Supplementary Material to “Estimation of the Continuous
and Discontinuous Leverage Effects”

A Preliminary Technical Results

First we decompose X as X; = X, + X/, where

t
X =bwpu= [ [ s.0)ntds. da),
0 K (A1)

t t
X, =X, + / alds + / o, dW, with a, = a, — / §(t, x)\(dx).
0 0 |6(t,z)|<r

Observe that X’ contains no jump component hence has continuous paths almost surely, while
X! =3, AX," is a well-defined pure jump process.
Henceforth, we denote by K a positive constant that may change from line to line and we write

K, in case we want to emphasize its dependency on a particular parameter g.

A.1 Localization

As shown in, for example, Jacod and Protter (2011), localization is a simple but very powerful
standard procedure to prove limit theorems for discretized processes over a finite time interval.
Adopting the localization procedure, it is sufficient to prove our results only under a stronger version
of Assumption (H), and the same results will remain valid under the original Assumption (H). In
particular, we can strengthen Assumption (H) by replacing the locally boundedness conditions
by boundedness, and we only need to prove our results under the boundedness condition. More

precisely, we set

13This equivalence is a direct result of (2.1.13) and (2.1.14) in Jacod and Protter (2011), with d(s,z) = z.
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ASSuMPTION (SH): We have (H) and, for some constant A and all (w,t, z),

)

|ar(w)| < A, o (w)| < A, [Xe(w) < A
|ay(w)| < A, |G (w)| < A, [br(w)] < A;

. (A.2)
[0(w, t,z)| < A(y(z) A1), [0(w,t,z)| < A(y(x) AL);

the coefficients of & are also bounded by A. )
With all the above conditions satisfied, we can choose 7,5 < 1. Additionally, if we further set
the truncation parameter x = 2A, then (2.1) and (2.2) can be written in more concise forms, as

follows:

t t
X=Xy + / asds + / s dWs+ 0% (1 — )y, (A.3)
0 0

t t t
Utzag—l—/ &Sds+/ &de8+/ bydB, + 6 * (ji — 1), (A.4)
0 0 0

and consequently, by 1to’s formula, for any integer p > 2,

¢ ¢
ol = /0 a(p)sds + /0 pafil <5des + bsst> +g(p)* (. — D)y, (A.5)

where a(p)s and g(p) are the coefficients of the drift and jump components, respectively. To save
space, we do not display their expressions here. Next, for some ¢y, s > 0 and integer n, one can

get the following result by applying It6’s formula to Y, = X| ., — X| :

s _ nn—1),_ * ne
YY" = / (nYu" 1a;0+u + %Yu 2(gfo+u_)>du + n/ Y, 1(0t0+u—>th0+u« (A.6)
0 0

In what follows, we will frequently use the above two equations.

A.2 Auxiliary Results

Lemma 1. Denote by G2 the estimator to o based on X' instead of X. Let u, = n®* =Y where
b satisfies condition (3.2). At any time t; we have
Vi (03 =02 52 — a2 ) I (1)), (A7)
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where (V;F, V.~

7, V.7) is a wvector of mormal random wvariables independent of F. They have zero F-

conditional covariance and

2

c (d(a ,02),

E((VF)*F) = —Uzil{bew eVt G

:t_i>1{be[1/2,1>}- (A.8)

Proof. Applying It6’s formula to f(z) = 22, we get the following equation, after some elementary

calculations:

g
Pk = T e [ s paxs [T -otaw). o

n

JEIT (i i-1 1
Step 1. We are going to show that
Vi &1 (1) = Z / (X = Xfn )X = Lty N(0,202,).
]€I+

First of all, by Ito’s formula, it is easy to verify that

A”W
dW,dW, = ’+ <( ) —1),
jert (i)

AW L. .. . . . .
where { \/JT} is an i.i.d. sequence of random variables, with mean and variance being 1 and 2,
n

jeI (i)

respectively. Moreover, note that for any martingale M, irrespective of whether M = W or whether

M is orthogonal to W, we have that

VREET () (Mipyn — M) | F) =

Zs

Consequently, one readily sees that vk, &(1) =% N(0, 20}, ). Next, define

' 1 t? s
& (1) = A > 2/tn /t 040 s AW, dW.

JELT(3) g1 7l
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Then,

(B(ler () - &7 MD)* <E(&r ) - &7 MP)

(k i (/ / (0405 —0 duds) < KA,.

JI+

Therefore,

hmsup\/ E(1&" (1) — (1)) <hmsupK\/kA =0,

1"

implying that v/k,(£7 (1) — &7 (1)) —5 0. What remains to be shown is that

A sufficient condition is that

limsup /R E(IE7, (1) — £7(1)]) = 0.

The difference can be decomposed as follows:

§ (1) = €11 = 1 A > / / (asaudu ds + a,0,dW,ds + osa,du dW;).

jert (i)

Note that when the drift coefficient of X is zero, £, (1) = &7(1). So, the above sufficient condition
amounts to requiring that the drift term does not affect the asymptotic distribution of & (1).
Intuitively, in the high-frequency setting, the magnitude of the drift is much smaller compared to

the diffusion, hence is negligible. Formally, we have

knlB(| Zl(D—féi(Dl%é% SOATE DT AL = KA+ kaAy).

