II-t 1.00 1.00 1.00 1.00 0.13 0.40 1.00 1.00
GARCH-V 0.00 0.00 0.00 0.00 0.00 0.00 0.00 o0.00
GARCH-¢ 0.00 0.01 0.00 0.00 0.00 0.00 0.00 o0.00
QGARCH-I-V 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.00 0.00 o0.00
QGARCH-II-AY  0.00 0.01 0.00 0.00 1.00 0.60 0.06 0.01
QGARCH-II-¢ 1.00 1.00 1.00 1.00 0.00 1.00 1.00 1.00
GARCH-V 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
GARCH-¢ 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
QGARCH-I-V 0.00 0.00 0.00 0.00 0.00 0.00 0.00 o0.00
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.00 0.00 o0.00
QGARCH-II-N°  0.03 0.03 0.03 0.02 1.00 0.53 0.13 0.20
QGARCH-II-¢ 1.00 1.00 1.00 1.00 0.06 1.00 1.00 1.00
GARCH-NV 0.00 0.00 0.00 0.00 0.00 0.00 0.00 o0.00
GARCH-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 o0.00
QGARCH-I-V 0.00 0.00 0.00 0.00 0.00 0.00 0.00 o0.00
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.00 0.00 o0.00
QGARCH-II-AY  0.00 0.00 0.00 0.00 1.00 0.24 0.00 0.00
QGARCH-II-¢ 1.00 1.00 1.00 1.00 0.00 1.00 1.00 1.00

NOTE: This table continues on the next page.
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Table 1.10: MCS p-values for center climate application (Continued).

SphS CRPS
r 7 Method b i sbar  slog b f sbar  slog tw
1 1 GARCH-WNV 0.00 0.43 0.00 0.00 0.00 0.44 0.00 0.00 o0.00
GARCH-¢ 0.00 0.43 0.00 0.00 o0.00 0.47 0.00 0.00 o0.00

QGARCH-ILN 0.00 0.03 0.00 0.00 0.00 0.05 0.00 0.00 0.00
QGARCH-I-¢ 0.00 0.04 0.00 0.00 0.00 0.11 0.00 0.00 o0.00
QGARCH-II-N  1.00 038 1.00 1.00 1.00 034 1.00 1.00 1.00
QGARCH-II-¢ 0.02 1.00 047 074 0.01 1.00 0.16 031 0.36

3  GARCH-NV 0.00 0.01 0.01 o0.01 0.00 0.03 0.01 0.01 o0.00
GARCH-¢ 0.00 0.13 0.01 o0.01 0.00 0.19 0.01 0.01 o0.00
QGARCH-IV 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 o0.00
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 o0.00
QGARCH-II-N'  1.00 0.01 0.02 0.01 1.00 0.03 0.05 0.02 1.00
QGARCH-II-¢ 0.00 1.00 1.00 1.00 0.00 1.00 1.00 1.00 0.00

2 1 GARCH-WV 0.00 0.10 0.00 0.00 0.00 0.05 0.00 0.00 o0.00
GARCH-¢ 0.00 0.06 0.00 0.00 0.00 0.05 0.00 0.00 o0.00
QGARCH- LN 0.00 0.00 0.00 0.00 0.00 0.02 0.00 0.00 0.00
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.02 0.00 0.00 o0.00
QGARCH-II-N'  1.00 1.00 0.81 047 1.00 1.00 084 0.46 1.00
QGARCH-II-¢ 0.09 092 1.00 1.00 051 083 1.00 1.00 0.15

3  GARCH-NV 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 o0.00
GARCH-¢ 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 o0.00
QGARCH-I' N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 o0.00
QGARCH-II-AY  1.00 0.00 0.01 0.00 1.00 0.16 0.05 0.01 1.00
QGARCH-II-¢ 0.00 1.00 1.00 1.00 0.00 1.00 1.00 1.00 0.00

4 1 GARCH-WNV 0.00 0.02 0.00 0.02 0.00 0.00 0.00 0.00 o0.00
GARCH-t 0.00 0.02 0.00 0.02 0.00 0.00 0.00 0.00 o0.00
QGARCH-I-NV 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 o0.00
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 o0.00
QGARCH-II-N'  1.00 0.02 0.04 0.05 1.00 0.67 0.19 028 1.00
QGARCH-II-¢ 0.05 1.00 1.00 1.00 074 1.00 1.00 1.00 0.18

3  GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 o0.00
GARCH-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 o0.00
QGARCH- LN 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
QGARCH-I-¢ 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 o0.00
QGARCH-II-N' 1.00 0.00 0.00 0.00 1.00 0.71 0.00 0.01 1.00
QGARCH-II-¢ 0.00 1.00 1.00 1.00 0.00 1.00 1.00 1.00 0.00

NOTE: This table presents the MCS p-values implied by censored (b) and (corrected)
conditional (f) scoring rules underlying the results presented in Table 2 and twCRPS, for
different forecast horizons 7. Calculations are conducted by the R package MCS by Bernardi
and Catania (2018), using B = 10,000 simulations and block length b = 200. Bold (and
italic) p-values signify a forecast method’s elimination from MCSg 75 (and MCSqgp).
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