JELT(3) GlenT (i)

Then the desired result follows immediately.
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Step 2. Now we turn to the limiting behavior of the second part of (A.9). The result to be

proved is

1 1 & Z 1d{o?,02),
n 2 = 2 — 2 st 1 . ——’
\/m z+( ) (knAn)3/2 Z /t" (Us UH_)dS — N(()’ ) \/3 dt

S
. + /- i1 t_ti
jely (i) 7

Different from the previous step, the (volatility) jump component is involved in the integrand
above. Recall (A.5) and denote § = ¢(2) for brevity. For any ¢ € (0, 1], we have 0 x (i — v) =
A(e) + B(e) + C(e), where

Ale) = (O1gg5q) * i1,  B(e) = (Olygi<ey) * (i — ),  C(e) = —(O1gg)>ey) * V.

By the localization procedure, we can assume that |f(w,t, z)| < I'(z). Let

o= [ Ty
T'(z)<e

where the constant v € [0, 2] controls the jump activity of the volatility process. We are going to
give some estimates of the magnitude of these three processes. First, note that A} A(e) must be

zero if there is no jump larger than € over the interval ((j — 1)A,, jA,). Hence,

Pi (A7 A(e) # 0) < P7_y ((AF (Lrse * 2) > 0) = Ef_ (AT (Lgrisg * /1))

. T(2) -
— A, [ Md2) <A, / (2) Mdz) < KA,
I'>e

v
I'>e €

(A.10)

where the last inequality results from the assumption that [ T'(2)’A(dz) < co. Second, by the BDG
inequality and the property of I', we obtain
E? ((ATB(e))?) < A, 5 D(2)" T(2)%7° Mdz) < A, 7.7 (A.11)

Third, if v < 1, i.e., the volatility jump component has finite variation,

E/,(JATC(e)]) < KA,
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Otherwise, we have

i 01"
010> = € =~ Lesioi<ny + 1011qop1y < €| = | Lesior<a + 1011 gjop1y-

Notice that 01yg~1}x7 is the compensator of a compound Poisson process, hence it is of integrable

variation. Consequently, we get
Er L (JATC(O)) < A, (elv / D(2)"A(d2) + / r(s )x(dz)) < KA,
e<|TI<1 r>1
Together, we have
L (JAYC(e)]) < KAze (v=1)* (A.12)
Now we can rewrite the o2 process as
t t
o7 = of + / a(2)sds + / 204 <6des + bsst) + A(e)s + Ble)s + C(e)y.
0 0

By a similar argument as in the previous step, we can easily obtain

1 /

JenLT (i)
L, Ld{o?, 02),
0,1 _
— N0 \/3 dt t=tE’

and
kA ToAE > / / budu ds — 0.
]EIJr 7=
In particular, note that when a martingale M satisfies M = W or M = B, we have

1
knA,,

’

E(E(2) Mok, — M) | F) = Op(VEiA,) = 0.
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When M is orthogonal to W and B, the above conditional expectation is zero. What is left now
to be proved is that

i 2 [

tm
JELL () " It

(0% (i — )y — 0% (i — )iy )ds — 0.

Recall that by localization, the spot variance is bounded, so is its jump part. Hence, (A.10) yields
1 g
(kn A )32 2. /t  EJA(e)s — Ale)ix|ds
jen (@) " it

1 &
S m Z KknAnE_vdS =K k?nAnE_v.

= Je
JELT (i) "It

Additionally, (A.11) and (A.12) yield

E m Z /j (B(€)sru — Bl€)iy ) ds

k; A Z Z / / IE’|B sAu (f)i+|2d8 du
jerf () lent (i L Y
tn

(e D IDY / KA G s = K3,
JELT () I€LT (4) j—1

and

kA AR > / E|C(€)s — C(€)ir|ds

EI+ ]71

1 t;L —(v-1)* —(v—1)*

jers @) -
To sum up, we have
1 g o o
lg% hmsup Ve Z / El0*(i—0)s — 0% (i — D)4 |ds
jert @) i

< lin& limsup K (\/knApe ™ + /7270 + \/knAn{(Ufl)Jr) = 0.
€E— n
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Then the desired result readily follows.
Step 3. One can verify that the previous results hold for £ (1) and & (2) too, by similar
arguments. Furthermore, the pairwise covariance of k& (1), Vkn&" (1), & (2)/\//’{ A, and

" (2)/vknA, vanishes asymptotically. Hence, by letting u, = n®"17% o \/k, A \/kT’ one gets

the joint convergence stated in the current lemma. [
Lemma 2. Fori # j and |i — j| < k,, we have
Einj—r, (AT X"V (ATX")R;R;) = O,(A2), (A.13)
where R; is one of {,1,0,2, A0?} and R; is one of {72, 5%, Ala?}.
Proof. First of all, it is easy to verify the result when both R; = Afo® and R; = A%o®. Next,
when R. # A"0?, it amounts to proving that
Bins 1o ((A7X')(ATX)(ALXE(ATX)) = Oy(AL),

where u € IX(i) and v € IZ(j). The explicit expression on the right-hand side depends on the
relative order of 7, j, u, v and whether v = v. But its order with regard to A,, remains the same in

all cases. To save space, we just show the calculation in one typical case. Let ¢+ < 7 < u < v, and
denote (i — k,)A, as 19. We have
Er, ((ATX)(ATX)(ATX)*(ALX')?)
= B, (A7 X)(ATX)(ALX) (o7 ))An(l + (1))
= Eir, (AFX)(ATX ) (o )AL+ 0y(1))
=En (AFX)(op | Napm | +46m ) AL(1+0,(1))
= (o )((( D2+ T 4 ddl 5,) +4(al Gry + TE) 4&30))A§(1 +0,(1)),

T0—

where F,EX/’Y) := E¢(d(X’,Y)/dt). Finally, the proof when only one of R; and R; equals Ao? or
A% is similar. We omit the details. O
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B Proofs of the Main Theorems

B.1 Continuous Leverage Effect

Using the localization procedure, we can and will assume (SH). First of all, we decompose the

volatility process into three parts, as follows:

2 2c 2,j 2.d
o, =0, +o;" +o7,

where 0,52 *“ is the continuous part, atz 7 is the co-jump part and atz @ is the disjoint jump part. Next,

we decompose the estimation error as follows:

where

—

[X7 0-2]150 - [Xv 0-2]150 - T(an)? + ‘/tn + D(D? + D(Q)? + D(S)?v (Bl)
[t/ An]—kn
Tla)i = Y (ArXa, (6% —52) - AIX'(G2 - 52)),
i=kn+1
Lt/AnJ_kn
= Y (AnXEE -2) - ArX'ALe?),
i=kn+1
[t/ An]—Fn
D)= Y AX(Are™+ Ale™),
i=kn+1
kn [t/ Ar]
D@); ==Y A'X'Alo®— Y AX'Ao”,
i=1 i=[t/An]—kn+1
[t/An] ‘
DE) = ) A'X'Alo* - / 202 Gdt.
i=1 0
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B.1.1 Proof of Theorem 1

In fact, from the subsequent proof of Theorem 3, we have

= Op(1/y/un),
D(5)i = 0p(1/ /),

implying that they all converge to zero in probability as n goes to infinity. In order to prove

T(ay,)} %4 0, it is sufficient to prove that
E(|A7X,, (AT X,,)? — ATX'(ATX')?]) = ¢, Al

instead of ¥, A%/, /u,. Consequently, it is sufficient to have (2 — r)cw > 1/2, which amounts to
1
@2 55

B.1.2 Proof of Theorem 3

We prove the central limit theory first. In words, we are going to show that the properly scaled
truncation error and discretization error converge to zero in probability, while the properly scaled

volatility estimation error converges stably in law to the limiting process.

u.c.p.

Step 1. To prove J/u, T(a,)} — 0, it suffices to show that

lim sup v/t E(|T(@n)}]) = 0.

n—o0

Since

[t/An]—kn
Vi [Tl = Vi > (81K, (6% —58) - ALX'(G3 - 52)) |
i=kn+1
[t/An]—kn

ZZk

i= k?n-i-l ]EIi(Z

IN

o)t = AT X' (ATX')?

Qn
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it is sufficient to prove that
E(|A7 X, (8] X0, )2 = ALX(ATX'P] ) = a2/ /i,

where 1,, converges to zero as n goes to infinity.
Consider the function F'(z;, ;) = x;(x;)?* and the following vectors:

~TL 1 n n
Xi,j(1> = (Az’ X, AjX) )

5
3

Xr(2) = (ArX,A"X"),

5
3

Xr.(3) = T (ArX',ATX").

For simplicity, denote «,,/+/A,, by v, and define

b1 = F, (X35(0) = B, (X75(2), 085(2) = B, (X75(2) - B, (X50))

,J 2]
where F,(z1,9) = F(z1,22) [, L{|z;j<v}- Then we have
A7 Xa, (A} X, )" = ATX'(ATX')? = (o7,(1) + ¢7(2)) AY.

A look at the proof of Lemma 13.2.6 in Jacod and Protter (2011) shows that it does not make
an essential difference to use vectors of non-adjacent increments. Therefore, applying that lemma
withr <1l,m=s=1,s =p =2, yields, for [ = 1,2,

2—r

E‘Fi’ll (‘¢:7;j(l)‘) < (An2 + A;er)w) Uy = wnAgfr)w (1 + A7(127T)(1/27w)) )

Thus, it is sufficient to have (2 — r)ww > 3/4, which amounts to w > ﬁ.
Step 2. We are going to show that \/u, D(1)} is asymptotically negligible. First, notice
that the quadratic covariation between a continuous semimartingale and a pure jump process is

identically zero. Therefore, we have

D)} — [X, o>d 4 02’C]t =0.

52



Next, from Theorem 5.4.2'* in Jacod and Protter (2011), we know that
D)} = 0,(V/E).
Then it readily follows that
lim sup /u,, E(|D(1)}]) < Ky/u,A\,, — 0.

Hence, \/u, D(1)} is asymptotically negligible.
Step 3. In this step, we are going to prove the following result for 5 = 2, 3:

Vi D) 225 0

By the Cauchy-Schwarz inequality, we obtain

E(|ALX'AT0?) < \/E((A7X)?) E((Al02)?) < KA,
Then /u,, D(2)} =225 0 readily follows from the fact that

lim sup v/u, E(|D(2)}|) < limsup K+/u,k,A, = 0.

n—oo n—oo

Next, [t0’s formula yields
( t/+8 - X;)(O—ths - O—tlc) - / 20t2+r—6t+rd7n +/ ( 2—1—7" - lel)d0752+r
0 0

s
2.c 2.c !
+/ (Ut+r_at )dXH-r‘
0

Consequently, we obtain
&
E_ (ArX/AT0> — / 207 5dt) = KAV,
6
&
Ey ((ATX'Ao? / 207 5dt)?) < KA.

n
ti*l

4 The assumptions of this theorem are satisfied in the current setting. Also note that this theorem applies to

multi-dimensional semimartingales, hence can be used here.
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Let (" = Ju,(A?X'Al'g?¢ — ftf? 207 6dt). Note that ¢ is Fyn-measurable. Then the above

equations yield

[t/5n]
> Eia(¢) = Ky/upA, — 0,
i=1

1t/5n)

Z El_l((czn)Q) <K unAn — 0.
i=1

u.C.p.

Hence, Lemma 4.1 in Jacod (2012) implies that /u, D(3)} — 0.

Step 4. In this step we analyze \/u,, V;". Define
& =\/uy (A;X'(a;‘i ) - A;LX’AW).

The variable &' has a vanishing JF(;_1)a,-conditional expectation, but it is not F;a,-measurable.
To induce “some conditional independence” of the successive summands, we split the sum over ¢
into big blocks of size mk, (m will eventually go to infinity, to ensure that the summation over
these big blocks is asymptotically equivalent to the summation over all blocks), separated by small

blocks of size 2k,,; cf. Section 12.2.4 of Jacod and Protter (2011). The condition on m is:
m — oo and mk,A, — 0.

More specifically, define I(m,n,l) = (I — 1)(m + 2)k, + 1. Then the I-th big block contains & for
all ¢ between I(m,n,l)+k, + 1 and I(m,n,l) + (m + 1)k,, and the total number of such blocks is
Lo(i,t) = [ M52 | Let

(m+2)kn
(m+1)kn In(T,t)
M= D Gtmire 2= Y €0,
r=kn,+1 i=1
~ kn _ In (T,t) _
r=—kn 1=2
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So u, V' = Z(m)} + Z(m)g We are going to show that E(fn)? is asymptotically negligible first.
By successive conditioning, we get
Er(ni)—tot (rmnirir) = Exgnniy bt (AX V(G2 = 02) = (32 - 02.)))
= Ergnni kot (ALX'Op(0) + O An) i@ — 02.,))
= Op(¥nln),
Er(ni)—tn—1 ((Eremmi+r)?) = Ergmmni)—kn—1 ((A?X/)Qun((gﬁ —0})— (32 - 03—1))2)
= Pr(ng)—kn—100n + 0p(An).

As before, 1, — 0, and it may change from line to line. Observe that, for any given n and m,

there is no overlap among the sequence £(m)?. Then it is easy to verify that
El(mvnvi)fknfl(g(m)?) = Op(knAnwn)a

and

kn
E (i) -1 (E(M)7)? = B i) —hn—1 ( Z (gl(m,n,i)+r)2>

r=—kp

kn
+El(r’h,n,i)—kn—1< Z 1{j;ér}§I(m,n,z’)+r§1(m,n,i)+j>

r.j=—kn

= Op(knAy) + O, (K2A2),

The first term on the right-hand side of the expression above is O,(k,A,). For the second term,

when j > r, by successive conditioning, we get

E 1 (n,0) ko —1 (E1(7m,0)++E1 (i) 45 )

= Bt —kn—1 (A7 X Op(1) Epn,i+i-1 (A X 0,(1))),

where O, (1) comes from the standardized estimation error of spot volatility. Irrespective of whether

A% X" is correlated with its associated O,(1) or not, the conditional expectation of their product is
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O,(A,). The same argument applies to A’ X’. Hence, the above result readily follows. Then, as
long as m goes to infinity, Lemma 4.1 in Jacod (2012) yields that Z( 22 .
Next, notice that the variable (m)? has vanishing Fimmn,i-conditional expectation, and is

Fitmn,i+1-measurable. That is, it behaves like a martingale difference. We are going to prove that

t
) = /n?ds,
0
ln(m,t)

E((g(mi ‘ﬂ(mm)) o, (B.2)

(1, (770,t)

> B( (e

=1

E(g(m); AZmM)f[(m,n,i)) o,

where A'Zm]\/[ = M(1(m,0) 4+t Dkn)An — M(1(0,0,0)+kn+1)A,- Lhe remaining difficulty is that the &
may have overlaps within the big block. To deal with this, recall that I (i) = {i — kp,...,i — 1} if
i>k,and IT(i) ={i+1,...,i+ k,}, which define two local windows of length k,A, just before
and after the time point iA,,. Let IF(i) be the union of them. Furthermore, let

J(m,n,i,j) = {I(n,m,i) + k,+1,..., I(m,n,i) + (m+ )k} \ (I () U J).
With these notations, we can decompose the conditional second moment of £(m)?, as follows:
E((¢0m)2)° | Frimnn

(m+1)kn (Mm+1)kn

= Z Z glmnz+r‘§f(mnl+]|f[mnl)>

r=kn+1 j=kn+1

(m+1)kn, (m+1 Vkn
= Z Z E(g[(rh,n,i)—i-r f[(fn,n,i)—i—j |FI(Th,n %) Z Z 5] (m,n,i)+r §I (m,n,i)+j |FI (m,n 1))
r=kn+1 j=r r=kntl jeli ()
(m+1)kn

+ Z Z E(&1mmiy+r E1Grmni+il Fienn))

r=kn+1 jeJ(m,n,i,r)

= H(m,1)! + H(m,2)! + H(m, 3).
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From Lemmas 1 and 2, we have

In(m,t) (Mm+1)kn

Z = Z ]E g[(mnz-‘rr) ’fl —>/
=1 =1 r=k,+1

n (st ln (10, (A41)kn
Z = Y D D Elmmirer Smni il Fronn)
i=1 1=1  r=knp+1 jel(r)
In (T,t)
< Kmk?A? — 0.

i=1

.

/\

Next, notice that, when j € J(m,n,4,r), there is no overlap between ;¢ n.iy4r and Ergmnir+s-
Hence, by successive conditioning, we obtain

In(m,t) In(m,t) (Mm+1)kn

Z H( Z Z Z E(&I(Th,n,i)—&-r gI(ﬁz,n,i)-&-jlff(mﬂ:i))
=1

i=1  r=knp+1 jeJ(m,n,i,r)
ln(m,t)

< Z K2k A%, — 0.

The calculation of the fourth moments is even more tedious; we present partial results and omit
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the remainder of the calculations for brevity:

IA

In(m,t) (Mm+1)kn

Z Z E((ﬁz(m,n,i)+r)4|}—I(ﬁz,n,i))

=1 r=kp+1
ln(m,t) (m+1)ky

Z Z ((A?(ﬁz,n,i)+rX/)4Op(1)|~Fl(m,n,i))
Z Z KA = KtA, =0,
Z Z Z E((renmiytr)’ Eremmiyri) | Fremmn )

Z Z ZE I(mnz X/)Q(A?(ﬁz,n,i)-&-jX/)Qop(1)|‘F1(m7"vi))

> KikiAL = Ktimk,A, — 0.

=1

As for the last equation in (B.2), we first note that it holds when M is orthogonal to W and B.

Besides, when M = W or M = B, according to the proof of Lemma 1, one can verify by successive

conditioning that

ln(M,t)
> E(E0R); ALuM|Frnn ) < Op(VEnBn) =50
i=1

In any other case, M can be decomposed into the sum of two components, one driven by W and

B and the other orthogonal to B and W. Thus the result readily follows.

Finally, as for the consistency of \7{3 (X, a,), first note it has been well established that

4An Lt/AnZJ_kn
15

i=kp+1

(BRe)" 5L ot as
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On the other hand, Ait-Sahalia and Jacod (2014) proved that

1 Lt/AnJ_kn 3 6
2 : ~2 ~2 \2 ~4\ P 2 2
]{;_ <§(O'j+—0'j_) —k—O'j) —><O' ,O'>t.
N . n

Based on this result, one can show that

[t/An]—kn

c n 2( /~ 9 \2 2 n
k- Z (AJX‘"”) ((012'4- _UJQ'—) o 3(knAn)? Z (A X)4>
(L S| M e
F % o2 d(o? o%),
0

Therefore, XA/t”(X , (i) is a consistent estimator of the asymptotic variance fot n?ds. This completes

the proof.

B.2 Discontinuous Leverage Effect
B.2.1 Proof of Theorem 2

The results of Theorem 2 can be seen to follow as a corollary to Theorem 3.1 in Jacod and Todorov
(2010), by verifying that our case (i) satisfies condition (c¢) and our case (ii) satisfies condition (a)

of Theorem 3.1 in Jacod and Todorov (2010), with our particular choice of F'.

B.2.2 Proof of Theorem 4

For each integer m > 1, let (S(m,q) : ¢ > 1) be the successive jump times of the counting process

u([(),t] X {w:%<v(x)§ m1_1}>.
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In fact, the two-parameter sequence (S(m,q) : m,q > 1) can be relabeled in such a way that it

becomes a single sequence (7}, : p > 1), which exhausts the jumps of X. Furthermore, we define

Ti={p:3Ip>landm' € {1,...,m} st. T,=S(m',q) < [t/A.]A,};
i(n,p) = the unique integer such that T, € (¢, t!';
Jnmt = {i(n,p) 0 € TR}, Tpme = AL /A Tt
T (n,p) = t?(n,p)fh T (n,p) = t?(n,pﬁ
Qume = [ AT > [t/An] Ay o T, = Ty > 2A,}.

P#q,p,q€T},

Note that, for any m, we have

lim P(Qn,m,t) =1.

n—o0

Therefore, it is sufficient to restrict our attention to the set €2, ,, ;.
Let A, :={x :vy(x) < 1/m} and v, := fAm v(2)"A(dz). Then we further decompose X" (recall
equation (A.1)) as X” = L(m) + J(m), where

Lo = [ [ s wayutan o)
J(m), = /0 t /(Am)c 5w, u, 2)u(du, dz).

Furthermore, let X'(m) = X' + L(m).
Now the estimation error can be written as

(X.0%P — [X,0%)P = HQ)7 + Y H(m, )7,

Jj=2
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where

[t/An]—kn

H) = Y0 (A1X™)|(6% —5%) - (62 2]
i=kn+1
Hm 2y = 3 [(Arxe) - AXq | [(32 - 52) - add, .
1€Jn,m,t
H(m,3)} = 3 AXq, |2 - 52) - A}, |,
pETH

Hm 4)p = 7 [(a1x) = ArLm)™] |63 = 512) - Alo?)

ieJ!

n,m,t

H(m,5)) = > (ArL(m)™)| (52 - %) - Alo?],

ieJ!

n,m,t

H(m,6); = >  (AIX*)AT” = Y AXp lax, saA07,

€T) pETY

H(m, 7)? = Z _AXTpl{\AXTpKan}AU%p'
p¢77fl

For simplicity, denote by h(m, j)? the i-th addend of H(m, j).
Step 1. We start by considering the first three terms. First of all, note that on the set €2, ,,, ;, for
any given m, the number of elements of 7" is locally finite. Hence, the following joint convergence

result holds

(=2 2 ~'2 2 Lst + o1—
U/n <UZ+ - O-Tp-f—’ OZ— - UTp—> ) (‘/;, 7‘/;' )ieJn,nL,t'
1€Jn,m,t
Moreover, for any i(n,p) € Jym+, we have

AT X — AX, | — 0.

i(n,p)

Consequently, on the one hand, we obtain that for any ¢

glizn)olimsup Vi, E(|H(m,2)7]) < Tlni%hmsupK Z E(|(A7X) — AX7 |) = 0.

n—0 n—0 i€ Tm it
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Thus, Lemma 4.1 in Jacod (2012) yields that /u, |H(m,2)"| ==X 0. On the other hand, we
have'”
Vi H(m, 3)) =% Dy(m) ==Y AXq, (Vi — Vi),
pETH
Observe that

]E(|Dt(m) — D,’|F) < KZ |AX [P L ax.|<1/m)-

s<t

u.c.p.

The right-hand side goes to 0 a.s. as m — oo. Thus, we have D;(m) —= D;, as m goes to infinity.

Next, note that for any given € > 0, we can choose m = 1/¢ ' so that for sufficiently large n,

we have

- 3

(X,0%P(6) = [X,0%1P(e) = H(L;€)f + Y H(m, j)},

=2
where
[t/An]—kn
H(1; ) = (Arx@en[(@2, —52) - (32 -52)].
i=kn+1

When n is sufficiently large, we have a,, < ¢, yielding A?X(€Ven) = AP X¢ Employing the results
of Step 1 of the previous subsection and (A.12) (with v replaced by r), it is straightforward to

verify by successive conditioning that

[t/An]—kn
v/ Unp ]E(|I—I(17 E)?D S K\/Un Z (E(|A?X€|>A(2—T)W¢n + Ane_(T—1)+E(|ai2_ . 0_12_|)>
i=kn+1

< K\Ju, AP =y, .

15 A similar argument can be found, for example, in the proof of Lemma 5.4.10 of Jacod and Protter (2011)

16The requirement that m is an integer is just for convenience and not crucial. In fact, one can replace 1/m by
Gm, where the sequence {g,,}2°_; consists of all rational numbers within (0, 1] in descending order. Then, for any

e € (0, 1], one can choose a subsequence {g,, } that converges to e.
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Then, in order to obtain
Vi H(1; €)ff == 0,

it is sufficient to have (2 —r)w > 1/4. To guarantee w < 1/2, we must require r < 3/2. Therefore,
we have proved the second statement of the theorem. As for H(1)}, adopting a similar argument,

we obtain (upon replacing € by a,)

VR E([H1)}]) < K i A=D1y,

Thus, it is sufficient to have r < 5/4 to make the right-hand side asymptotically negligible, while
keeping w < 1/2.
Step 2. To analyze H(m,4)}, we need additional notation. For some [ > 1, we denote

¢ = [a;'] and we suppose that n is sufficiently large so that 1/q, < a,, < 1/m. Next, define
A = An (AL, N[ = p([0,¢] x A),
L, = /Ot . 8w, u, 2)u(du,dz), L(g,) = L(m)— L',
Gln, 1) = {IATX'] < an/A} N {AL(G)] < an/4} 0 {ATN" < 1},

Accordingly, let X'(q,) = X'+ L(qy).
We then evaluate the probability of w € G(n,4). First, when r < 1, it is easy to see that

/A 5(75,:5))\(0[:16):/

6" " A(dx) < KAP(-T) / S Adx) = KAPA
A
And, for any o > r, we have

A

an an an

E¢_1(|A?X’|g) < K(Aﬁ/Q) and Ei_1<|A?L(Qn)|Q) < A:L-Hw(g—r),yqn'

4
12w

These results, applied with ¢ = 1+llr

to the first term and with o = r_?) to the second one, and
Markov’s inequality yield

P(APX'| > a,/2) < KA% and P(ATL(g,)| > a,/2) < KA
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Second, N" is a Poisson process with parameter A(A!) < K~,,q. Together with a,, = a A%,

we obtain
P(APN™ = 1) x A% and P(APN™ > 2) < KA 21@,2

Let Q(G)nt = Ni<i<r/a, G(ns1). Then, as long as I < 1/r, hence 2ewrl <rl <1, we have

[t/An]
P(Q(G);,t) < Z P(G(n,i)c) < tKA%L_z"lw Y
=1

Hence, it is sufficient to prove the desired results on the intersection of €, ,,: and Q(G),+.
Some elementary calculations show that
|12 + Y1l gosysay = |20 ggatsar| < W]+ Lgaryisaeisar + 0 Ljoryl<ajel<al
2+ Yl Yeryalai<ay + 1@ +9) =y Leryi<aai>a)

< Yl Yoryi>aviai>ar + 2] Ljoty>a,lzi<a + [T+ Y| - Ljotyi<ajei>al

<Yl esi>aui>a) + @ Latyp>alei<a) + @ - Ljatyi<ajel>a)

< (Jyl + @) - Tjety|>aUle|>a}-
Observe that on the set G(n,i), we have

[AT X (gn)] < [APX] + [ATL(gn)| < 00 /2 < a.
Therefore, for any i € J'(n,m,t), if AP N™ = 0, then
|AFL(m)| = A L(gn)| < om /4,
[ATX] = [ATX ()] = |AT X (gn)| < an/2.
Then it is obvious that, conditional on A’ N™ = 0, A?X* = 0 and A?L(m)* = 0. Consequently,
taking x = A'L(m)*, y = A’ X" and a = a,, the elementary inequality array above yields
E(J(ArX7") — (ATL(m)™)) < E(JATX'| + an) BATN™ = 1) + 0 - PQATN" = 0)
< K(AY? + A7) AL, < KAy,
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Together with the fact that \/u,|5;2 — 02.| = O,(1), we obtain by successive conditioning

Vi E(h(m, 4)}]) < KE(/(A7X*) = (AP L(m)™)]) + KE(Vu |52 = of )AL 00,
< KA%L+(1—rl)w,ym'

Thus, it readily follows that

VIRE(Hm AN < 3 VaE(h(m, 47) < RATU,

16]’

n,m,t

So the sufficient condition for ,/u,, H(m,4)} to be asymptotically negligible is r < 1, which enables
us to choose [ € (1,1/r).
As for H(m,5)}, as long as r < 1, we obtain the following inequality by successive conditioning

and the boundedness of the respective moments

Vi E(Hm,5)) S K Y- (B(ATLM)™]) + AyB (Vi [72 = 02,1) ) < K.

ieJ!

n,m,t

We first let n and next m go to infinity, and get

lim sup v/u,, E(|H(m, 5)}]) < limsup tK~,, = 0.

n—oo n—0o0

Therefore, we can conclude that /u, H(m,5)} is also asymptotically negligible.
Step 3. Finally, we consider the last two terms, H(m,6)} and H(m,7)}'. We continue to work
on the intersection of €2, ,,,; and Q(G),,¢. Recall that by definition, on each G(n,i) withi € J .,

there is at most one 7}, such that |AXry, | is possibly larger than o,,. Therefore, H(m,6)} can be

written as

Hm,6)F = 3 ((Aup X" = AXE)Ack, + Al X (A0 = Act) ).
pETh
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By applying the Cauchy-Schwarz inequality and Jensen’s inequality, we obtain that

Vi B( 3 (A X = AXg) Act, |)

PETh
g\/u_nE( Z ( ) X — AX;:V Z (Aa%p)2>1/2

PET PETm

1/2

<V (E Y (Mo X - AX3)" Y (80F))

pETE p¢TY
<Ky (BY (BfupX - AX$;)2>1/2.

P¢TH

Note that [Af, X —AXpr| <A}, 1 X'(an)|. Consequently, the above quantity is smaller than

K (B Y (8 X' (0)°)

pET,
“n 2—r ST 1/2
< K\/u, (KtAn + Z/@m /A 527 F(dm))

1/2
< K/ (18,4 1A70 / 5 F(dr)) < K, AR

Am

By a similar procedure, we also obtain

VIRE( D |l X (Al — At

peETY,
n n)2 1/2 w(2—r)/2—1/4
< K (B (M X)) < Ky, A7/
pe¢TY,

To sum up, we have

ViR E([H' (m,0)7]) < K/l ATE/21/4,
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Applying a similar procedure to H(m,7), we also get

VIR E(H(m. 7)) < Ky, (B3 (ax2)* Y (802))

s<t s<t

1/2

1/2

<y (X @ax)) s ([ e wan)

SK\/mAf(Q_T)/2_1/4-

Now it becomes clear that to ensure that the last two terms are asymptotically negligible, the

sufficient condition is

w(2—-r)>

N | —

Then w < 1/2 implies that we must have r < 1. Hence, part (i) has also been proved.

B.3 Total Leverage Effect
B.3.1 Proof of Theorem 5

Analogous to previous proofs, we can make the following decomposition:

o —

[Xv UQ]t - [Xa 02]t = R(l)? + R(Q)? + R(3)?7

where

[t/An | —kn

RO = > (A (@ -52) - (62 -52)),
i=kp+1
[t/An]—kn

R = > (AIX+ ATX)[ (32 - 52) - aro?],
i=kn+1
[t/ An |~k

RB) = Y A'XAl0®—[X, 0%,

i=kp+1
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As before, we need r < 3/2 and w > ( 5 to ensure that \/u, R(1)} is asymptotically negligible.
Moreover, R(2); can be further decomposed into two parts, which, after scaling by /u,, converge
to fot ns dBs and D, (asymptotically independent of each other), respectively. Finally, R(3)} is of
order v/A,,, which implies that Vs R(3)} is also asymptotically negligible. The proof is complete.

B.4 Market Microstructure Noise
B.4.1 Proof of Theorems 6 and 7

For this proof, we decompose X into X + € (with obvious definitions in view of Assumption 1).
Then the estimator becomes:

n—kn M

—_—

(X, 025 = Z ATX,, (6% —G2)
i=kn, M+1
n—kn, M

S AT 0 DIENS M DRENS M

i=knM+1 JEIE (@) FIS O]

+ 3 2ANIKL ) (ATE,) — Y 2(ANK,, ) (A%,

JET (i) J€Jn (i)

Y (@) Y (A)a,)) + OplkaMA,).

jeJii @) JE€JR (1)

The O,(k,MA,) terms can be easily verified, thanks to the independence between X and €, and
the fact that € = Op(%). In fact, all the terms in the last two lines of the equation above converge
to 0 in probability. But since they will contribute to the asymptotic variance, we keep them here.
To prove Theorems 6 and 7, we will go through very similar steps as in the proofs of Theorems 1
and 3. So we will only point out the similarities and differences and omit the full derivations for

brevity.
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Similar to equation (A.9), in the case with microstructure noise,

- MA,

iy — iy = kMA Z Z (2/t (X, — gggl)dX;

jedi (i) tl"G(Tj"_pr]

P+ MA,
+/ (02 —o? )ds)
t

n
1

n n B.3
T O T DI Y AP A R
n t I

jej+ () t E(T] 7] k
t"E(T 1T

P+ MA,
—I—/ (02 —o? )ds)
¢

;

Compared to equation (A.9), equation (B.3) features an extra term. This is because when we
replace AX; by AX; to estimate the volatility, we introduce cross product terms. Previously, when
we used AX; to estimate the volatility, the Brownian motion part of AX; and that of AX,,; had
no overlap, since they were taken over disjoint time increments. By contrast, AX; and AX,,, are
shifted by a small time increment At while the difference is taken over a bigger time increment
A7. So the Brownian motion part of AX; and that of AX; ; will have overlap, and thus introduce
the cross product term. The terms in the first two lines on the right-hand side of equation (B.3),
converge to 0 in probability and do not even contribute to the asymptotic variance. Only the terms
in the second two lines will contribute to the asymptotic variance. The remainder of the proof of
Theorem 6 follows similarly from equation (B.3).

As for Theorem 7, we can still apply the same decomposition as in equation (B.1), except that

we replace A"X,, by Ar'X,, and A’X’ by A?X’. Let Al = MA,,. Consider

X, 0% = [X, 0% = T(an)? + V" + D)} + D(2); + D(3)} + D(4); + D)},
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[t/(MAn)]—kn

T(a)i= Y (Ar%a,(@% —52) - AIX(G2 -52)),
i=kp+1
[t/(MAR)]—kn
= Y (ArXIEE -52) - ALXALe?),
i=kn+1
[t/(MAn)]—kn
D)y = > ANX(Are*+ Are?),
i=kn+1
kn, [t/(MAR)]
D2); ==Y A'X'Ao” - > AMX'Alg?,
=1 i=[t/(MAp)]—kn+1
[t/(MAR)]
DB =Y  ArX'Ale* - / 202 Gyds.
i=1 0
n—kn M
DAy = > AKX, P An( NSNS 2(A?Xan)(A;?Ean)>
i=kn M+1 JeJT (@) J€Jn (i)
n—kn M
DB =Y AKX - M . ( INCREEEY (A;gan)2>.
i=kn M+1 jedit(i) jedn (i)

Then we can deploy essentially the same ideas as in the proof of Theorem 3, upon replacing A,, by

A! and u, by u, = n5" in each step. The five terms in the decomposition will still converge to

0.

For the asymptotic variance, if we consider A/, as the unit of time change, then we can keep
the same notation as in the proof for the case without microstructure noise. There is only one
difference that we need to point out: A?X "and A} +1X " are not conditionally independent while

A?X" and A% ;X" are. Therefore, except for the conditional second moments, there will be an
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extra cross product term contributing to the asymptotic variance. In particular,

In(m,t) (Mm+1)kn

2 "
Z Z ]E g[ mnz)—l—r) ‘Fl(mnz) 3/0 U?dSa <B4)

=1 r=k,+1
n(it) (t1)kn—1 t
P 1 ~9
Z Z (gl(m,n,i)ﬂ" €I(m,n,i)+r+1|]:1(m,n,z')) — §/ 5 ds. (B.5)
=1 r=kn+1 0

By similar arguments as in the proof of Theorem 3, one can then prove the following equations

to establish the CLT:

E((€0m)?)|Friana) 0.

E(g(m)y AZmM)J-}(m,n,i)) 0

The first equation is proven by the summation of (B.4) and (B.5). The remaining two equations
can be proven through tedious calculations, analogous to the ones in the proof of Theorem 3. As

a result, we complete the proof of Theorem 7.
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